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Preface 


There are many publications on Partial Differential Equations (PDEs) in a multitude of forms, varying from 
research-oriented papers and books to graduate/undergraduate textbooks. The number of topics and the depth of 
analysis in these publications also varies. Some of them address a limited number of topics, while others cover a 
broader spectrum of topics, with a level of difficulty varying from an introductory to an advanced or expert level. 


This book provides a short introduction to PDEs. It is primarily addressed to graduate students and researchers, 
who are new to PDEs. The book offers a user-friendly approach to the analysis of PDEs, by combining elementary 
techniques with important concepts and fundamental modern methods. 


This book focuses on the analysis of four prototypes of PDEs: first-order PDEs, second-order linear elliptic PDEs, 
and two linear evolution PDEs—heat and wave equations, each with a second-order linear elliptic PDE principal 
term. To facilitate a smooth introduction into the analysis for the reader, two approaches are presented for each of the 
PDEs. The first approach consists of the method of analytical and classical solutions. It includes the method of 
characteristics, the method of separation of variables, and Perron’s method. The simplicity of this approach, its 
potential to provide classical solutions, and the impossibility of providing a classical solution in a general setting are 
highlighted, and used to motivate the second approach. 


The second approach is the method of weak (variational) solutions. While for the first-order PDEs we focus the 
analysis on a short discussion of scalar conservation laws, we present a detailed analysis for the other PDEs. The main 
ingredients we use are the Lax-Milgram lemma, Fredholm alternative and spectral decomposition theorems, and a 
number of results from Sobolev spaces. As an application of the results from the second-order linear elliptic PDEs and 
Sobolev spaces, we give a very short introduction to the solution to certain nonlinear PDEs by using a fixed point 
approach. 


In connection with the second approach, we give an introduction to distributions, Fourier transform, and Sobolev 
spaces, which are fundamental for the study of PDEs. Though in a number of cases we deal with general fractional 
Sobolev spaces W*”, we mainly analyze H* Sobolev spaces by using Fourier transform. We give some fundamental 
results related to the concepts of density, extension, embeddings, compactness, and boundary traces. We provide 
proofs of some of these results in particular cases, with the intention to highlight the most relevant techniques and to 
avoid the complexity of general cases. The book ends with an appendix chapter, which complements the previous 
chapters with proofs, examples, and remarks. 


Chapter 1 (introduction) provides some concepts and results from analysis, functional analysis, and topology, 
which will be used as the book develops. At first reading, one only needs to get familiar with them. Chapter 2 provides 
the formal definition of PDEs and a number of examples. Chapters 3 (first-order PDEs) and 4 (second-order PDEs 
and maximum principle) can be read independently. Each of them depends on certain results from chapter 1. 
Chapters 7 (second-order PDEs and weak solutions) and 8 (evolution PDEs) are almost independent, and each 
of them depends on chapters 6 (Sobolev spaces) and 5 (distributions), and some results from chapter 1. 


vii 


viii Preface 


This book can be used for an intense one-semester, or normal two-semester, PDE course. The reader is expected to 
have knowledge of linear algebra and differential equations, a good background in real and complex calculus, and a 
modest background in analysis and topology. The book has many examples, which help to explain the concepts, 
highlight the key ideas, and emphasize the sharpness of results, as well as a section of problems at the end of each 
chapter. 


I am grateful to professor Michel PIERRE for a number of comments and suggestions, which have been helpful for me 
to improve this book. 


Ottawa, Canada Arian Novruzi 
June 2023 
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1. Notations and review 


The objective of this chapter is to help the reader become familiar with a number 
of concepts and some important results that will be used throughout this book. It is 
expected that the reader has a minimum background in analysis in RY and topology. 


1.1 Continuous differentiable functions 


In this book, N = {1,2,...} is the set of positive integers, No = NU {0}, R is 
the set of real numbers, C the set of complex numbers, and for N € N, RY = {x = 


(£1,..., EN), Byes EN E€ R}, OF = {g = (x1,..., £N), £1,- tty E C}. 
Before we start with the definition of classical continuous differentiable functions in 
Banach spaces, we are reminded the simplest of Banach spaces (R,|- |), with |- | the 


absolute value norm. Another Banach space is (RY, |- |p), where N € N, p € [1,00] and 
|- |» is given by 


(m P et onl pE [1,00), 


1.1.1 
max{leih -o lexl} p=% TTP 


Var = (z1,..., £N) € RY, b= { 


In general, a Banach space is defined as follows. 


Definition 1.1.1 (Banach spaces) A Banach space is a couple (X, ||- ||x), where X 
is a vector space over the field of real numbers R (or of complex numbers C) and ||- |x 
is a norm, such that X is complete with respect to the norm ||- ||x, i.e. every Cauchy? 
sequence (£n) in X converges to an element x E€ X in the norm ||- ||x, which is equiva- 
lent to 


lim ||£n — z||x = 0. 
We note that if (X;, || - ||x,) are Banach spaces, Z = []j_, X: = X1 x --- x Xn and 


lzllz = max{|jæillx -o hnll (or lllz = lleill t lenll) (1-1.2) 


lIn Latin id est, which means that is 
?2(£n) is a Cauchy sequence if for every € > 0 there exists ne € N such that ||¢@nim — @n||x < € for 
all integers n > n and m E N. 
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for z = (£1,..., 2n) E Z, then it is easy to show that (Z, ||-||z) is another Banach space. 
If Xj =--- =X, = X we write X” instead of X x --- x X. 
— SS 
n times 


Definition 1.1.2 (C°(Q;Y) spaces) Let (X, || - ||x), YX, || - ly) be two Banach spaces, 
Q C X be an open set, andu:Q++Y a function. We say “u is continuous at x € Q” af 


ise o lulz + h) — u(x)||y = 0 (1.1.3a) 
T 
Ve > 0, Adee > 0, YR EQ, |Allx < 6. => lul +h) —u(z)|ly < e. (1.1.3b) 


If u is continuous at every x E€ Q, we say “u is continuous in Q”. The set of such 
functions u is denoted by C°(Q;Y), or simply C°(Q) if Y = R. 

A function u € C°(Q;Y) is said to be “uniformly continuous in Q” if there exists 
ôe > 0 such that ex in (1.1.3b) satisfies dco > ôe for alla EQ. 


We will see below that the definition of the derivatives of functions involve the spaces 
of linear continuous functions, which are simple examples of Banach spaces. 


Definition 1.1.3 (£(X";Y) spaces) Let (X,||-||x) and (Y, ||-||y) be two Banach spaces 
andn EN. 


i) L: X” =Y is said to be “n-linear” if 


/ i Wout f / 
Ultsi GE F G Ers tiris ayy) = OEE in te tici, 2 Liris 432r) 
lid 1 
+ CUD ies aly L}, Litls -3 En), 
for alli =1,..., N, £i, ..., Zi—1, Lh, L}, Litl En E X and œ, c} E R. 


ii) LIX"; Y), or simply L(X;Y) when n = 1, is defined as 


L(X”; Y) = {LE CX" Y), L is n-linear}. (1.1.4) 


Given £ € L(X";Y) and x € X, sometimes instead of L(x) we will write (£, 2) c(xr:yY)xx”, 
and we will remove £(X";Y) x X” from (¢, x} whenever there is no ambiguity. Also, we 
will omit Y when Y = R, so we will write £(X”) instead of £(X”;R), and furthermore 
we will write X’, resp. X” instead of £(X), resp. £(X”). 


Remark 1.1.4 A n-linear map £ from X” in Y is continuous if and only if 
22) ly < Callan, Va € X”, 
with a certain C > 0 independent of x, see [26], and 


2(x) ly =inf{C > 0, |[(x)|ly < Cllz|lxn, Va e X™}. (1.1.5) 


Chapter 1 1.1. Continuous differentiable functions 


For this reason, a “continuous n-linear map” is equivalent to a “bounded n-linear map”. 
Furthermore, one can show that 


2llccxesyy) = sup{||€()||y, © € X”, elx = 1}, CE LX" Y), (1.1.6) 
is a norm in L(X";Y) and (L(X";Y), ||- |lecxn,y)) ts a Banach space. 
Example 1.1.5 In the case when X = RN and Y = R we have 


N 
£(RY) = {¢ -R BR, L(x) = X Aiti, 
a 


A=(A)ERY, = (x) ERY}, 


LR“) = {¢ SRY xX RY OR, L(a, a?) =} Aria, 


A=(Aig)ER™, ah =(z}), 2? = (23) ERY], 


Now we define the C* spaces in general Banach spaces. 


Definition 1.1.6 (C*(Q; Y) spaces) Let (X,|| - ||x), (Y, ||- Ily) be two Banach spaces, 
QC X be an open set, and u € C°(O;Y). 


1) We say u is differentiable at x € Q if there exists uY (£) € L(X; Y), called 
“derivative of u at x”, such that 
lulz +h) — u(x) — uw (a; h)||y 


= 0. 
\|h|| x0 |A|] x 


Here u® (x;h) denotes the value of u(x) at h. If u is differentiable at every 
x EQ, thenuY : Q L(X;Y) denotes “the embedded derivative of u”. Further- 
more we set 


C19;Y) = {ue CGY) such that u® € CO; £(X;Y))}. (1.1.7) 
2) For k = 2,3,..., “the k-th order derivative of u at x” is defined by u™ (x£) := 
(u9) (z) € L(X;L(X;..., L(X; L(X;Y)))), and if it is continuous in Q set 
RR amMaaaaaaaaaaaaamaamaaes 
k times 


C*(Q;Y) = {uc COQ; Y) such that for alln =1,...,k we have 
u™ € (Q; OCD ORL a L(X;L(X;Y)))))}. (1.1.8) 
pe 
n times 


We also define C°(Q;Y) = N OY). (1.1.9) 
keEN 
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3) The space of Lipschitz functions is defined by 


Lip(Q;Y) = CQ; Y) 
= {ue C.Q; Y), AL = L(u) € [0,00) such that 
Va,y EQ, u(x) — uly)|ly < Lila — yllxt- (1.1.10) 


4) When Y = R we will omit Y in the spaces of this definition, so we will write 
CH9), CR(Q), C%°(Q), Lip(Q). Also, we will write u', resp. u”, u”, instead of 
u, resp. u®, u® 
Remark 1.1.7 Instead of the spaces L£(X;L(X;...,L(X;L(X;Y)))) in Definition 
— 


k times 


1.1.6 we can use £(X*;Y). This follows from the fact that there exists a linear bijective 
isometry i : £(X"; L(X™,Y)) = L(X"™; Y) defined by for lnm E€ L(X"; L(X™, Y)), 

tnm) Wats ig Opie) ~ Ce is eig ia nesta. ALII) 
The proof is simple and we refer the reader to [8]. 


Example 1.1.8 Let a,b € R, a < b, X = C° ([a,b]) be the set of continuous functions 
from [a,b] to R endowed with the maximum norm, |lul|x = max{|u(x)|, x € [a,b] }. It 
is a classical fact that (X,||- ||x) is a Banach space; see [7, 26]. Let f : X = X, 


f(u) = (u) € X and f € C°(X; X) because 


1 +u? 
1 
luth- tolk = | Gap a 


— 0 as ||h||x — 0. 


< (lill + 2llull x) |All 


h 
Furthermore, f'(u) exists for allu € X and f'(u; h) = EE 


f'(u; k E€ L(X; X) because for h € X we have ||f'(u; h)||x < 2llullxllAl|x. Furthermore 


lf +h) — fu) -= f hllx < + 2lhlixlull + Slul) lll 


— 0 as ||Al|x > 0. 


Indeed, clearly h —> 


Tas 


Finally, f! € C°(X;L(X;X)) because 
IF u +v) -fMlleax = sup{llf(ut ok) - f(u A)ilx, |All < 


W cee TePe Hs:} 


P (u +v) u 
~ (1+(u+v)?)? (1+?) 
— 0 as |lv||x —> 0. 

Actually, one can show that f € C@(X;Y). 


X 
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In the following we consider X = RY and Y = R. In this case we have equivalent 
definitions of C*(Q) spaces, which are given in terms of partial derivatives with which 
the reader is familiar. But first, let us introduce the following notations that will be used 
throughout this book. 


Notations 1.1.9 A a = (a4,...,ay) € No’ is called a “multi-inder”. For a, 3 € NẸ, 


x = (2,...,0n) E RX, and m E N, we define 
la| = ay+---+an, a < b4 ai < bi Vi, 
a! = ay!---ay!, a < m4 ailm, Vi, (1.1.12) 
Co = g IN 


Fora € NY andu : RY — R having continuous partial derivatives of order |a| in the 
usual sense, we write 


allu 
Dus a pe a a aa CC) 
ti "TUTEN w — 


Oe = u, ifļa|=0. 


We say D®u is an “a derivative of u”, anda “D®u is a derivative of order |a|”. Finally, 
form € No we denote by D™u = (u, u2,..., Uym) the vector of m-th order partial 
derivatives of u, defined by recurrence as follows: 


D°u := u, 
D'u = (D},..., Dy := (ôu, .. . ONY), 
D’u = (D?,..., D32) =D Dit D'Dhu), 


D”u (DP ca Dn) := (DDT u, ..., D DPGU). 
Often we write Du or Vu instead of Du. 


Proposition 1.1.10 Let Q C RY be an open set. Then the spaces C*(Q) of Definition 
1.1.6 with X = RY, Y = R, are equivalently defined as 


CeQ) = {u: QR R, D'u e C(O), Va Ee NY, jal <k}, (1.1.15) 


For the proof the reader can see [7, 8]. The idea of the proof, in the case k = 1 to avoid 
the technicalities, is to point out that if u € C'(Q) in the sense of Definition 1.1.6, then 
necessarily u € C°(Q) and all 0,,u(z) := u'(x;e;), e; = (0,...,0,1,0,...,0) with 1 on 
the i-th place, exist and are continuous in Q. Conversely, if all 0,,u € C°(Q) then one 
defines u/(x) € L(RY) by u'(a;h) = Xi; On, u(a)hi, h = (hi, ..., hn), and proves that 
u € C'(Q) in the sense of Definition 1.1.6 by using the mean value theorem and the 
continuity of all 0,,u. 
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In general, C*(Q) is not a Banach space because it contains unbounded functions. 
However, its subspace of bounded functions is a Banach space. 


Proposition 1.1.11 Let Q C RY be open, k € No, A € (0, 1], and define 


P(Q) = {ue C%(Q), u is bounded in Q}, (1.1.16) 
CRQ) = {we CQ), D'u € CP(Q), Va ENA with |a| < k}, (1.1.17) 
D° — D* 
CAQ) = fa € CECO), lulata) := sup | E u(y) < =), (1.1.18) 
aa 
CR(Q) = [T (1.1.19) 


kENo 
The space CE(Q), resp. CF*(Q), k € No, equipped with the norm 


elloeay = sup{||D*ullcoa@), lal <k}, resp. (1.1.20) 
lel] oe (ay = lellog(ay + lle (ay: (1.1.21) 


is a Banach space. 


Proof. See Proposition 9.1.1 in Annex. 


The spaces C%> are called “Hölder spaces”. They are useful when describing addi- 
tional regularity of functions in Sobolev spaces; see chapter 6. We note that in connection 
with C* spaces there is a complete theory associated with second-order linear partial 
differential equations, called “Hélder theory”; see, for example, [20]. 

We also note that a function in CK(Q) is not necessarily continuous up to the bound- 


20182 & CQ), Q = (0,1) x (0,1), but u ¢ COM). The 


ary. For example, u(x) = 
y. P (x) e+ ae 


following subspaces of C?(Q) are useful when approximating, or describing additional 
regularity, of Sobolev spaces functions, and are defined by 


CMQ) = {ue CP(Q), u extends continuously in Qy, (1.1.22) 
CRQ) = {we CQ), D'u e CN), Vac NF with |a| < k}, (1.1.23) 
_ = D°u(a2) — D°uly 
CEA) = <ue ck), lulora = sup | (2) W) <% ?, 
_ leļ=k |z — yl 
QDrÉYEN 
Cro = () oO), (1.1.24) 


kENo 
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where Q is the closure of (.°4 If Q is bounded, we can remove the subscript “b” from 
the spaces Ck(Q) and CF*(Q), because every continuous function in a compact set® 
is bounded. The space C#(Q), resp. CAQ), endowed with the norm (1.1.20), resp. 
(1.1.21), is a Banach space. 


When working with the distributions or the weak solution to PDEs, we are interested 
in C*(Q) functions which are zero in a neighborhood of the boundary 00 of Q. 


Definition 1.1.12 (C#(Q) spaces) Let Q C RY be an open set. Then we define 


(9) = {we C%(Q), 


supp(u) := {x € Q, u(x) # 0} is compact and included in Q}, (1.1.25) 

CRO) = {we (Q), Du ecel), ac N”, lal < k}, (1.1.26) 

n = l aa: (1.1.27) 
kENU{0} 


Example 1.1.13 Let p : RY — R be defined by 


1 Pe ja] <1 f 1 
r) = 5 i i C= el- dg. 1.1.28 
li a 0, |e 24, {\c|<1} 


It is easy to verify that 
pe DR’), supote <1}, i) f ple)an =1. (1.1.29) 
RN 


We set pn(x) = nN p(nz), n € N. The sequence (pn) satisfies 


MEDR) pn = 0, 
supp(Pn) C fx E€ RY, |z| < 1}, (1.1.30) 
kin Dan 1. 


Every function satisfying (1.1.29) is called a “mollifier”. Given a mollifier p, the 
sequence (pn), which necessarily satisfies (1.1.30), is called a “mollifier sequence”. The 
mollifier sequences are useful when used with the convolution operator; see Theorem 
Laa. 


3The closure Q of Q C X, X Banach, is defined as Q = Q U OO, where OO is the boundary of Q. 

The boundary 09 of Q C X, X Banach, is defined as OQ = {x € X, B(x,r) NQF, B(x,r) A 
Q° #0, Vr >O}. 

5In general, K C X, X Banach, is compact if every sequence (zn) in K has a convergent sequence 
with limit in K. 
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Usually, PDEs are equipped with boundary conditions, which describe the solution on 
the boundary. It is then necessary to define some spaces of functions on the bound- 
ary. First we define the space C°(0Q). The definition of C*(0Q) spaces requires more 
regularity of OQ and will be introduced in the next section. 


Definition 1.1.14 (C°(0Q) spaces) Let Q C RY. A function u : OA R is said to be 
“continuous at x € OQ” i lim 3 |u(y) — u(x)| = 0, and it is said to be “continuous on 
yal 


yEoQ 
OQ” if it is continuous at every x € OQ. We define C°(OQ) by 
C°(AQ) = {u: ðQ — R, u continuous on OO}. (1.1.31) 


When ƏN is unbounded one defines Cp(0Q) = C°(dQ) N {u bounded}. 


We note that when 2 is bounded, we have C?(0Q) = C°(00). The space CP(O0) is a 
Banach space when equipped with the norm 


lulong = max{|u(x)|, x € OO}. (1.1.32) 


1.2 Domains and C*(0Q) spaces 


In this section we will introduce the concept of regularity of domains, which is neces- 
sary for the definition of classical C*(0Q) spaces (and also boundary Sobolev spaces—we 
will see this in chapter 6). Regularity is an important property of the domain and it 
strongly affects the regularity to the solution to partial differential equations near the 
boundary; see section 9.6. 


1.2.1 Partition of unity 


Many proofs of PDE results involve a reduction to local considerations around a 
point, by using the so-called “partition of unity”. 


Definition 1.2.1 (Partition of unity) Let C RY be a compact set and {Gi, ...,Gm} 
be a family of open bounded sets in RY covering T, i.e. T C Ui", Gi. A partition of unity 
subordinate to the covering {G,,...,Gm} of T is {yo, 1,---; Om}, with po E C%(RY) 
and 91,..., Pm E D(RY) satisfying 


i) 0< y; <1, for alli =0,1,..., mM, 
ii) X yila) = 1 for all x € RY, 
i=0 
iii) supp(y;) C G; for alli = 1,...,m, supplyo) NT = @. 


Note that in the case I = 0Q with Q C RY an open bounded set, we have 6o = 0 in 
a neighborhood of OQ, and so >>’, y; = 1 in the same neighborhood of 0. 


8 


Chapter 1 1.2. Domains and C*(0Q) spaces 


Theorem 1.2.2 (cut-off function and partition of unity) 


i) (cut-off function) Let K C RY be compact and G C RY open with K C G. 
There exists n € D(R) such that 


O0<n<1, n=1 in K and supp(n) CG. (1.2.2) 
Such a function ņ is called a {K,G} cut-off function”. 


ii) (partition of unity) Let T C R and {G1,..., Gm} be as in Definition 1.2.1. 
Then 


1) for every G; there exist U; C RY open such that U; € Gi, i.e. U; C Gi and 
U; is compact”, and T C U", Ui, and 
2) there exists a partition of unity subordinate to the covering {G1,..., Gm} of T. 


Proof of i). There exists 6 > 0 such that {B(x,38), x € K} C G. Indeed, if not, there 
exist a positive sequence of numbers (ôn) with limn—oæ dn = 0, and sequences (£n) in K 
and (yn) in G° such that y, € B(£n,3ôn). As K is compact, there exists a subsequence 
of (£n), denoted again by (£n), converging to a certain zọ € K. We still denote by 
(Yn), resp. (ôn), the corresponding subsequence of the original sequence (yn), resp. (ôn), 
associated with the subsequence (xn). Then necessarily limno Yn = £o and so zo € G°, 
because G° is closed. So zo € K N G°, which is a contradiction. 

Set Us = U{B(x,ô), x € K} and V; = U{ B(x, 6), x € Us}. Clearly K C Us C V5 C 
G. For n € N define 


M(x) = L Pn(£ — y)dy = f Pr(x — y)dy, 


UsNB(a,1/n) 


where (pn) is the mollifier sequence in Example 1.1.13. Clearly n E€ D(R%), m > 0 and 
for n such that 1/n < 6 we have 


(i) m(x) = 1 for x € K, because B(x,1/n) C Us for all x € K, and 

(ii) (£) = 0 for x € Vf, because B(x, 1/n) N Us = 0, 
which proves i). 
Proof of ii). For x € T there exists i € {1,...,m} and €z > 0 such that B(x, €z) E€ Gj. 
As T is compact, from its open covering {B(x,¢,), x E€ T} there exists a finite covering 
{B(x; €j), j =1,...,M} of f with B(z,,¢€;) € G; for a certain i; € {1,...,m}. Then 
U: := U{B(2;,¢;), B(xj,€;) E€ Gi}, i=1,...,m, satisfies the claim ii.1). 

Let 7; E D(R"), i=1,...,m, bea {U;,G;} cut-off function, and set n = Soi", mi 
Clearly 7 > 1 in Uj", Ui. Set Uo = {x € RX, n(x) > 3/4}, Go = {x € RY, n(x) > 1/2} 
and let 7 be a {Ug, Go} cut-off function. Then 

LN in Go, 


po=l- m, yi5 7 l i= 1,..., m, 
0 in G5, 
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is the desired partition.° o 


1.2.2 Domains and C*(dQ) spaces 


To characterize the regularity of an open set Q, we introduce the following definitions; 
see, for example, [20]. 


Notations 1.2.3 For x € RY, we write x =(a',rn), with x’ = (x1,...,£N_1), and set 
le] = (ei te tay tay? lels it H ia), 
RY = {æeR, zy > 0}, 
Q = {zr=(x' eyn) E€ RY, |z'| <1, -1< zy <1}, 
Qt = {x= (x, eyn) € RY, || <1, O0<2y <1}, 
Q? = {x= (x, sn) € RY, |z'| <1, zy = 0}. 


Definition 1.2.4 (C*domains) Let Q C RY be an open and bounded set. We say Q 
is of class OF, k € R, k > 1, if for every x € OQ there exists an open set G, C RY, 
x E€ Gz, and a one-to-one map 6, satisfying 
i) 0, € C*(Q; Gz), O51 € C*(G,;Q), 
ti) (QT) = Gr := QN Gz, 
iii) 0(Q?) = Go = ONN Gz. 


This definition states that a C* domain is more than i) and iii), which one could think 
at a first attempt. The feature ii) ensures that Q is on one side of OQ. 

Some properties of functions in Sobolev spaces hold for Lipschitz domains which 
have a weaker regularity than C* domains. 


Definition 1.2.5 (Lipschitz domains) Let Q C RY be an open and bounded set. We 
say Q is Lipschitz if Q satisfies Definition 1.2.4 except i), which is replaced by 


ije AL, >0, Vz! e? E€ Q Ly \a2!—2x?| < |0,(x') — 0,(x?)| < Ly|21 — x? (in this case 
we say “0, is a bi-Lipschitz function with Lipschitz bound Lz”). 


Remark 1.2.6 An equivalent formulation of Definition 1.2.4, resp. 1.2.5, is as follows: 
Q, an open and bounded set in RY, is of class C*, resp. Lipschitz, if for every x € OQ 
there exists an open set G, containing x such that OQ N Gy is the graph of a C*, resp. 
Lipschitz, function of N — 1 variables (in a local system of coordinates), and NG, is 
on one side of OXON Gz. 

Also, more generally, an open set Q (not necessarily bounded) is said to be minimally 
smooth, see [48], if there exists G;, i € I C N, open sets, ro > 0, m E N and L > 0 such 
that 


°Of course, instead of 1/2, 3/4 one could choose any a, b with0O <a<b<1. 
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i) if x € OQ then B(x,1r9) C Gj, for a certaini € I, 


ii) Ga O-N Gim, =, for every arbitrary choice of distinct i,...,tm4i € T, 


iii) GiN Q = Gi N Q;, for every i E€ I, where Q; is a domain that up to a rotation is 
above the graph of a Lipschitz function W;,:RY~! R with Lipschitz bound L. 


Definition 1.2.7 (C*(0Q) spaces) Assume Q is an open bounded set of class C*, k > 
1. Let {(G;,0:),i =1,...,m} be as in Definition 1.2.4, corresponding to a certain {x; € 
OQ, i=1,...,m} such that {G;, i =1,...,m} forms on open covering of OQ. Let also 
{Y0; Y1;---; Pm} be a partition of unity subordinate to the covering {G;, i = 1,...,m} 
of OQ so that for every u : OX R we have u = X- (ug;) in a neighborhood of OQ. 
The space C*(0Q) is defined by 


C*(AQ) = {u: dQHR, (uy,) o6,(-,0) € CEQ’), Vi=l,...,m}. (1.2.3) 


Remark 1.2.8 The space C*(0Q) is a Banach space when equipped with the norm 


lullen) = II(upi) © 8C, 0)lloggo: (1.2.4) 
; 0 


It can be shown that two C*(OQ) norms, n(-), resp. (-), corresponding to the choice 
{ (Gis 03, pi), T= 1,..., m}, resp. {(Gi, 0i, Qi), i =1,..., M}, are equivalent. Indeed 


(upi) 0 8:(-,0) = X (lugs) © BC, 0)) o risl, 0)) (Gi 0 8il 0)), 


where hj;(-,0) = 051 0 0;(-,0), which implies n(u) < C(u), with C > 0 depending only 
on {(Gi,9;,9;), = 1,...,m} and {(G,,9;,@;), i= 1,...,m}. We proceed similarly to 
prove the reverse inequality. 


1.3 Review of some important results 


The readers are not expected to know the following results, but they must get familiar 
with them before we consider Sobolev spaces. 


1.3.1 Some results from L?(Q) spaces 


We will review very briefly a number of results related to L’ (Q) spaces. For a detailed 
analysis of L?(Q) spaces we refer the interested reader to, for example [5, 21, 28, 29, 34]. 


11 


1.3. Review of some important results Chapter 1 


Definition 1.3.1 (L?(Q) spaces) Let p € [l,co], Q c RY measurable for the 
N-dimensional Lebesgue measure dx and define 


P(Q) = fu : Q — R, u dzr-measurable and f (ee) Pale coh, p € (1,00), 
Q 


L®(Q) = {u : Qe R, u dr-measurable and 3M > 0, |u(x)| < M, a.a. x E€ Q}, 
LÈ (Q)={u:Q = R, we (w), Ww CQA, wopen, w EQ}. 


loc 


(1.3.1) 


The space L”(Q) is equipped with the norm 


1 
u(x rac)" pE 1,00), 
lulle) = (f (| (1.3.2) 
inf{M ER, |u(x)| < M, a.a.x E Q}, p= o. 


Whenever there is no confusion, instead of LP(RY) we will write LP. 
Now we list some important results in L” spaces. 


Theorem 1.3.2 (Fisher-Riesz) The spaces L?(Q), p € [1,co], are vector spaces. 
Equipped with the norm ||- ||r»(q), they are Banach spaces. 


Note that a Banach space is said to be reflexive if E” = FE." 


Theorem 1.3.3 (Reflexivity of L? spaces) For every p € (1,00), the space L?(Q) is 
reflexive. The spaces L1(Q) and L®(Q) are not reflexive. The dual space of L'(Q) is 
L®(Q) and the dual space of L (NQ) is a space, called “space of Radon measures” and 
denoted by M(Q), strictly including L'(Q). 


In the context of reflexivity, we have the following theorem. 


Theorem 1.3.4 (Riesz representation theorem in L’) Let p € [1,0o) and p' € 
1 1 

(1, 00], the conjugate® ofp, satisfying — + — =1. Then we have 
P P 


_ i 1 1 
W € (LP(Q))’, 3u € LP” (Q) with -+ — = 1 such that 
p p (1.3.3) 


(L, prayer) = [wooteiae, Vp € LQ), elle@y = lullo 


The following result shows that L” functions are not very irregular, in the sense that 
they can be approximated by Ø functions. 


In the sense that there exists an isomorphism from E to E”. 
In general, the conjugate p’ of p is defined for all p € [1, o0]. 
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Theorem 1.3.5 (separability and density of D in LP) We have 
i) For every p € [1, co), the space L?(Q) is separable.” 
ii) The space D(Q) is dense in L®(Q), p € [1, 00). In particular, let (pn) be a mollifier 
sequence, u E€ L?(R%), p € [1,00), and set 


TET = [ _ pale —y)ulu)dy = [ _ palu)ula — yd: 


Then (tun) is in LP(RN) NA C®(RY) and lim up = u in LP(RY). 


iii) LO (Q) is not separable and C°(Q) is not dense in L©(Q). 


Theorem 1.3.6 (Lebesgue dominated convergence theorem, Lebesgue DCT) 
Let (un) be a sequence of functions in L1(Q), u: QR and v € L1(Q) such that 


i) lim up(x) = u(x) for a.a. £ E Q, 


ii) \Un(x)| < v(x) for alln and aa. z € Q. 


Then u € L’ (Q) and lim |jun — ullz{o) = 0. 


The following is a sort of reciprocal of the theorem above. 
Theorem 1.3.7 Let (un) be a sequence in L?(Q), lim un =u in P(Q), p € [1, co]. 
Then there exists a subsequence (Un,) of (Un) and v € L?(Q) such that 


i) jim un, (x) = u(x) for a.a. £ E€ Q, 


ii) [un (£)| < v(x) for all k and a.a. £ E Q. 
We have also this weak compactness result in L?(Q) spaces; see [5, 29]. 


Theorem 1.3.8 (Weak compactness in L?) Let Q C RY be an open set, p € (1,00) 
and (Un) a bounded sequence in L”, i.e. there exists C > 0 such that ||Un||zo(a) < C for 
all n. Then there exist u € L?(Q) and a subsequence (tn,) of Un) converging “weakly to 
uin LP(Q)”, ie. 

1 1 


lim | un, pda = f up, Woe LP(O), -+> =1. 


The following result gives an integral criteria for an L! function to be zero. 


Lemma 1.3.9 (Fundamental lemma) Let Q C RY be open and f € L'(Q) such that 
Jo f(x)p(a)dx = 0 for every p € D(Q). Then f =0. 


9A Banach space E is said to be separable if it contains a dense countable set F, i.e. F C E and for 
every u € E there exists (Yn) in F such that limn>o ||Yn — ull 2 = 0. 
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1.3.2 Some results from (Functional) Analysis 
For the proof of the following results, see, for example, [7, 8, 28, 34]. 


Theorem 1.3.10 (Contraction mapping theorem) Let (M,d) be a complete metric 
space! and T : M+> M a contraction, i.e. there exists k € [0,1) such that 


Va,yeM, d(Tz,Ty) < «d(x, y). 


Then T has a unique fixed point in M, i.e. the equation Tz = z has a unique solution 
z € M. Furthermore, for every x E€ M, lim d(T"z, z) = 0. 


Theorem 1.3.11 (Inverse mapping theorem) Let X,Y be Banach spaces, U C X 
open, and f € C*(U;Y), k € N, k > 1. Furthermore, let zo E€ U and assume that 
f'(zxo) E€ L(X;Y), the derivative of f at xo, is an isomorphism from X to Y, i.e. 
f'(ao) : h E€ X m= f'(ao;h) € Y is continuous and invertible. Then f is a local C* 
diffeomorphism at x9 from X to Y, i.e. there exists Up C X open with x9 E€ Uo, Vo C Y 
open with f(ao) € Vo such that fT} : Vo — Up, the inverse of f : Uo œ Vo, exists and 
Pred xX): 


As a corollary of the inverse mapping theorem we have the implicit mapping theorem, 
which is important in applications. 


Theorem 1.3.12 (Implicit mapping theorem) Let X,Y, Z be Banach spaces, U C 
X, V CY open sets, and f € Ch(U x V;Z), k € N, k > 1. Assume furthermore 
that f(%o, yo) = 0 for some (xo, yo) E U x V, and Oyf(xo, yo) E L(Y; Z), the partial 
derivative of f with respect to y at (x0, yo), defines an isomorphism from Y to Z. Then 
there exists an open set Uo C U, £o € Up, and a unique g € C*(Up; Y) such that 


Yo = g(zo) and f(x,g(x))=0, Yr € Up. 


1.3.3 An application: Ordinary Differential Equations 


In this section we review some results about the existence, uniqueness, stability, and 
regularity of solutions to ODEs. Some of these results will be used in chapter 3 when 
studying first-order PDEs. For the proof of the following results, see section 9.1.3, or for 
a detailed analysis see, for example, [28, Chapter XIV, §3]. 

Let J C R be an interval, 0 € J, X be a Banach space", U C X an open set, and 
f € C°(U; X). Let x € U and look for a : Ix U œ U such that a(-, x) € C(I; X) and 


a' (t,x) = flalt,z)), tel, (1.3.4a) 
a(0, £) = z7. (1.3.4b) 


10A metric space (M, d) is said to be complete if every Cauchy sequence in M converges to an element 
of M. 
11 All along this section the reader may take X = RN 
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Here ‘ denotes the derivative with respect to the variable t and z is the initial condi- 
tion. The function f is sometimes called an “(autonomous) vector field’. The function 
a is called an “integral curve with initial condition x”. Regarding the existence and 
uniqueness of (1.3.4), we have the following result. 


Theorem 1.3.13 Let (X, ||- ||x) be a Banach space, U C X open, and f : U = X 
Lipschitz with a Lipschitz constant L. Let xo € U, p € (0,1) such that B(£o,2p) C U 
and K > 0 such that ||f|lcoBa2p) < K. Finally let 0 < r < min{1/L,p/K} and 
set I, = [-r,r]. Then there exists a : I, x B(£o,p) +» U, such that for every x € 
B(xo,p) there exists a unique solution a(-,x) € Cl(I,;X) of (1.3.4). Furthermore, if 
f € C®(U;X) then a(x) € Ce (T,; X). 


Proof. See section Theorem 9.1.4 in Annex. 


The following theorem shows that the solution a(t, x) to (1.3.4) is stable with respect 
to x, in the sense of (1.3.5). See Theorem 9.1.6 for the proof of this result. 


Theorem 1.3.14 Assume the conditions of Theorem 1.3.13 hold. Let x € B(x, p) and 
a(x) € CLs) as given by Theorem 1.3.13. Then x +> a(-,x) is uniformly Lipschitz 
from B(x, p) to C°(I,;X), i.e. for every x, y € B(xo, p) we have 


lla, z) — a, y)lloog x < Llle — yllx- (1.3.5) 


Theorem 1.3.13 shows that if f is of class C* then a(-,z) is of class C*+! with respect 
to t. The following theorem shows that a(-,-) is also of class C* with respect to (t, £). 
The reader can find the proof, for example, in [28, Chapter XIV, 83]. 


Theorem 1.3.15 Assume f € C*(U;X), k € NU {oo}. For x € U let J(x) C R be 
the interval such that a solution a(x) € C®*+(J(x);U) exists, and let D = {(t,x) € 
RxU, te J(x), x EU}. Then a € C*(D;X). 


Remark 1.3.16 Note that often we are interested in a more general problem than 
(1.3.4), namely 


B(r,y) =9(7,2(7,y)), TEJ, (1.3.6a) 
B(s,y) =y, (1.3.6b) 
where y E€ V with V CY open and Y a Banach space, J C R an open interval, s € J, 
Bly) € C1(J;Y), and g € C°(J x V;Y) (in this case g is called a “non-autonomous 
vector field”). In fact, (1.3.6) can be written in the form (1.3.4), which is the reason for 


considering only the problem (1.3.4). Indeed, let 3(-,y) € C'(J;Y). Set X =RXY, with 
IT={r-—s,7T¢€J},U=I1xV, and consider 


xz EU, £= (s,y), 
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a:IxUm=U, a(-,x)€C'(;X), 
alt, x) :=(s+t, B(s+t,y)) € U, 
f€ (U; X), f(x) := (1,9(@)) = (1, g(s,y)), so that 
flialt, x)) = (1, glat, x)) = (1, g(s + t, B(s + t, y))). 


Then a(t, x) solves 


a' (t,x) = (1, 8'(s +t,y)) = (1, g(s +t, 8ls +t,y))) = fla(t,x)), tel, (1.3.7a) 
a(0,x) = (s,y) =z, (1.3.7b) 


if and only if G(-,y) solves (1.3.6). 

It follows that all the results proved for the solution a(t,x) to (1.3.4) hold for the 
solution B(T, y) to (1.3.6), with the assumptions for g in (1.3.6a) such that f in (1.3.7a) 
satisfies the assumptions of problem (1.3.4). For example, we note that 


a) “g is Lipschitz with respect to 3 with Lipschitz constant L” is equivalent to “f is 
Lipschitz with constant Lipschitz L”, and 


b) “Il Fle (0,20) < 1+ K” is equivalent to ‘ll 9llc0B(s0,90).2) < K” where £to = 
(So, Yo), So E J, Yo G V, provided B(2o, 2p) = B((so, Yo), 2p) = JxV. 


Then (1.3.6) has a unique C1(J,;Y) solution 8 = B(-,y), with J, = [so — r, so + r], 


for every (s,y) € B((so, yo), p). 


0<r<mi : P 
r mın = 
ie 4 


We are interested in the following questions for the problem (1.3.4): 
i) Does it have a solution? [existence] 


ii) Is the solution unique? [uniqueness] (1.3.8) 
iii) Is the solution stable, say like in (1.3.5)? [stability]. 


Similarly for PDEs, we are interested in questions i), ii), and iii). Given that usually the 
solutions to PDEs are “weak”, meaning that they do not have the classical regularity 
C* (we will see what it means precisely in the following chapters), for PDEs we consider 
also the following question: 


iv) How regular is the solution? [regularity] (1.3.9) 


We will address i) and ii) for all the PDEs we consider in this book. For ease of reading, 
in section 9.6 in Annex we have addressed question iv) for second-order linear elliptic 
PDEs. 
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Problems 


Problem 1.1 Let X, Y, and Z be three Banach spaces, f € C°(X;Y), g € C°(Y;Z) 
with Im(f) C Dom(g), where, in general, for a function f : X = Y we set 


dom(f) ={x € X, f(x) is well-defined}, Im(f)={f(x), x € dom(f)}. 
i) Prove that go f € C°(X;Z), where go f : X =œ Z, (go f)(x) = g(f(z)). 


ii) Assume f € CH(X;Y), g € C'(Y;Z). Prove? that go f € C!(X; Z) and for 
h € X we have (go f) (x;h) = 9 (F(x); f'(x; h)). 


Problem 1.2 Find the norm of the elements of L(R"™™); see Example 1.1.5, Remark 1.1.4. 


Problem 1.3 Let Q C RY be open, k € N, and à € (0,1]. Prove that || - lor» resp. 
E lora as given by (1.1.20), resp. (1.1.21), defines a norm in CK(Q), resp. CE^(Q). 


Problem 1.4 Find a C® domain in R, and another one which is Ct but not C?. 


Problem 1.5 i) Show that if Q C RY is a Lipschitz domain then it is minimally smooth. 
ii) Find an unbounded domain Q C RY which is minimally smooth. 


Problem 1.6 Prove the equivalence in Remark 1.2.6. 


Problem 1.7 Show that if p € (0,1) then ||- ||ze(@) is not a norm by showing that the 
triangle inequality is not satisfied. 


Problem 1.8 Show that Theorem 1.3.6 does not hold if only one of i), ii) is satisfied. 


12One may use this fact: f differentiable at x is equivalent to f(a +h) = f(x) + f'(x; h) + en|lhl|x 
for all x € X, where en € Y is such that limyp), <0 |len||y = 0. 
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2. Partial differential equations 


Infinitesimal calculus is one of the most important mathematical developments of the 
seventeenth century. The need for better understanding and prediction of the behavior 
of real-world phenomena, such as the motion of planets or the trajectory of a particle, 
for example, motivated mathematicians to consider (systems of) Ordinary Differential 
Equations (ODEs). The practical interest on more complex phenomena, such as the 
distribution of heat, of an electric or magnetic field, or the motion of fluids, made the 
understanding of PDEs and their rigorous analysis a central point of mathematical 
analysis and the birthplace of the development of new areas of mathematics, such as 
Calculus of Variations and Functional Analysis. 

Very fundamental results about linear PDEs were achieved around the end of the 
nineteenth century and during the twentieth century, for example results about the exis- 
tence and uniqueness of weak and strong solutions, and the regularity of weak solutions 
to linear and certain nonlinear PDEs. Due to the explosion of the number of applica- 
tions, the interest in PDEs continues to grow and is more oriented toward nonlinear 
PDEs. 


It would be useful to classify PDEs into classes such that the PDEs of the same 
class share the same qualitative properties. For example, a classification such that the 
proof of the existence, uniqueness, regularity, and even numerical analysis is the same 
(or similar) for all the PDEs of the same class. If restricted to linear second-order PDEs, 
a complete classification can be done by using Fourier transform. We will not enter into 
details and suggest the interested reader [12]; see also Definition 2.0.3 for the case of a 
second-order linear PDE with constant coefficients. 

Here we will simply define linear and nonlinear PDEs. This definition serves as a 
basis for identifying types of PDEs, but in general the PDEs of the same type under 
this definition do not share the same qualitative properties. 


Definition 2.0.1 Let Q C RY be an open set. 


i) A (N dimensional) PDE of order m E€ N in Q is an equation of an unknown 
function u = u(x), of its derivatives up to order m and of x of the form 


1 
E(x, ,u,D u,...D”u)=0, TEQ, (2.0.1) 
2 m š 
where E : R x Rx RN x RX x.. x RY” GR and D*u given by (1.1.14). 
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ii) Usually a PDE is equipped with boundary conditions of the form 
B(z,u, D'u,...,D™u) = 0, x € dQ, (2.0.2) 
where m, < m — 1 and B : RY x Rx RY x RY? x eee x RY m R. 


iii) A function u is called a “classical solution to the problem (2.0.1), (2.0.2)” if u € 


C™(Q)AC™(Q) and satisfies (2.0.1), (2.0.2) pointwise. 


iv) If (2.0.1), resp. (2.0.2), is linear with respect to u and all its derivatives then 
(2.0.1), resp. (2.0.2), is called “linear”. Otherwise it is called “nonlinear”. 


Example 2.0.2 Let A = (aij) E€ RYN be a symmetric matriz, b = (bi) € RY, c € R, 


u = u(x) a smooth real function, x = (%1,...,2N) E RY and consider the PDE 
N n 
Lu := — ` ti jOa U + D biðr;u + cu = f, with f given. (2.0.3) 
ij=1 i=1 


Let A=V-A-'V be the spectral decomposition of A, with A = diag(A;) the diagonal 
matriz of eigenvalues of A, V = (v;,;) the matrix having for columns the eigenvectors of 
A with tV =V. Lettx=V-€,€='V-a and define v(€) := u(x). Then 


N N 
OKT > Og, VOr Ek = X viket, (we used Oz;k = Vik) 
k=1 k=1 


N 
2 — f = = bd 
Ont = >. ikje 80 


k,l=1 
N N N N N 
2 
» Qi jOrn U = 5 Qij > Vi kUj Ögg = bD (£ (Vik * lij e) OE, 6,0 
ij=l i,j=l kl=1 kl=1 \i,j=1 
N N 
= X (V-A V) ðh = Y Nese,” 
k,l=1 k,l=1 
N 
— 2 
a er 
k=1 
N N 
b6-Vu = SUK On, 2; k= X vind; hence 
k=1 i=1 
N N 
2 
bu = -Pkt + mad + ev 
k=1 k=1 


lFor a matrix M € RNXN, tM will denote its transposed matrix and M~! will denote its inverse 
matrix. 
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Note that if n = diag(|A,|~1/?) -E and w(n) = v(€), we get 


N N 
Lu=- 5 að mW + > brm w + cw, (2.0.4) 
k=1 


k=1 

with ap € {+1,0}, Br = Urlà T1. 

Based on the form (2.0.4), the following definition gives a detailed classification of 
second-order linear PDEs with constant coefficients. 


Definition 2.0.3 Consider the PDE (2.0.3) and let A;, i = 1,..., N, be the eigenvalues 
of A. We say the PDE (2.0.3) is 


“elliptic” , if all A; have the same sign, 
“hyperbolic”, if all A; have the same sign, except one which has the opposite sign, 


“parabolic”, if all A; have the same sign except one which is zero. 


It turns out that when (2.0.3) is elliptic (resp. hyperbolic, parabolic) then in (2.0.4) all 
a; have the same sign (resp. all a; have the same sign except one which has the opposite 
sign, all a; have the same sign except one which is zero). 


Example 2.0.4 Let u = u(x,t), x,t E€ R and consider the second-order PDE 
uy + 2burz + CUre = 0, (2.0.5) 


with a,b,c € R, b? — ac > 0. Assume? a? + c? 4 0, for example c 4 0. Then (2.0.5) is 
of the form (2.0.3) with A = i : | whose product of eigenvalues is ac — b? < 0, so 
(2.0.5) is hyperbolic. Furthermore, the solution is given by 


ct — bax ct — bx 
= Ady te le 2.0.6 
uae) (e Vb? — =) (+ b2 — I l ) 


with A and B arbitrary C? functions. In particular, if a = 1, b = 0, c = —w?, so the 
original equation is Uun — wur = 0, then every solution is of the form? 


ulz, t) = A(x — wt) + Bia + wt). (2.0.7) 


Indeed, proceeding as in Example 2.0.2 it is easy to find the eigenvectors of A, which 
leads this change of variables and function v: 


tT = $; € T, 
v(, T) = u(x,t), i b 4/b2 — ac SO ee ct — bx 
E Z E a Vb? — ac 
If a? +c? = 0 then the equation is reduced to uzt = 0, so its solution is u(x,t) = A(x) + B(t), with 


A and B arbitrary C°? functions. 
3Or, equivalently u(x,t) = A(wt — x) + B(wt + x). 
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It follows by straightforward computations that v,- — vee = 0. Neat, introducing the new 
variables n = €+7, s = E— T and the new function w(n,s) = v(E,7) implies that w 
satisfies Ws, = 0. Therefore w(n,s) = A(n) + B(s), with A, B arbitrary C? functions, 
v(€,7) = A(E+7) + B(E—7T) and therefore (2.0.6) holds. 


2.1 Some prototypes of PDEs 


In this section we will present some PDEs that have important applications. Although 
some of them may look similar at first, they have very different properties. Each of them 
represents the simplest element of a distinct class of PDEs, and typically, the methods 
we develop for each of them are also used for the PDEs of the same class. 

In all the following examples 0 C RY is open, 0 < T < ov, f is a given function, and 
u is the unknown function. Also, here x = (21,...,2n) € RY, (x,t) = (£1,..., 2N, t), 
and the unknown function u = u(x,t) or u = u(x), depending on whether or not the 
problem involves the variable t. 


Transport equation 


The transport equation, which sometimes is referred to as the continuity equation, models 
the transport of a certain quantity, for example, the transport of a cloud of particles. In 
its simplest form it is 


N 
u +b: Vu:= ut >> biðnu=f in 2x (0,7), b=(b,...,bv) ER. (2.1.1) 


i=1 


In chapter 3, we will consider general first-order PDEs, which include the equation 2.1.1. 


Laplace equation 


The Laplace equation models, for example, the distribution of heat in a stationary regime, 
i.e. the heat does not depend on time. This is one of the most studied PDEs and the 
most representative of second-order elliptic PDEs. It has the form 


—A^u := - (o2 a +e dyert) =f nQ. (2.1.2) 
We will study the classical and weak solutions to (2.1.2) in chapters 4 and 7. 


Heat equation 


The heat equation models the distribution of heat in a time-dependent regime, i.e. the 
heat depends on time. In its simplest form it is 


u—-CAu=f in Qx (0,T), c>0. (2.1.3) 
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Equation (2.1.3) is the most representative of second-order PDEs of parabolic type. We 
will study (2.1.3) in chapter 8. 


Wave equation 


The wave equation models the oscillations of a certain quantity, for example the motion 
of an elastic membrane. In it simplest form it has the form 


un—-CAu=f in Qx(0,T), c>0. (2.1.4) 


Equation (2.1.4) is the most significant representative of second-order PDEs of hyper- 
bolic type. We will study (2.1.4) in chapter 8. 


Nonlinear PDEs 


There are many nonlinear PDEs, often originating from applications. For example, 
minimal surface equation in R3, see [20], 


(1+ uZ)ttyy — 2p tytlny + (1+ Uz )tec=0 in Q, u=g on ðQ, (2.1.5) 


where u = u(x), £ = (21,22) E€ Q C R?, describes the surface with the least area among 
all graphs of functions in Q equaling g on OQ. 

Another important example of nonlinear PDEs are incompressible Navier-Stokes 
equations, see, for example, [52], given by 


p(Ou + (u - V)u) —wAu+Vp=f in Ox (0,7), (2.1.6a) 
V-u=0 in Qx (0,7), (2.1.6b) 


where Q C RY, N > 2,0 < T < œ, u,p > 0 are given physical parameters, f = 
(fi,.--,fn) is a given function, and u = u(x,t), u = (u,...,un) and p = p(z,t) € R 
are unknown. The variable u represents the velocity and p represents the pressure. Here 
the nonlinearity is due to the term (u- V)u. 


The analysis of nonlinear PDEs is more difficult than linear PDEs. However, typically 
the question of the existence of solutions relies strongly on the existence of solutions 
to certain associated linear PDEs, on compactness results, and on tools of Functional 
Analysis such as fixed point or topological degree theorems; see, for example, [8, 20, 42]. 
We will discuss very briefly some nonlinear PDEs mostly in the context of examples; see 
Section 7.3. 


Problems 


Problem 2.1 Find a Ct! solution u = u(x, y) of 


a) tg=3ry+y, wH=e+ex, u(0,0)= 0, 
b) uz=ycosr+1, uy=sinz, u(0,0)=0 
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Problem 2.2 Find a C? solution u = u(x,t), (x,t) € R x (0,00), of 


a) Up — Ure = sint +2710, 
b) Ut — Urr = tz, 
C) Unt t Uge = cost— g., 


Show that in fact each of these problems has an infinite number of solutions. 


Problem 2.3 Find all classical solutions to 


a) Ute — Ugre = 0 in Rx (0,00), uz(z,0)=0, we(z,0)=sinz, «ER, 
b) Ut — Ugra = 0 in Rx (0,00), ulz,0)=0, uyulx,0)= cosx, x€ 


re 


Problem 2.4 Let u = u(x,t), (x,t) € R x (0,00) and consider the PDE 
Utt + AUte + AUer + (uz = 2u) = 0. 


Use the transformation in Example 2.0.2 to show that this equation is of parabolic type, 
and in the new coordinates (€,7) the PDE is written in the form v, — 5vge = 0. 
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3. First-order PDEs: classical and 
weak solutions 


First-order PDEs describe many real-world phenomena. Conservation laws, which 
state that a certain property of a physical system is conserved, are first-order PDEs. 
Hamilton-Jacobi equations, which describe the motion of a mechanical system as well 
as the motion of a cloud of particles, are also first-order PDEs. 

In this chapter, we will briefly discuss first-order PDEs with the intention of high- 
lighting mainly the method of characteristics and the concepts of classical and weak 
solutions. For a deeper analysis of the subject, see the pioneering works [6, 9, 30, 31], 
or [16] for a modern overview. 


Let E : RY x Rx RY GR, E = E(x, z, p), p = (p1,...,pn), Z E€ R, £ = (u1,..., £N), 
u: Q C RN = R, with Q open, and consider the problem 


E(x, u(x), Vulz))=0, zEQ, (3.0.1a) 
u(x) = glx), x ET C Q, (3.0.1b) 


where T is relatively open! in OQ. Hereafter, we assume that E, g, and Q are sufficiently 
smooth, unless otherwise specified. 

First, we will look for a classical solution to (3.0.1), and next we will demonstrate the 
idea of weak solutions restricted to scalar conservation laws. In both cases, we will use 
the method of characteristics, which consists of writing (3.0.1) in the form of a system 
of ODEs, called the “characteristic equations”. These characteristic equations describe 
the solution u along some curves, called “characteristic curves” . 

Motivated by physical phenomena, such as the motion of a cloud of particles, the 
idea for solving (3.0.1) is as follows. For a given x € Q, there is a particle moving along 
a trajectory, or a characteristic curve, passing through x; see Fig. 3.0.1. This trajectory 
eventually connects x with a certain point y° € 0Q. If y? € T then u(y?) = g(y°) is 
known and therefore the characteristic equations associated with y° will provide the 
value of u(x) along the characteristic curve. 


1So T = GN OQ, where G is a certain open set in RY. 
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From the description of the method, 
we have to deal with the following two 
problems. 


i) Characterize the characteristic 
curves and the system of charac- 


teristic equations associated with y? 
(3.0.1). 
T 
ii) Knowing the solution to charac- 
teristic equations, find a solution 
to the problem (3.0.1). Figure 3.0.1: Characteristic curves 


As a first example of a first-order PDE that addresses these two questions, let us 
consider the transport equation (2.1.1) 


u +b- Vu = f in RY x (0,00), (3.0.2a) 
u= g on RN x {0}. (3.0.2b) 


We assume that (3.0.2) has one classical solution u € C°(RY x [0,00)) AC1(R® x (0, 00)). 
For a fixed (x,t) € RY x (0,00), we set z(s) = u(x + sb,t + s) and then we obtain 


usl + sb,t +s) +b: Vu(x ++ sb,t+s)= f(x +sb,t+ s), 5 € (-t,oo), 
u(x — tb, 0) = g(x — tb). 


R 
~ N 
| AR 
+ WD 
| | 


So, z satisfies a differential equation. It implies 


u(x,t) —g(x—tb) = 2(0)-—2(-t)= fx sds- f f(x + sb,t + s)ds 


f te (s — t)b, s)ds. 


Therefore, if g € CH(RY) and f € C°(R% x [0, co)) then the classical solution u is given by 


u(x,t) = g(a — tb) + / f(x + (s — t)b, s)ds. (3.0.3) 


The following is also true: if g € C'(RY) and f, ôs, f € CP(RN x [0, œ0)) for all i, then u 
given by (3.0.3) is a classical solution to (3.0.2). 

Note that we have solved (3.0.2) by converting it to an ordinary differential equation 
of the form z'(s) = f(x + sb,t + s). Such an equation describes the solution u along 
the curve {(z + sb,t + s), s E€ (—t,oo)}, which is called a “characteristic curve”. This 
method is a particular case of the so-called “method of characteristics”; see Section 3.1 
for more details. 
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In general, g ¢ C1(R) and 0,,f ¢ CH(RY x [0,00)), and so (3.0.3) does not provide 
a C! “classical” solution to (3.0.2). However, u given by (3.0.3) is the only reasonable 
candidate for a solution to (3.0.2). To give a meaning to the solution u in this case, we 
introduce the so-called “weak solution to (3.0.2)” satisfying 


[ oele oder f | (uperub-Vep)deats f a eee = 0, (3.0.4) 


for all y € D(RY x R), where b- Vy = TG biðz,p. Note that (3.0.4) is obtained by 
multiplying (3.0.2a) by y, integrating by parts, and then using (3.0.2b). It is well-defined 
for all f € LŁ(RY x (0,00)) and g € LŁ(RY). 


loc loc 


3.1 Method of characteristics 


In this section and the next one, we will present the method of characteristics and 
show that under some assumptions, (3.0.1) is equivalent to a system of differential (char- 
acteristic) equations, which provides a local classical solution. The results are classical 
and we follow the pioneering works [6, 9, 19], and [16] for a modern presentation of the 
results. 

Let {y = y(t) = (yi(t),.-., yw(t)), tE I C R} C Q, with J an open interval, be a 
given smooth curve, u € C1(Q) and define 


z(t) :=uly(t)), pt) = (pit), ..-,pw(t)) = Vu(y(@)), te. (3.1.1) 
We have the following result. 


Proposition 3.1.1 Let E be a C! function, u E€ C?(Q) be a solution to (3.0.1a), and 
z, p defined by (3.1.1). If y solves (3.1.2a) then z = z(t) and p = p(t) solve (3.1.2b), 
(3.1.2c), where 


y = VpE(y, z, p), (3.1.2a) 
z =p: VpEly, 2,P), (3.1.2b) 
p = —V,Ey, z, p) in po.E(y, z, p). (3.1.2c) 


Proof. We can differentiate z(t) in (3.1.1), which in combination with p in (3.1.1) and 
(3.1.2a) gives 


z(t) = > rulu) E > Pilt)p, EUH, z(t), p(t). (3.1.3) 
Now, let us differentiate p(t) in (3.1.1), which after using (3.1.2a) gives 
p(t) = 2 Or,2;U(y(t))y;(t) = Dd Aria; u(Y(t)) A, E (y(t), Uyl), Vuly(t))) 
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N 
ae Ely,u, Vu)oz,2,u, on {y(t), t € I}. (3.1.4) 


In order to eliminate second-order derivative terms in (3.1.4), we differentiate (3.0.1a) 
w.r.t. £i t= 1,..., N, and get 


N 
O,, E(x, u, Vu) +0, E(x, u, Vu)o,,ut+ Y Op, E(x, u, Vu)ðrz u =0, Ve eQ. (3.1.5) 
i t Pj reJ 


Then (3.1.4) combined with (3.1.5) evaluated at x = y(t) (so, u(y(t)) = z(t) and 
Vuly(t)) = p(t) gives 


pi(t) = —02,E (y(t), z(t), p(t) — pi(t)0-E(y@), z(t) pt), teI, (3.1.6) 


which completes the proof. 


Equations (3.1.2) are called “characteristic equations (associated with (3.0.1a)”, and 
the curve {y(t), t € I} is called a “characteristic curve”. Proposition 3.1.1 gives a nat- 
ural method for solving (3.0.1). Namely, it suggests that if (y, z, p) solves (3.1.2) then 
u(x) := z(y(t)), with z = y(t), is a good candidate for the solution to (3.0.1a). 


Before we move to the analysis of the method to characteristics, let us see how it 
works through a number of typical examples. Consider first an example of first-order 
linear PDEs, which have the general form 


E(x,u, Vu) = a(x) - Vu(x) + O(a)ut+ec(xz)=0, x EN, (3.1.7) 


with a, b, and c being smooth functions. So, here E(x, z, p) = a(x)-p+6(x)z+c(ax) and 
then (3.1.2) is equivalent to 


y’ = ay), (3.1.8a) 
z' = p-aly) = —(cly) + b(y)z), (3.1.8b) 
p = —V,E(y, z,p) — ply), (3.1.8) 


because on the characteristic curve we have E(y, z, p) = 0, so p-a(y) = —(c(y) + b(y)z). 
Here we do not need to solve for p as the characteristic equations are closed for y and z. 


Example 3.1.2 Consider 


u(21,0) = glzı) on T= {(21,22), vo = 0}. (3.1.9) 


This equation is of the form (3.1.7) with a = (2%1%,1), b = —1, c = 0, and so 
E(a, 2,p) = 2429p + po — z. According to (3.1.8), y and z solve 


l 2£1L20r U + Ôu =u in Q = {(z1, £2), z2 > 0}, 


y, =2yiyo, ye=l, 2 =2, with y(0) = (y},0) ET, z(0) = g(y?). 
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The initial conditions for y and z are chosen such that the characteristic curves start 
onl, so y(0) ET, and that z(0) = u(y(0)). We solve this system of ODEs and get 


y(t) =yfe", yolt)=t, 2(t) = g(yfe’. 


We note that y and z depend ont and y!, so y = y(t, y?), z = z(t, y?). 
Now we “construct” the solution u at x = (21,22) E Q by assigning to it the value 
of z(t, y°) with y(t, y?) = x. Solving the last equation gives y? = x ,e~", t = x9. Hence 


u(a1,@2) = u(y(t)) = 2(t) = g(yfe’ = g(aie™™2)e™. 
It is easy to verify that u is a classical solution to (3.1.9) if g is Ct. 


Next we consider an example of so-called first-order quasi-linear PDEs, which have 
the form 


E(z,u, Vu) = a(z,u(x)) - Vu(x) + b(z, u(x) =0, TER. (3.1.10) 


So, here E(x, z,p) = a(x, z)- p+ (az, z). Therefore, (3.1.2) is equivalent to 


y' = aly, 2), (3.1.11a) 

z' = p- a(y, z) = —b(y, z), (3.1.11b) 

P = —V,E ly, z,p) — po,E(y, z, p), (3.1.11c) 
because on the characteristic curve we have E(y, z,p) = 0, so p- a(y, z) = —O(y, z). 


Example 3.1.3 Consider 


l UO,,U+0,,u = 1, in Q = {(z1,£2), z1 < £2 < 0}, 


3.1.12 
Ut zı) = ge) = iri on T = {(z1, x1), zı < 0}. ( ) 


This PDE system is of the form (3.1.10) with a = (z,1), b = —1, and so E(x,z,p) = 
zp, + p2 — 1. Applying (3.1.11) and noting that V,E =0 and 0,E = pı, we obtain 


=% Jel P = —pi, 
Y = 1, P2 = —PiPp2. 


We note that the system is closed in (y, z), so we do not need to solve for p. The initial 
conditions for y and z are 


yi(0) = yp, 1 
0) = =y}. 
l yo(0) = y? z(0) 541 
Then we get 
one = 5+ ouitt yt, 


| 
e 
= 


1 
z(t) =t+ ie yL ER. 
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To find u(x) we first find the characteristic curve y(t, yg) passing through x € Q, so 
y(t, y°) =x or equivalently 


t pe 
3P + oyttyy = t, es Sie” 
d which implies jme 
t+yi = 2a, y? = Tı 7a 
2— To 


This implies that 


1 1 4z — z2 — 21 
u(z1, x2) = z(t, y?) =t + g =5 3 as 


It is easy to check that u is a classical solution to (3.1.12). 


Now we consider an example of a fully nonlinear first-order PDE, which are all first- 
order PDEs that are neither linear nor quasi-linear. In this case we have to integrate 
the full system of differential equations (3.1.2), which in general is not possible. 


Example 3.1.4 Consider 


(nu) + (3u)? =2 in Q = {(x1, £2), zı > Oh, (3.1.13) 
u(0, £2) = z2 on T = 4(0, £2), £z € R}. = 
Here E(x,z,p) = p? + p} — 2. Therefore (3.1.2a)-(3.1.2c) becomes 
/ 
=2 
+ fs v= 4, pi = 0, 
y(0) = (0,42), y2 €R, ’ . 
The general solution (y, z,p) can be written as 
= 2pt, = p, 
l yı a ; z=4t +y, { pı a 
Y2 = 2pyt + ys, P2 = Po 
Here y3 and p° = (pÌ, p9) are arbitrary constants. Using (3.1.13), which we assume 


holds in Q, we can eliminate two of these three constants, for example p? and ps, so that 

(y,2z,p) depends only on y$. Indeed, (Oy,u)? + (zU)? = 2 in Q and ðr, (u — x2) = 0 on 

I give 

{ (pi)? + (2)? = 2 l p = +1, 

Hence, there are two solutions (y, z,p) given by 

l YU = +2, 
Y2 2t + A 


Pi = +1, 


z = 4t + Y3, l 
P2? = 1. 
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1 
Now, let x = (x1, £2) E Q. We can find (t, y?) such that y(t, y?) = x. It follows t = zti 


y? = xə F x1. Therefore, two classical solutions to 3.1.13 are given by 


i Eau OV=ee a4 (+5) ee ae ee 


3.2 Classical local solutions to first-order PDEs 


In this section, we will construct local classical solutions to (3.0.1) by following the 
method of characteristics as described in Section 3.1. Note that in general the boundary 
T in (3.0.1b) is not flat, where, without loss of generality, we say that I is flat if 

Pel = (yh, YAn 0), (Uya) eR” bh (3.2.1) 


The following lemma shows that modulo a diffeomorphism, (3.0.1) is equivalent to a 
similar problem with a flat boundary. This motivates the study of (3.0.1) with T flat, 
because due to the simplicity of the boundary the analysis is easier. Next we will return 
to (3.0.1) with a non-flat boundary by using the following lemma again. 


Lemma 3.2.1 Consider the problem (3.0.1). Let x? € T and assume that I is of class 
C**+! at x°, i.e. there exist G C RN open with x° € G, and 6 € C**1(Q,G) invertible, 
such that 0(Q*) =Q NG =: Gt, 6(Q°) =T AG =: To; see Definition 1.2.4. 


i) Assume that E is of class C*, g € C*(To) and u € C*(G*) solves (3.0.1) with 
Q = Gt andT=Tp. If ùl) =u0d1(z), Z E€ Qt, then ŭ € C*(Q*) and it solves 


E(z,0, Vo) =0 in QF, (3.2.2a) 
ii(Z) = G(@) on Q’, (3.2.2b) 

with E of class C* and g € C*(Q®). 
ii) Conversely, assume É is of class C*, g € C*(Q®), and ti € C*(Q*) solves (3.2.2). 


If u(x) = t00-1(x), x € GF, then u € OĂF(GF) and it solves (3.0.1) with Q = G+, 
rT =T, E of class C*, and g € C! (To). 


Proof. By the composition rule, it is clear that & € C*(Q*) and 
Vu(x) = "[VO(z)]"'- Vult), £E Qt, «= 0(%) € Gt. 
Therefore, (3.0.1) implies 


0 = E(x, u(x), Vu(z)) = E(0 (T), a(%), [VOE] - Vai(z)) 


=: £(%,a(%),Va(z)), že Qt, (3.2.3) 
0 = u(x) — g(x) = ue) — g(@(2)) 
=: a(x) -—G9(z), £€EQ°, (3.2.4) 
which proves i) with E(, Z, p) = E(07"(@), 2,"(V0()|~! - p) and g(%) = g(0(2)). For ii) 


we proceed similarly. 
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3.2.1 Classical local solutions: flat boundary 


Under the assumptions of Lemma 3.2.1, the problem (3.0.1) is equivalent to the 
problem (3.2.2), which has a flat boundary. In this section, we assume that I in (3.0.1b) 
is flat and prove the existence of a classical solution to (3.0.1). In the following section 
we will show the existence of a classical solution to (3.0.1) in the case F is not flat, by 
using again Lemma 3.2.1. 


3.2.1.1 Boundary and initial conditions 


The equations (3.1.2) describe the evolution of u from (3.0.1) along the characteristic 
curves {y(t), t € I}. We have to equip (3.1.2a)—(3.1.2c) with initial conditions; let’s say 


(y(0), 2(0), p(0)) = (y°, 20, p°). (3.2.5) 


It is worth emphasizing that zọ and p? depend on y°, so zo = zo(y°), p? = p°(y®). This 
implies that y, z, and p depend on (t, y°), hence y = y(t, y°), z = 2(t,y°), p = p(t, y?) 
(we will drop the variable y? whenever there is no confusion). 

Clearly, the initial conditions for y and z follow naturally from the boundary condi- 
tion u = g on I, ie. 


y(0,y°) =y°, 2(0,y°) = zoly’) := g(y°), y? Er. (3.2.6) 


Differentiating the equation for z in (3.2.6) with respect to y?, i = 1,..., N — 1, gives 
izo = ð;g on I, which leads to these conditions for p?: 


pity’) =Agy°), i=1,....N-1, Er (3.2.7) 


Condition (3.2.7) is called a “compatibility condition”. Conditions (3.2.6) and (3.2.7) 
uniquely define all the initial conditions except py. For p} we assume that (3.0.1a) 
holds in QUT, which implies the following equation counting for the remaining pẹ: 


E(y’,z0,p°)=0, y eT. (3.2.8) 


A triple (y°, zo, p?) satisfying (3.2.6)—(3.2.7) is called the “admissible initial condition”. 


Remember that we intend to find the solution u to (3.0.1) by starting at y? € T, and 
then solving (y,z,p) along the characteristic curves, which will provide u(y(t,y°)) = 
z(y(t, y°)) along this curve. For this, the curves y(t, y°), which start on T, must evolve 
inside Q. As the vector y’(0, y?) is tangent to the characteristic curve at y°, this condition 
is satisfied, at least locally near T, if y,(0, y°) > 0, which from (3.1.2a) is equivalent to 


p Ely’, 20,p°) > 0, Yy? ET. (3.2.9) 


Note that this condition is equivalent to py E(y?, zo, p?) # 0 because we can consider 
—E instead of E. The condition (3.2.9) is called a “transversality condition”. An initial 
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cone (y°, zo, p?) satisfying (3.2.6)—(3.2.9) (so admissible and transversal) is called a 
“non-characteristic’ . 

The initial conditions zp = zo(y°) and (p{,...,p%_1) = (O:g(y°),---,; On-1g(y°)) are 
explicit and are given by (3.2.6) and (3.2.7), respectively. The remaining initial condition 
p% is given implicitly by (3.2.8). The following result shows that if (y°, zo(y°), p°(y°)) is 
non-characteristic at a certain x°, then it can be extended uniquely as a non-characteristic 


initial condition near x°. 


Lemma 3.2.2 Assume E and g are C*, k > 2. Furthermore, assume that there exists 
x? € T and p°(x°) € RY such that (3.2.6)-(3.2.9) hold at (x°, aa Then 
there exist po > 0 and a unique p? € C*-!(To; RY) with To = B(x®, po) OT, such that 
(3.2.6)-(3.2.9) hold at (y°, zo(y?), p°(y°)) for all y? € To, ie. (y°, zo(y®), p?(y?)) is a 
non-characteristic initial condition for all y? € To. 


Proof. Note that from (3.2.6) and (3.2.7) we have z9(y°) = g(y°), and p? (y?) := d;9(y°), 
i = 1,...,N — 1, are well-defined and of class C*~! in a neighborhood of x°. Now we 
will define p} by using the (implicit function) Theorem 1.3.12. Consider 


G: (RN x {0} xR = R, 
(y°, PN) r> Ely, zo(y°), (po(y®),---,Ph_1(y"), DN). 


Note G is C47! near x°, G(x°, p9,(x°)) = 0, and 
OpyG(2", P(x") = Opy E(2°, 20(a°), p?(x°)) > 0. 


From Theorem 1.3.12 there exists a unique pù} € C*1([9), with Tp = B(x®, po) AT 
for a certain po > 0, and G(y®, p% (y°)) = 0 on To. As 8p E(x, 20(x°), p°(x°)) > 0, by 
continuity it follows that (3.2.9) holds in To provided po is al which proves the lemma. 


3.2.1.2 Classical local solutions 


We have already seen that in order to solve (3.0.1) by using the method of charac- 
teristics, we are led to 


y = VpE(y,z,p), y(0,y°) = °, 
A = p: V E(y, z, p), 2(0,y°) = zo(y"), (3.2.10) 
p = —V:E(y, z, p) — pð- E (y, z, p), p(0, y°) = p(y), 


We have the following local existence theorem. 


?The name refers to the fact that the boundary I is not tangent to the characteristic curves. 
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Theorem 3.2.3 Assume that E and g are C* functions, k > 2, and (x°, zo(x°), p°(x°)) 
is non-characteristic for a certain x? €T. Then there exist po > 0 and ro > 0 such that 
the following hold. 
(i) There exists y? +> p(y) € C*1(To; R”) such that (y°, 20(y°),p°(y°)) is non- 
characteristic for all y? € To := F N B(z®, po). 
(ii) For every y? € To, the initial value problem (3.2.10) has a unique C*([—ro, ro]; RY x 
R x RY) solution. Furthermore, if T is defined by 
T: [0, ro] x To = Uo > Qo = T(Uo) C Q, 
(t, y?) = T(t,y°):= y(t, y’), 
then T is CF71, invertible, and its inverse is CP. 
(iii) The function u : Qo => R, u(x) = zo T(x) = z(y(t,y?)), is a C*(Qo) solution to 
E(a,u, Vu) =0 in Qo, (3.2.11a) 
u =g on To. (3.2.11b) 


(iv) If 3p E(x°, zo(x°), (po (x®), ..., pPh_1(2°), g)) does not change sign (remains posi- 
tive or negative) for all q € R, then (3.2.11) has a unique C* solution. 


Proof. See Theorem 9.2.1 in Annex. 


3.2.2 Classical local solutions: non-flat boundary 


When the boundary I in (3.0.1b) is not flat, we proceed as follows. Given x° € T, by 
using Lemma 3.2.1 we transform the problem (3.0.1) near x° to a similar problem with 
flat boundary, for which Theorem 3.2.3 provides a classical solution. By using Lemma 
3.2.1 again we obtain a classical local solution to the problem (3.0.1). More specifically 
we have this result. 

Theorem 3.2.4 Let x? € T and assume T is C*t! at 2°, k > 2, E and g are C*, and 


the initial conditions z(x°), p°(x°) satisfy 
ale?) = g(a®), E, zole?) Pa?) = 0, ee 
pr (2°) = V-g(2°), VpE(x®, 2o(2°), p°(2°)) - v(x®) > 0. E 


Here v(x?) is the unit normal vector toT at x° oriented inward Q, p? is the tangential 
component of p?, and Vg is the tangential gradient of g defined by 

pP =p —(p?-v\v, Vg = Vg — (Vg v)v, (3.2.13) 
with g being any C* extension of g. Then there exists a solution u € C*(Q.M B(x°, po)) 
to (3.0.1), for a certain po > 0 small. Furthermore, if 


V pE(2”, 2o(@°), p?(x®) + qu(x®)) -v(x°) does not change sign,q € R, (3.2.14) 


then the solution is unique at least locally near x°. 
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Proof. The proof is based on Lemma 3.2.1 and Theorem 3.2.3. As T is C**! at x°, there 
exists 0 € C**1(Q; G) as in Lemma 3.2.1. We set Z° = 6-1(x°), and consider the problem 
(3.2.2) with E, g, ŭ as in Lemma 3.2.1, which establishes a correspondence between the 
local solutions to (3.0.1) with non-flat boundary and (3.2.2) with flat boundary. 
Claim: E, 9 and (Z°, %o(£°), p°(#°)), where 2y(#°) = z(x°), p(z?) = *[VO(z°)] - p°(x), 
satisfy the conditions of Theorem 3.2.3 at °. Assuming the claim holds implies that (i)- 
(iii) of Theorem 3.2.3 hold, and the existence of a C* solution u follows from Lemma 3.2.1. 

Now we prove the claim. From (3.2.3) and (3.2.4), clearly Ē and g are C*. It remains 
to show that (Z°, 29(%°), p°(Z°)) is non-characteristic. First we note that the vectors 
[VO(@)].;, j = 1,...,N — 1, are tangent to I at x° and the vector [V6(Z°)]..n is 
oriented inside Q. Combined with [V6(z°)|~* - [V@(#°)] = Id,’ it implies that 


CNG) Ve = 0, Slee 1, (3.2.15) 
Teen = Av(2°), A>0. (3.2.16) 


As every vector can be decomposed in its tangential and normal components, by using 
(3.2.15), for i =1,..., N — 1 we get 


P2) = (V02) -p (2°)):; = C[VO(E)] - (la) + ola) -v(2") la) 
= (Ve ee hE CV Vrak 
= (VA Vee i= ([VO(@)] raea - v(2°)) 
= (*[V0(z°)] - Ve(2°))i = (V (g 0 0)(2°)); 
= Aga): (3.2.17) 
Also, from E(2x°, zo(x°), p°(x°)) = 0 and (3.2.3) we get 
E(2°, 29(2°), B'(#)) = E(O-"(#°), 20(@°), *[VO(2)|* - (2°) 
= E(x°, z(x°), p°(x°)) = 0. (3.2.18) 
Furthermore, using (3.2.16) and the first line of (3.2.18) gives 
Fr E 20(2°), P(#)) = [VO(2) x. VEe zo(2°), p°(2°)) (3.2.19) 


= ([VOE T - v(2°))(VpE(2°, 20(2°), p’ (2°)) : v(2°)) > 0. 


From (3.2.17)-(3.2.19) it follows that (Z°, Z9(£°), p(Z°)) is non-characteristic. 

Claim: If furthermore (3.2.14) holds, the solution is unique. In view of Lemma 3.2.1, it is 
enough to show that the problem (3.2.2) has a unique solution. We show that Condition 
(iv) of Theorem 3.2.3 holds, which proves the claim. Indeed, first note that by using 
(3.2.16), for py € R we have 


VO) GG ecg Dy 4") On) 


3Td: RN + RY is the identity map. 
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IVO) - GB"), ..., By_1 (2°), By (2) + VOB) - (0, ... 0, 8 — By(Z)) 
= p°(x°) + (in — PNV) y. 
= p(x) + Abn — Py (2°) v(e’) 
= p2(2°) + qv(a°), 


for a certain q € RY, which by using (3.2.16) again implies that 


Opx E( 2, o i 


[VO(#" N.: VpB(x®, 2 


wapa hEN) 
? i i 
vee 0) p(x 


), 
o(2"), *[Va(@)]™ - (B2), -- - PN- (2°), Bw) 
°) + qu(x")) - v(2°)) 


does not change sign. Theorem 3.2.3 implies the uniqueness of the solution &, and Lemma 
3.2.1 proves the uniqueness of the solution u. 


The following example shows that, in general, if the condition (3.2.14) fails then the 
problem (3.0.1) does not have a unique solution. 


Example 3.2.5 Consider problem (3.1.13), where E(x, z,p) = p?+p—2, g(@1, £2) = T2. 
Hence for x? = (0,28) € T we have v(x?) = (1,0), zo(x°) = 28, p®(x°) = Vog(2°) — 
(Vg(2°) -v(2°)v(x°) = (0,1), and 


V pE(x®, 20(x°), ,p°(x°) + qu(x®)) - v(2°) = Op we £$, (q, 1)) = 2q. 


Hence, condition (3.2.14) is not satisfied. On the other hand, we have seen in Example 
3.1.4 that problem (3.1.13) has at least two solutions. 


The following example shows that if the transversality condition in (3.2.12) (or 
(3.2.9)) is not satisfied then, depending on g, (3.0.1) may not have a solution, or may 
have infinitely many solutions. 


Example 3.2.6 Consider 


Oyu + Qu = 1 in Q := {(z1, £2), £1, E€ R, £2 > £1}, (3.2.20a) 
uļ(zı, £1) = g(z1) on T := ðQ. (3.2.20b) 


Here E = pı + p2 — 1 and g(x1) is a smooth function. Note that for whatever choice of 
p?, the transversality condition is not satisfied, because 


= (-1,1)/V2 andso VpE(y°, zo, p?) -v = 0. 


So Theorem 8.2.3 does not apply. The system (3.2.10) associated with (3.2.20) is 


to = 1,  y(ty) = 1, ety) = 1, 
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and their solution is 


my) =t+y?, wlty)=t+yf, 2(t,y1) =t+ g(yp). 


The characteristic curves are straight lines parallel toT, so they do not intersect T unless 
y? = 0, in which case the characteristic curve coincides with T. Therefore, we cannot 
find a solution to (3.2.20) by starting on T and following the characteristic curves. 
i) Case of no solution. Note that if a classical solution u exists, if we set z(s) = 
uļ(zı +s, £2+8) then z'(s) = 1, and therefore by integrating z'(s) in (—21,0) we find that 
u must satisfy u(x1, £2) = u(0, 2-21) +21. For xo = xı we get u(x, 21) = u(0,0)+2, = 
g(0) + 21. Hence, if g(x1) € g(0) + zı for any x1, then (3.2.20) has no solution. 
ii) Case of infinitely many solutions. We assume that g(a) = C+2, for all xı and 
a certain C € R. We can find infinitely many solutions to (3.2.20) in the following way. 
We consider PDE (3.2.20a) but with a different boundary condition instead of (3.2.20b). 
Namely, we choose a boundary % C R? intersecting T at a certain x°, such that the 
transversality condition on X is satisfied. Next we look for a solution u to (3.2.20a) 
equipped with a boundary condition u = h on X, where h is such that h = g on XAT, 
i.e. h(x?) = g(x?). 

For example, we can take © = {(y?,0), y? € R} and h smooth such that h(0) = C, 
because here X NAT = (0,0). So we consider 


ðu +u =1 in Q, u(x, 0) = h(i), rm ER. (3.2.21) 


Problem (3.2.21) satisfies the conditions of Theorem 3.2.3. The solution to characteristic 
equations of (3.2.21) is given by 


my) =t+y, wlty)=t, z(t, y?) =t+ hly). 


For arbitrary x = (x1,£2) € Q, we look for (t,y?) such that x = y(t, y?). It follows 
t = £2, Y? = 21 — Xo, and then u(x, £2) = £2 + h(x, — £2) is a classical solution to 
(3.2.21) and to (3.2.20), provided h is C! and h(0) = C. So for g(a1) = C +21, (3.2.20) 
has infinitely many solutions as we can take for example h(x1) = C +z}, n€N. 


Theorems 3.2.3 and 3.2.4 guarantee only local classical solutions, which are obtained 
in the situation where the characteristic curves do not intersect. The following example 
shows that depending on the behavior of characteristic curves, we may have a local or 
global classical solution, or no classical solution at all. 


Example 3.2.7 Consider 


1 
Ozu + udu = zu + 0; (5) =0 in Q = {(z1, £2), z2 > 0}, (3.2.22a) 


u(x, 0) = g(x) on T = Q, (3.2.22b) 
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referred to as “Burgers’ equation”, which describes the dynamics of rarefied gases (vis- 
cous effects are neglected). The system (3.2.10) associated with (3.2.22) has the form 


{ yilt, yt) =z, ow) Hl, z'(t,yf)=0, 
yi(0, y?) =y?, y2(0,y?)=0, z(0,y?) = g(y?), 


which implies 
yilt, y?) = tgu?) +y, yalt yl) =t, z(t, y?) = g(y?). 


So the characteristic curves {y(t y9) := (y(t, y?), yo(t, y?)), t € R} are straight lines 
starting at (y?,0) with slope g(y?) given equivalently by 


yi = yog(yr) + Y1, WER. (3.2.23) 
Given x = (z1, £2), £2 > 0, we look for (t,y?) such that y(t, y?) = x, which gives 

t=2, y? =21—22g(y9). (3.2.24) 
As z is constant along characteristic curves we get u(x) = gly), or equivalently 

u(x1, £2) = g(a — £t2U(£1, £2)). (3.2.25) 


The solution is implicit and its qualitative behavior depends on g. 


u(x, 0) u(x, 0) 


———Á 
1 Ly 1 Tı 
Ta 


MMM 


Figure 3.2.1: Rarefaction waves. Top: an increasing continuous (left) and discontinuous 
(right) initial condition. Bottom: the corresponding characteristic curves—they fill all 
the domain {x2 > 0} in the case of continuous initial condition (left), while there is a 
region where the characteristic curves do not cross (right). 


> 
Ty 
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Rarefaction waves. Assume g is an increasing function (see Fig. 3.2.1, top). In this 
case the characteristic curves do not intersect. If g is continuous, see Fig. 3.2.1, top left, 
(3.2.22) has a solution in the entire domain, because the equation y? = x1 — z2g(y?) has 
a unique solution y? for every (x1, 22). If g is discontinuous, see Fig. 3.2.1, top right, 
there is a region where there are no characteristic curves. In this region the method 
of characteristics does not provide a solution. Such a solution is called a “rarefaction 
wave”. Clearly, if g 1s only continuous then u is only continuous. Furthermore, in the 
case g is discontinuous the method of characteristics does not provide a solution u defined 
globally; see Fig. 3.2.1, bottom, right. 


MA. M0 


Figure 3.2.2: Shock waves Top: a decreasing continuous (left) and discontinuous (right) 
initial condition. Bottom: the corresponding characteristic curves, which in both cases 
intersect. 


Shock waves. Assume g is a decreasing function (see Fig. 3.2.2, top). The only dif- 
ference with the case when g is increasing is that for every x2 > 0, the equation 
yY? =2%1—a2g(y?) in (3.2.24), for certain (11,22), has two solutions y?), Yr, Yi < Yr- 
This implies that the two characteristic curves starting at (y?,,0) and (y},.,0) intersect. 
As z is constant along characteristic curves, z will attain the values gly) and gly?) 
at the intersecting point (xı, x2). These values are in general different and therefore u 
cannot be continuous at the intersection point. Such solutions are called “shock waves”. 
They are interesting, even though they are not continuous. 

For example, in the case g = 1(_.0,<), for every (£1, £2) with O < £1 — c < z2 we have 
yy = £1 — T9, Y?r = zı. So u cannot be continuous at such (£1, £2) because z = 1 on the 
characteristic curve emanating from We and z = 0 on the characteristic curve emanating 
from y},.. In particular, there are no classical solutions near (c,0). However, in the region 
{(#1, £2), £1 < c, £2 > max{0, zı — c}, resp. {(21, £2), zı > c, O < £2 < 41 — C}, the 
problem has a unique classical solution u = 1, resp. u = 0. 
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3.3 Conservation laws and weak solutions 


The examples we have seen so far in this chapter show that the method of char- 
acteristics, depending on the functions E, g, and on the boundary I, provides a local 
or global classical solution, which may be unique or not, or no classical solution at all. 
Of particular interest are the cases in which the classical local solutions interact and 
develop discontinuities, like in the shock waves case of Example 3.2.7. 

We note that the method of characteristics provides the most natural way of con- 
structing the solutions of (3.0.1). In this section we will discuss the concept of the weak 
solution to first-order PDEs, which extends the concept of classical solution obtained 
with the method of characteristics. We will also present the concept of entropy solution, 
which in the cases of non-uniqueness selects the solution that is physically admissi- 
ble/reasonable. 

We will restrict the discussion on the following class of PDEs: 


zu + O1(f(u)) = 0, (£1, £2) E R x RË := (—o0, +00) x (0, +00), (3.3.1a) 
u(a1,0) = g(21), 11 ER, (3.3.1b) 
where u = u(z1, £2) is the unknown function, and g and f are given functions. The 


equation (3.3.1a) is a (scalar) conservation law in one space dimension and (3.3.1b) is 
the initial condition. Furthermore, u is the conserved quantity and f is its flux. 


The name “conservation law’ for (3.3.1) follows from this argument. Set x = x (the 
space variable) and t = x2 (the time), so (3.3.1) becomes 


Oulx, t) + O2(f(u(z,t)) = 0, (3.3.2a) 
u(z,0)=g(x), TER. (3.3.2b) 


Assuming u is a smooth solution to (3.3.2), if (a,b) C R is a given fixed interval we get 


d b 
T u(x, t)dx£ = iua T 
ula, 


t)) — flul 


Hence, the total amount of u inside any given interval [a,b] at any given time t remains 
constant, if for example the fluxes at the endpoints f(u(a,t)) and f(u(b,t)) are zero, or 


even if f(u(a,t)) — f(u(d, t)) = 0. 


Remark 3.3.1 The wave equation in one dimension 


zw — 0: (h(O,w)) =0, w= w(z1, £2) 


can be written as follows. Let u = (u1, u2) := (Ow, Oow). Then u solves the first-order 
vector PDEs 


Onu+O,f(u)=0, f(u) = —(ue, h(u1)). (3.3.3) 
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The equation (3.8.1) with u = (uy,...,un) and f(u) = (fi(u),...,fn(u)) (the equation 
(3.3.3) is an example with N = 2) is called “vector conservation laws in one space 
dimension”. In order to avoid technicalities we will not consider vector conservation 
laws. The reader can read more on this topic in [16, 80-32]. 


Note that equation (3.3.1) is of the form (3.0.la) with E(x,z,p) = po + f'(z)pi 
About the classical solution to (3.3.1) we have this result, which is a straightforward 
corollary of Theorem 3.2.3. 


Proposition 3.3.2 Let x? = (x?,0) € R x {0} and assume f is CET! near x° in R? and 
g is OC! near x? in R, k > 2. Then 


(2°, zo(x"), p°(x")) = (21, 0), 9(x1), (9 (21), —f’(9(21))9'(@2))) 


is a non-characteristic initial condition and p, E((x°, zo(x°), p°(x°))) = 1, and therefore 


there exists a unique C*® solution to (3.3.1) near x°. 
q 


Note that the solution to the characteristic equations of (3.3.1) is given by 


yilt, y?) = Folyt t+ y, yo(t,y?) =t, z(t y?) = glyd), YER. (3.3.4) 


We have seen this solution in Example 3.2.7, which dealt with a conservation law with 
flu) = ur. As demonstrated in this example, if g is a decreasing function then the 
solutions along the characteristic curves create a discontinuity at the intersection of 
characteristic curves. The candidate solution obtained by the method of characteristic 
is discontinuous. The following definition extends the concept of the classical solution 
to a conservation law in order to allow a discontinuous solution. 


Definition 3.3.3 Assume f € LL(R) with |f(z)| < Clz| for all z € R and C > 0, and 
g € LL.(R). A function u € Lj,.(R x R*) is said to be a “weak solution to (3.3.1)” if for 
all p E€ D(R*) we have 


f fo x)(x ) + figle) dzidza + | g(eıJolen Oder = 0. (3.3.5) 


R 


This definition is equivalent to say that (3.3.1) holds in the sense of distributions. It 
is obtained by multiplying (3.3.1) with the test function y, integrating in R x Rt and 
finally using (3.3.1b). Note that the condition |f(z)| < C|z| in Definition 3.3.3 is to 
ensure that f(u) € Z7,.(R x R+) which implies that (3.3.5) is well-defined. 

In general, a weak solution to (3.3.1) is not a (classical) solution—we will see this 
in the following examples. The following proposition shows that if the weak solution is 
smooth then the concepts of weak and classical solutions coincide. The proof is elemen- 
tary and can be found in many textbooks; see for example [16, 30, 43]. For the reader’s 
convenience, we have included the proof in Theorem 9.2.2 in Annex. 
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Proposition 3.3.4 Let f € C'(R), g € C°(R). If u € C'(R x Rt) NC®(R x [0, co0)) is 
a classical solution to (3.3.1), then u is a weak solution to (3.3.1). Reciprocally, assume 
u is a weak solution to (3.3.1) and u € CHQ) NC°(Q), where Q C R x (0,00) is open. 
Then u is a classical solution to (3.3.1la) in Q and satisfies u = g on ONN {x2 = 0}. 


The following result, so-called “Rankine-Hugoniot theorem”, essentially shows that 
the slope of the curve x; = y(2), where the solution to (3.3.1) is discontinuous, equals 
the ratio of the jump of f(u) over the jump of u on the discontinuity curve. The proof 
is simple and can be found, for example, in [16, 30, 43]. For the reader’s convenience, 
we have given the proof in Theorem 9.2.3 in Annex. 


Theorem 3.3.5 (Rankine-Hugoniot) 

Let Q C R x Ry be a simply connected T2 4 
open set such that Q=Q;UyUQ,, where y’ 
y is the graph of a function xı = x(z2), 
z2 € (a, ß), y € C*(a, 8), and Q, resp. ye 
Q),, is the open set at the left, resp. at the 
right, of y; see Fig. 3.3.1. Assume that u is 
a weak solution to (3.3.1) in Q such that 
u € CHQ) N COQ) and u € CHQ.) N 
C°(Q,), and set Figure 3.3.1: Qy, Q, and y 


lu] = jim, (u(x (x2) + h, x2) — u(x(z2) — h, £2)), 
Fa] = jim, (f(u(x (x2) + h, %2)) — f(u(x(v2) — h, £2)) 22 € (a, 8). 
Then 
x'[u] = [f(u)] on 7. (3.3.6) 


Before we consider some examples, let us note that in physical situations x2 is the 
time variable and x; is the space variable. So physically, x’ represent the speed of 
propagation of the discontinuity curve (chock speed). In the particular case of Burgers’ 
equation (3.2.22), it gives 


oe fur) = f(u) _ Lup -u bie aa: 


Up — Uy 2 Up — u 2 


Note that the characteristic curves on the left of the discontinuity curve have equations 
1 f 
= u, is the 
dyz 
propagation speed of the left characteristic curve (characteristic speed), and similarly 
Ur is the propagation speed of the right characteristic curve at a discontinuity point. 


d 
Yı = Y29(Y? 1) +Y) ı = Yo + yf; see (3.2.23) and Example 3.2.7. Hence, = 
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Therefore, the equation above for x’ states that the chock speed of Burgers’ equation is 
the average of the characteristic speeds. 


Burgers’ equation (3.2.22) is a prototype of nonlinear first-order PDEs that, depend- 
ing on the initial condition (3.2.22b), represents a number of features such as discontin- 
uous weak solutions and non-uniqueness, as the following examples show. 


Example 3.3.6 We look for a weak solution to Burgers’ equation (3.2.22) with 


(#1) = 1(-c0,0)(#1). (3.3.7) 


Following Example 8.2.7, if a weak solution has a discontinuity curve y, then from 
Rankine-Hugoniot Theorem 3.3.5 we get y = {41 = ixo, z2 > 0}, because [u] = —1, 


[f(u)] = —1/2, and so y' = Le = 1/2. It implies that 


1 
l, @w< 272, 


, = 3.3.8 
u(x, £2) Dae Ley ( ) 


is a candidate for a weak solution to (3.2.22). Let us show that u is a weak solution. For 

p € D(R?), let R > 0 such that supple) C Br. Then we set Q = BRN {(x1, 22), 21 < 

txo, £ > 0}, Q, = BRN {(£1, £2), z1 > 529, rq > O}, and let v', resp. v”, the exterior 

unit normal vector on OQ), resp. Q,. From the equation of y, we find that v! = (2, =l) 
l 4 


v” = —v' ony. Then using Gauss theorem” we get 


i . l (udp + f(u)ðp)dxıdz + f PONIES 


{x2=0} 


f (wisp + f(ui)O1y)dax +f g(@1) 9(x1, 0)dxy 


OQ {N{x2=0} 


+ 


| (u,Oop + Fludrede + | g(x1)p(21, 0)dx, 


Qr 00,N{x2=0} 


2 f E pdes + f dojeti 
OQ) N{x2=0} OQ N{x2=0} 


+ f Cea E f gene, tin 
02,N{x2=0} 00,;N{x2=0} 


B [ Ou + Oulu) ee — / (lulh + [fuli eas 
= 0. 


In general, conservation law equations (3.3.1) do not have a unique solution, as the 
following example shows. 


“TE Q, CRN is open and Lipschitz, v = (v1,..., Vy) is the exterior unitary normal vector on 0Q and 
f.g €C1O), then fo I:f(a)g(a)de = fon f)g(a)vids — fo Fla)drg(a)de. 
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Example 3.3.7 Consider again Burgers’ equation (3.2.22) with 
g(z1) = Lo) (21), (3.3.9) 


as in Example 3.2.7. Note that the method of characteristics gives the solution 


0, xı <0, 


u(x, £2) = l e (3.3.10) 


leaving the solution undefined in U = {(21,%2), 0 < z1 < z2}; see Fig. 3.3.2. We can 
obtain many weak solutions by defining the solution in U in many ways, for example 


0, zı <0, 
u(x, £2) = X1/Xo, 0< zti < T2, (3.3.11) 
1, Tı 2 T2, 


which gives a continuous solution, and 


0, TIS. 522, 
U2, £2) = (3.3.12) 
1, Tı > Ero, 


which gives a discontinuous solution; see Fig. 3.3.2. 


There are several criteria to identify one among many solutions to a first-order conser- 
vation law, which is physically admissible/reasonable. We will consider only Lax entropy 
condition. 


Definition 3.3.8 Let u be a weak solution to the conservation law (3.3.1) that more- 
over is a piecewise classical solution, i.e. u is C! everywhere in R x Rt except on 
a set of smooth curves, where the solution is discontinuous but having side limits. 
We denote by w, resp. urp, the restriction of u near a point on a discontinuity curve 
y = {(x(x£2), z2), Lo € (a,b)} of u on the left, resp. right, of C. Such a solution u is 
said to be “admissible” if it satisfies the condition 


F(u) > x > f'(ur), (3.3.13) 


at every point on the discontinuity curve y. This condition is called a “Lax entropy 
condition”. A curve of discontinuity of u is called a “shock”, if Lax entropy condition 
holds on the curve. A weak solution satisfying Lax entropy conditions is called a “Lax 
entropy solution”. 


The motivation for the condition (3.3.13) is the idea that “the information should 
always flow from the boundary onto the shock curve’ —so the values of u are transported 
from R x {0}, where u is known, to the chock curve. This is the same as saying that the 
characteristic curves start on R x {0}, where u is known, and end on the chock curve, 
which based on (3.3.4) is equivalent to (3.3.13). If the condition (3.3.13) is not satisfied 
then in general there are characteristic curves which start at the discontinuity curve and 
do not intersect the boundary—hence the information is “created” on this discontinuity 
curve, which is not physically admissible/reasonable. 
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Example 3.3.9 Consider again Burgers’ equation (3.2.22). If g is given by (3.3.7), see 
Fig. 3.2.2 right, then the solution given by (3.8.8) is an entropy solution because it 
satisfies Lax entropy condition on the discontinuity curve {x1 = x2/2}: 


fi) =1> x= 5 >0= Fu). i 


If g is given by (3.8.9), see Fig. 8.3.2, 

there are infinitely many solutions. The 

equation (3.3.11) gives a continuous - 

solution, so it is not an entropy solution. T2 
The equation (9.8.12) gives a weak dis- 

continuous solutions, however it is not 

an entropy solution because along its 

discontinuity curve y = { (£1, £2), 11 = LLL 
$29, z2 > O} it satisfies Rankine- 

Hugoniot condition but not Lax entropy Figure 8.8.2: Some characteristic 
condition: curves start at the discontinuity curves 


, =] = , and f'(u)=0F x 41= f(u). 


Here, we presented a short introduction to the first-order PDEs. We developed the 
concepts of characteristic equations and proved the existence of local classical solutions. 
We showed that, in general, a first-order PDE does not have a global classical solution, 
and developed the notion of the “weak solution”, which we demonstrated for single/scalar 
conservation laws. A first-order PDE may have many weak solutions, some of which may 
have discontinuities. A necessary condition for the weak solution along the discontinuity 
curves is given by the Rankine-Hugoniot condition. By using Lax entropy condition, 
we select one solution among many weak discontinuous solutions, which is physically 
admissible. There are other conditions which are used to select a physical reasonable 
solution among weak solutions, such as entropy condition or viscosity solutions. 

Real physical problems involve systems of first-order multi-dimensional PDEs. The 
research on these PDEs is very active and the issues of existence and uniqueness are not 
completely solved. See, for example, [4, 10, 32] for more details on these topics. 


Problems 


Problem 3.1 Let b € RY, c€ R and f, resp. h, be a smooth function in R x (0,00), 
resp. on RN, u = u(x,t), and consider 
ut+b-Vutcu=f in RY x (0,00), 
u=h on RY x {0}. 
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Find a classical solution u by considering u(x + sb,t +s). 


Problem 3.2 Find a non-trivial classical solution u = u(x, x2) to the following PDEs, 
by using the method of characteristics (here g is Ct). 


a) LOU — uu =z in {xı > 1}, u(l, z2) = £2, £2 ER, 
b) u’ u + ôu = in (0,00), Ur 0). =, x1 € (0,00), 
c) vOut rbu =u? in {xo > 22}, u(x1,2%1) = 27, tı €R, 
d) Oyu — ðu + (Ogu)? = in R?, u(x1,0) =0, zı > 0, 
e) zıðu + tou +u =0 in R°\(0,0), Ai i £2) =1, {x + r2 = 1}, 
f) (du)? + (Qu)? =u? in R?, i Bia =1, {x? + 23 = 1}, 
g) uu =u in {xı > 0}, u(0, £2) = z2, x2 E€ R, 
h) ðu +u = in {x2 > 0}, u(zı,0) = g(zı), zı €R, 
i) xiu + (£1 +22)0.u =1 in {z1 >1}, u(l, z2) = g(z2), r2 ER, 
j) z1 + X20Qu =2u in R x (0,00), u(zı, 1) = g(z1), zı E€ R, 
k) (xı + z2)ðu +u =0 in Rx (0,00), u(zı,0) = g(z1), zı E€ R, 
l) Out du =u? in {x2 > Of, u(zı,0) = (ei), t ER. 


Discuss the largest domain where u is defined and the uniqueness of the solution. 


Problem 3.3 Assume that g is an increasing C! function and consider 
1 
udu + Ogu + w 0 in{z2 >0}, u(zı,0) = g(x). 


i) Solve the characteristic equations to this PDE. 

ii) Let y(t, y?) be the equations of the characteristic curve starting at (y),0). Use the 
implicit function theorem to show that the map (y?,t) > (z1, £2), with y(t, y?) = (x1, £2) 
and xə > 0, is invertible and C+. 

iii) Conclude that there exists an implicit classical solution u. 


Problem 3.4 Consider the PDE 
(x2 + u)ðu + r20gu = 0, u=0 on T= { (x1, £2), 2x1 = T2, T2 > 1} . 


i) Show that every characteristic curve starting on T coincides with T. 
ii) Find a classical solution u 4 0 in {x2 > 1}. 


Problem 3.5 Consider the PDE 
L2O\u — 11{02U=0 in R x (0,00). 


Verify whether the method of characteristics provides a classical solution to this PDE 
when equipped with one of the following boundary conditions: 


i) u(21,0) = 27, 2, ER, ii) u(z1,0) = 21, z1 ER, iii) u(x1,0) = z1, z1 < 0. 
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Problem 3.6 Consider the problem (3.3.1) with f and g as below. For each of them 
show that there exists an entropy solution.” 


3u’, g(x) = sign(—21), c) f(u) =u’, g(z1) =e" H(—21), 
b) f(u) = 2u2, g(x1) = H(—21), d) f(u) = Su’, g(a1) = £11 (~60,0) — 1 (0,00): 


Problem 3.7 Consider the problem (3.3.1) with f € C!(R) non-decreasing and f(0) = 
0, and assume that u is a weak piecewise solution with discontinuity along the curve 
y = {(x(z2), £2), £2 > 0}. Show that if f is conver, resp. concave, then shocks travel 
forward, resp. to the left, i.e. y is an increasing, resp. decreasing, function. 


Problem 3.8 Let u : R x Rt + R be a piecewise smooth monotone decreasing in x1 
weak solution to (3.3.1) with a finite number of jumps. Show that if f € C1(R) is a 
convex function then u satisfies the Lax entropy condition at each discontinuity point. 
Show also that if f is not convex then Lax entropy condition does not hold in general. 


5Hint: after solving the characteristic equations, you may “guess” the discontinuity curve y by 
solving the differential equation x’ = a. next you find a solution candidate by using the method of 


characteristics and show that it is indeed an entropy solution. 
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4. Second-order linear elliptic PDEs: 
maximum principle and classical 
solutions 


In this chapter, we will study the problem 


—Au=0 in Q, (4.0. 1a) 
u=g on OQ, (4.0.1b) 


called “Dirichlet problem for the Laplacian” , as a prototype of second-order linear elliptic 
PDEs. A classical solution to the problem (4.0.1) is any function u € C°(Q) N C?(Q) 
satisfying (4.0.1) pointwise.’ We will prove the existence and uniqueness of a classical 
solution to this problem by using Perron’s method. This method looks for the solution 
at the intersection of subsolutions and supersolutions to (4.0.1), and strongly uses the 
maximum principle, which roughly speaking states that the solution to a certain PDE in 
a domain Q attains its maximum value on the boundary OQ. Note this method applies 
to more general second-order linear PDEs; see, for example, [20]. 

There are other methods which provide classical solutions, such as Schauder’s theory, 
which in fact provides C™*(Q) solutions; see, for example, [20]. We note that, in general, 
(4.0.1) does not have a classical solution. This is a reason why the weak/variational 
solutions are introduced; see Chapter 7. 


4.1 Laplace equation and the method of separation 
of variables 


We start this chapter with the method of separation of variables (MSV) for (4.0.1). 
This elementary method, valid in 2 of rectangular form, provides a candidate solution 
in the form of a series. By using the mean value theorem and the maximum principle, 
we will show that this series provides a classical solution to (4.0.1). 


1 As we will see in this chapter, a classical solution u to (4.0.1) is C™, i.e. u € C?(Q) N C%(Q). 
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We consider the problem 


—Au=0 in 2:= (0,a) x (0,5), a,b >0, (4.1.1a) 
u=0 on OOS, 2 [0,a] x {b}, (4.1.1b) 
u=g ond, with g€ C}(®). (4.1.1c) 


Disregarding at this time the issues of existence and uniqueness of the solution (see 
Remark 4.1.1), we are interested only in finding a formula for the solution u. We assume 
that u = u(x,y) can be written as u(x, y) = V(x)W (y) (where the term method of 
separation of variables comes from). Replacing u in (4.1.1a) gives (Figure 4.1.1) 


—(V”"(x)W (y) + V(x)W”(y)) = 0. (4.1.2) 
Assuming VW +Æ 0, from the last y 
ti btain e W) b > 
equation we o =— ; g 
V(x) W (y) 
Then, necessarily there exists a con- 
0 Q 0 
stant À such that 
! " 0 
ve) _. Ww) _ Ls 
V(z) W(y) Figure 4.1.1: Domain, boundary, 
or equivalently and boundary data 
V"-\’\V =0, W"+AW =0. (4.1.3) 


The differential equations (4.1.3) are of second order, linear, and homogeneous, so their 
solution spaces are of dimension two and their general solutions are 


V(x) = Ax+B, W(y) = Cy +D, if \=0, (4.1.4) 
V(x) = Ary Be, Wy) =Ce¥%+4+ De, if X40, (415) 
with A, B, C, D being arbitrary constants. Here, VA can be a complex number, and 


in this case A, B, C, and D must be such that the functions V and W are real. It follows 
that 


u(x, y) (Ar + B)(Cy + D), à=0, (4.1.6) 
ulz, y) = (Aes + Be™ \(Cen™ + De), A 0, (4.1.7) 
is always a solution to (4.1.1a). The constants A, B,C, D are chosen such that u solves 


the boundary conditions (4.1.1b), (4.1.1c). Condition (4.1.1b) is written as 


(2a ets = vo-vo-wo- 


In the case \ = 0, by using (4.1.6) we get 


B=Aa+B=D=0, 
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which implies A = B = D = 0 and therefore u = 0. In the case \ Æ 0, by using (4.1.7) 
we get 


A+ B= Ae™ + Be =C+D=0. 
Assuming u # 0, necessarily we get 
(2he24, 04D=-0 OCs Dae, Je. Fen 
a a 
Therefore, u(x, y) given by (4.1.7) can be written as 
up(X, y) = (—AD)(e*""" = g kre/a)(ekiua = gr) 
(—4i AD) sin(kra/a) sinh(kay/a) 
=: sin(kra/a) sinh(kry/a). 


So, there are infinitely many u(x, y) solving (4.1.la) and (4.1.1b), and so formally 
ulz, y) = ya y) = ar: sin(kaaz/a) sinh(kry/a) (4.1.8) 
keN keN 
solves (4.1.la) and (4.1.1b). Now, we address (4.1.1c). Replacing (4.1.8) in (4.1.1c) 
implies that the coefficients y must satisfy 
ule, b) = Noh sin(krz/a)sinh(krb/a) = g(x), «x € (0,a), (4.1.9) 
keN 
which is the sine Fourier expansion of g in [0,a]. Note that we have the following for- 
mulas? 


[ sin (k=2) sin (i-2) dx = bus, k,l EN. (4.1.10) 
0 


Then multiplying (4.1.9) by sin(/7a/a) and integrating in (0,a) gives 


Yk = a, sin(krz/a)g(x)dz, kE€N. 
Therefore, the solution u is given by 

ulz, y) = : 2 a f sin(krz/a)g(x)dz. (4.1.11) 
Finally, we note that we can use MSV for solving problems like 

—A^Au=0 in Q= (0,a) x (0,b), u=g on 00. (4.1.12) 
Indeed, if X;, i = 1,2,3,4 are the sides of OQ, then one can look for u = u +u + u3 + u4, 

—Au; =0 in Q = (0,a) x (0,b), ui= gls, on OO, (4.1.13) 


where 1», is the characteristic function of };. Each u; can then be solved using MSV. 


?Similarly, we have fy cos (k22) cos (12x) de = dx, fọ sin (kZe) cos (12x) dx = 0, k,l € N. 


a 
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Remark 4.1.1 Note that (4.1.11) is not found rigorously, and therefore we cannot say 
that the series (4.1.11) converges, nor that u is a classical solution to (4.1.1). To empha- 
size this, sometimes we will write ~ instead of = in (4.1.11). 

How can we verify whether the series in (4.1.11) provides a classical solution? The 
answer relies on the convergence of the Fourier series and the maximum principle. 
Indeed, if g is smooth then the sine Fourier series of g converges uniformly, which 
implies that the (4.1.11) converges in C°(0Q). Assuming this convergence holds, in com- 
bination with the maximum principle it implies the convergence of the series (4.1.11) in 
C°(Q), which in turn implies u € C°(Q) and u = g on OQ. Furthermore, by using the 
mean value theorem one proves that u € C?(Q) and Au = 0 in Q, which shows that u 
is a classical solution to (4.1.1). See Corollary 4.3.5 and examples 4.8.5, 4.3.6 for more 
details. 

MSV, although useful, cannot be used when the domain is not a rectangle or a polar 
sector (see below). Theorem 4.4.8 provides general criteria for the solution to (4.0.1), 
which for the problem (4.1.1) implies that it has a unique classical solution if and only 


if g € Cy(®). 
Remark 4.1.2 MSV can be used to solve (4.1.1) with 


u=0 on ONQ\E, 2 = (0,a) x {b}, (4.1.14a) 
Oyu =g on X. (4.1.14b) 


instead of (4.1.1b), (4.1.1c). One can proceed as above with the only difference that we 
define yk in (4.1.8) by using Oyu(x,b) = g(x) instead of u(x, b) = g(x). 


Remark 4.1.3 One can use MSV in polar coordinates, which is useful when the domain 
is a disk or a polar sector. For example, it is easy to show that if (r,@) are polar coor- 
dinates, x = r cos, y = rsin 0, then the problem 


—Au=0 in Q:= B(0,R), u=g9 on oQ, 

can be written in polar coordinates as 
1 1 
— (ža, (râ u) + hu) =0, (r,0) € (0, R) x [0, 27), (4.1.15a) 
u(R, 6) = g(0), 0@€ (0,27). (4.1.15b) 

Then one looks for u(r,0) = R(r)O(0), which after replacing in (4.1.15a) gives 

1 1 

—(rR')'O + RO" = 0. 

r r 
Assuming RO #0, dividing the equation above by RO gives 


2 " 1 — n == E= = 
n +rR'=AR=0, ©” +A0=0, O(0) = O(2r) =0, (4.1.16) 


r € (0, R) 0 E (0,27),  ©'(0) = © (27), 
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with À a constant. These equations have infinitely many solutions Ry, Ox, k = 0,1,... 
given by 


Ro(r) = Cot Dolnr, Oo = Ao, 
Ri(r) = Cyr® + Dyr-*®, k=1,2,...,  ©%(0) = Ap cos(kO) + By sin(k0), k € N. 


Therefore, a series candidate solution to —Au = 0 in B(0, R) is given by 


u(r, @) ~ AolCo + Dolnr) + Gr + Dyr~*)( Ag cos(k0) + By sin(k0)). 


oo 
k=1 


Assuming u is bounded implies Do = Dı = --- = 0, and then 


u(r, 0) ~ > + ` i (ap cos(k0) + Br sin(k@)). (4.1.17) 


Finally, the coefficients ak, Bg are defined formally by replacing the series (4.1.17) in 
(4.1.15b), multiplying by cos(1@), sin(l0), and integrating in [0,27]. It implies 


1 2m 

Qao = -{ g(s)ds, (4.1.18) 
T Jo 
1 2m 1 2T 

a, = - | g(s) cos(ks)ds, B; = - | g(s) sin(ks)ds, k =1,2,.... (4.1.19) 
T Jo T Jo 


We conclude this remark by pointing out that we can use MSV to solve problems like 
—Au=0 in Q, u=g on OO, 


with Q = {(r,6), r € [0, R), 0 € (0,0), o € (0,27)}, or Q = B(O, R°. 


4.2 Dirichlet problem in a ball 


In this section, we will solve problem (4.0.1) in the case Q is a ball. This problem is 
a building block of Perron’s method that we will use for solving (4.0.1) with Q general. 


Theorem 4.2.1 (Dirichlet problem in a ball) Let R > 0, Bg := {x € RY, |x| < R}, 
Vy the volume of Bı, g € C°(OBr) and set 


ie = |z|? gly) 
u(x) = do x E€ Br. 4.2.1 
@) NVyR Ja |z — y^ Ww); 7 l ) 


Then u is the unique C°(Br) N C®(Bp) solution to (4.0.1) in Q = Br. 


The proof of this theorem is classical, see, for example, [20], and follows from direct 
calculations; see Theorem 9.3.1 in Annex for the details. 
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Remark 4.2.2 Theorem 4.2.1 shows that if u € C°(Q) N C?(Q) is a classical solution 

o (4.0.1) then u € C9(0) NC™*(Q) because if B EQ is a ball and h solves —Ah = 0 in 
B, h= u on OB, then u = h sou € C™(B), which implies u E€ C®(Q) because B € Q 
is arbitrary. 


Remark 4.2.3 (Mean value theorem (MVT)) The formula (4.2.1) is called “Pois- 
son’s formula”. In an arbitrary ball Br(z) := B(z, R), it has the form 


_ Rie |r—2/' gly) 
u(x) = NVR = do(y), x€ Bri(z), (4.2.2) 


which for x = z gives 


R? / g(y) 1 
ulz) = “““do = do 
(z) NWAR Jasno RN (y) Bal aera (y) 


=; f u(y)do(y), (4.2.3) 
OBR(z) 


where |3Br| = NVyRN~ is the area of OBp. 

Formula (4.2.3) is called a “mean value theorem in Q”: if u € C?(Q) with —Au = 0 
in Q, then u(x), x E€ Q, is equal to the mean value of u over the boundary of any ball 
B(x,r), B(x,r) EN. 


In the case N = 2, one can easily find the formula for u(x) in (4.2.1) by using the 
method of separation of variables in polar coordinates; see Remark 4.1.3. Indeed, assume 


for simplicity R = 1. Then from (4.1.17), taking into account (4.1.19) and permuting 
the sum with the integrals gives 


u(r,0) ~ : h ee k + X r” (cos(k0) cos(ks) + sin(k8) suis) ds 


; + Seat cos(k(@ — ») ds 


“ 
(or) 


> 
ll 
= 


— a g(s 

= 5 [99 (e(r) -2) 

= Ji g(s o (Re (oe a) - 5) 
—rcos(@—s 

= T g(s o (a oy 3) 
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1 f” 2(1 — r cos( — s)) — 1 + 2cos(8 — s) — r? 


On j g(s) 1 — 2cos(0 — s) + r? 


1-r i g(s) 
= ds 
2m Jo 1-—2cos( — s)+r? 


l= 2 
siu O 
2T 0B(0,1) |z — yl 


The following proposition shows that the property (4.2.3), even though involving 
just an integral, which is well-defined for u € C? (Q), actually is very strong. 


ds 


Proposition 4.2.4 Let Q C RY be open and u € C°(Q). The followings are equivalent: 
(i) u € C?(Q) and Au =0 inQ. 
(ii) u satisfies the mean value theorem. 


Proof. Indeed, (i) implies (ii) follows from Remark 4.2.3. Now let us prove that (ii) 
implies (i). Let B = B(x, R) € Q, h € C?(B) NC?(B) such that 


h=u on OB and —Ah=0 in B. 


We will show that u = h in B. Indeed, set M = max{|u(y) — h(y)|, y € B} and 
Km = {y € B, |uly)— h(y)| = M}. Let us assume M > 0. As u — h = 0 on OB, there 
exists ry € Km N B and ry > 0 such that B(£m,rm) € B, \ulzm) — hlzm)| = M, 
and u — h does not change sign in B. From property (4.2.3) for u and h in B, we get 


26 = ias sf (u(y) — h(y))do(y) < M, 


ƏB(zm,;rm) 


with strict inequality holding because u—h is continuous and |u—h| < M on 0B(zm, rm). 
The contradiction proves M = 0 and hence u = h in B. From Theorem 4.2.1 and the 
arbitrariness of B, we get u € C?(Q) and Au = 0 in Q. 


4.3 Maximum principle for Laplacian 


The proof of existence and uniqueness of solutions to the problem (4.0.1) for general 
domain Q requires the maximum principle, subharmonic and superharmonic functions, 
and certain analysis results. We will prove the results we need for the operator —A. 
Most of them hold for general second-order elliptic PDEs, and the related proofs are 
presented in section 9.3.2 in Annex. 

All along this chapter, u € C°(Q) N C?(Q), unless otherwise specified, and 


Lu := —Au. (4.3.1) 
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For the weak maximum principle, the reader can think of a function u in [a,b] C R 
with —u” negative, resp. positive. Then u is concave up, resp. concave down, and there- 
fore it reaches the maximum, resp. minimum, on the boundary of (a,b). The following 
theorem generalizes these facts in dimension N. 


Theorem 4.3.1 (Weak maximum principle) Let Q C RY be open bounded and 
assume Lu < 0, resp. Lu > 0, in Q. Then the maximum, resp. minimum, of u in 
Q is achieved on OO, i.e. 


maxu = maxu, resp. minu=minu, 
Q an Q an 


where min f = min{ f(x), x € A}, max f = max{ f(x), x € A} for every f € C°(A). 


Proof. We deal first with the case Lu < 0. Let x° € Q such that u(x°) = max{u(x), £ € 
Q}. We distinguish two sub-cases. 

(i) Case Lu < 0 in Q. If x° € ƏN the theorem is proved. So we assume x° € Q. Hence 
Vu(x?) = 0 and 0,;;u(x°) < 0, for all i. Therefore Lu(x°) = —Au(x°) > 0, which is a 
contradiction and proves that x° € Q. 

(ii) Case Lu < 0 in Q. Let € > 0 and consider u,.(x) = u(x) + ee", x = (£1,..., EN). 
Then 


Lu, = Lu + eLe™! = Lu — ee™ <0. 
From Case (i), it follows that there exists z‘ = (a{,...,7)) € OQ such that 
u(x) < ulz), so u(x) < u(x) + elei — e"), Yren. 


From the compactness of O02 there exists a subsequence of x‘, still denoted by z$, 
and x° € OQ, such that limo x€ = x°, which implies that for all x € Q we have 
u(x) < u(x) = max{u(x), £ € Q}. So the claim for the case Lu < 0 is proved. 


For the case Lu > 0 we set v = —u, so Lv < 0, and then the result follows from (ii). 
Corollary 4.3.2 (Comparison principle) Let 2 be open bounded. 

(i) If Lu < Lv in Q andu <v on OQ, then u < v in Q (monotonicity? of L). 

(ii) If Lu = Lv in Q and u =v on OQ, then u =v in Q (uniqueness of Lu = 0). 


Proof. Set w = u — v. 
(i) We have Lw <0 in Q, w <0 on OQ. From Theorem 4.3.1 it follows max w < max w <0. 


So, w <0, or u <v. 


3This is the reason for the negative sign “—” in front of A. 
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(ii) As Lw = 0 and w = 0, (i) implies 0 < w < 0, so u =v. 


The result of Theorem 4.3.1 does not exclude that u achieves the maximum also at a 
certain point inside the domain. The strong maximum principle excludes this possibility. 
The following lemma and theorem are classical results; see, for example, [20]. 


Lemma 4.3.3 (Hopf lemma) Let Q C RY be an open set with OQ a C? boundary 
near xo € OQ. Assume furthermore Lu(x) < 0, u(x) < u(xo) for all x € Q near zo and 
u is differentiable at xo. Then O,u(xo) := Vu(x?) - v(zo) > 0, where v(xo) is the unit 
outward normal vector to OQ at x°. 


Proof. See Lemma 9.3.5 for the details of the proof. 


In the case of a local minimum, we have the following result, which we still refer to as 
“Hopf lemma”. Let Q C RY be an open set with OO a C? boundary near zo € ON. Assume 
furthermore Lu > 0 in Q, u(x) > u(xo) for all x € Q near zo and u is differentiable at 
Xo. Then ð u(zo) < 0. The proof follows directly from Lemma 4.3.3 applied to —u. 


We note that under the assumptions of lemma it follows easily that O,u(xo) > 0. The 
strength of this lemma is that it rules out the case of equality. This result is strongly 
used in the following theorem (Figure 4.3.1). 


Theorem 4.3.4 (Strong maximum principle) Let Q C R be an open bounded set, 
and assume Lu <0, resp. Lu > 0. Then u is constant or, if not, u does not achieve its 
maximum, resp. minimum, in Q. 


Proof. Let us consider first the case Lu < 0. Let M = max{u(x), x € Q and set 
K = {x € Q, u(x) = M}. Note that K is closed. Note also that K #4 @ because u 
attains its maximum M in Q. 


If K = then u = M and the theorem is proved. 
Otherwise, we assume the theorem does not hold, 
i.e. u achieves its maximum in Q. Hence, KAQ Ç 
Q. Then there exists a ball Bo EN, BON K = Í, 
and zo € Bo such that u achieves at xo a strict 
maximum in Bo. Indeed, there exists z E€ OK NQ 
and r > 0 such that B = B(z,r) € Q. The set 
B\K is open and nonempty. Let By = B (zo, fro), 
for a certain zọ € B\K and rp > 0, be the biggest 
open ball included in B\ Kk. From the maximality 
of Bo, necessarily Bo NOK Æ Ú, and let zo € 
Bo N K. It follows that |Vu(zxo)| = 0. Figure 4.3.1: B(zo, ro) and zo. 


“Here, “OQ a C? boundary near xo” means that in Definition 1.2.4 we replace “for every x € OQ” 
with “for x = xo”. Note that this implies that Q N B(zxo, ro) lies on one side of 00, for ro > 0 small. 
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Now we can apply Lemma 4.3.3 with Bo instead of Q. It gives ô u(x) > 0, where 
v = (Xo — Z0)/|Xo — zo|. But this contradicts the fact that |Vu(xo)| = 0. Hence the 
theorem’s claim holds. 

The case Lu > 0 is proved by setting v = —u and using the case Lu < 0. 


The following corollary is related to the solution to the problem (4.0.1) with the 
MSV; see Section 4.1. It shows that if the series representing the boundary function g 
convergences in C°(0Q) then the MSV provides a classical (unique) solution. 


Corollary 4.3.5 Let Q C RY open bounded and g,gn € C°(OQ), n € N, such that 
limp soo Jn = g in C°(OQ). Assume also that un E€ CHQ) NC%(Q), n € N, satisfies 
Aun = 0 in Q, Un = gn on OQ. Then there exists u € C°(Q) N C%(Q) such that 
limy soo Un = u in C°(Q) and 


Au=0 in Q, u=g on oQ. 
Proof. We note that (un) is a Cauchy sequence in C°(Q) because from 
A(tn — Um) =0 in Q, Up — Um =Jn— Jm on OQ, 


and Theorem 4.3.1, we get ||un — Um||co@) < |l9n — Imlloo(on). Therefore, lim, Un = u 
in C°(Q) and u = g on OO, for a certain u € C°(Q). 

As Aun = 0 in Q, we have u(x) = Pase Un(y)do(y), for all Br(x) € Q. Passing to 
the limit in this equality implies u(x) = bra u(y)do(y), which from Proposition 4.2.4, 
gives u € C°(Q) N C™(Q) and Au = 0 in Q. Then Theorem 4.2.1 implies u € C®(Q). 


Example 4.3.6 Let us consider the problem 


Au = 0 inQ= (0,7) x (0,7), 
ule y) = gig), wih gley = l e — 2), os : e aay ae x {7}. 


a) Find a series solution candidate u = u(x,y) of this problem. 
b) Prove that the series converges to a solution u € CHQ) NC™(Q). 
Solution. 
i) We use the fact that the sine Fourier series of x(m — x) is Pga t- a sin(ka), 
and that the convergence 5 is in C°((0, 7]). 
Then using the MSV it is easy to find a series solution candidate 


ulz, y) ~ : il a Te sin( ka) =: X orla, y)- 


k=1 


ii.1) Set ue) = Say) in Q and gn = un on OQ. Then liMn>oo ||Gn — 
gllcooçan = 0. Indeed, gn = g = 0 on ƏQ\E, g € C!H(£) N C(£) and from results 
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related to Fourier series? we have limp ||9n — glico) = 0. 

ii.2) As Aun = 0 in Q, from Corollary 4.3.5 it follows that u € C°(Q)N C%(Q) and 
Ay = 0 inQ. 

ii.3) In fact we even have u € C1(Q). Indeed, let Ozun = Xp; O;v~, where i € {x,y}. 
Then Oyun is a Cauchy sequence in C°(Q) because 


Therefore, (un) is a Cauchy sequence in C1(Q) and so un converge to u in C1(Q), so 
u € CHQ). 


4.4 Solution to the Dirichlet problem 


In this section, we will introduce the sub(super) harmonic functions and present some 
related results. We will also present some auxiliary results from analysis and conclude 
with the solution to the Dirichlet problem. 


4.4.1 Sub(super) harmonic functions and sub(super) solutions 


It turns out that the solution to (4.0.1) is at the intersection of two classes of func- 
tions, namely the subsolutions and supersolutions to (4.0.1). These sub(super) solutions 
have interesting properties listed below. We will show that the solution to (4.0.1) can be 
found as the supremum of subsolutions, or similarly as the infimum of supersolutions, 
to (4.0.1). 


Definition 4.4.1 Let Q C RY open. We say u is subharmonic (superharmonic) in Q if 
i)u € C°(Q) and 
ii) for every ball B € Q, for every h € C°(B) N C?(B) with —Ah = 0 in B we have 
u <h(u>h)onðB implies u< h (u> h)inB. 
We say u is a subsolution (supersolution) to Dirichlet problem (4.0.1) ifu is subharmonic 
(superharmonic) in Q and u < g (u È> g) on ðQ. 


The concept of subsolution (supersolution) is trivially extended for operators L like 
(9.3.5), by just replacing —A by L in Definition 4.4.1. Below, we list a number of 
properties of subharmonic (superharmonic) functions. For their proof, see section 9.3.3 
in Annex, or [20]. 


5If f € Ce([a, b]) N Lip(a, b) then the sine Fourier series of f converges in C°([a,6]) to f. 

°This is the so-called “Weierstrass M-test’, which says: given a set Q C RY and a series of functions 
Ez urle), with |ux(x)| < Mp for all x € Q, where Mp > 0 and E; Mk < œ, then S772, |ux(zx)| 
converges in O°(Q). 
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Proposition 4.4.2 Let u € C°(Q) N C?(Q) such that —Au = 0 in Q. 

i) u is a subharmonic and a superharmonic function. 

ii) Assume u solves (4.0.1). Then u is a subsolution and supersolution to (4.0.1). 
Proposition 4.4.3 Let u,v € C°(Q). 


i) Assume u is subharmonic and v is superharmonic in Q with u < v on OQ. Then 
eitheru <v oru=v inQ. 


ii) Assume u is a subsolution and v is a supersolution to (4.0.1). Then either u < v 
oru =v in O. 


Proposition 4.4.4 Let u be subharmonic in Q, B a ball with B € Q, andt € C°(B)N 
C?(B) such that —At = 0 in B andt =u on OB. Then U given by 


Us) = az), 2€ B, Up) = u(x), x € Q\B, 
called “harmonic lifting of u with respect to B”, is also subharmonic in Q. 


Proposition 4.4.5 If u1,..., Um are subharmonic functions in Q then max{uı,..., Um} 
is also subharmonic in Q. 


It follows that the solution u to (4.0.1) belongs to the intersection of subsolutions 
and supersolution to (4.0.1). Furthermore, one may look for it as the supremum of all 
subsolutions to (4.0.1), which is the idea behind Perron’s method that we will present 
in section 4.4.2. 

The following result is key to showing that the supremum of subsolutions to (4.0.1) 
is a harmonic function. For its proof, see Theorem 9.3.15 in Annex. 


Theorem 4.4.6 Let B C RY be a ball and (un) a sequence of uniformly bounded and 
harmonic functions in B. Then (un) has a subsequence converging pointwise in B to a 


harmonic function u in B. Furthermore, the convergence is in C°(K) for every compact 
KCB. 


4.4.2 Solution to the Dirichlet problem 
Now we state the main result of this section. 


Theorem 4.4.7 (Perron) Let Q C RY be an open bounded C? domain. Then for every 
g € C°(OQ) there exists a unique u € C°(Q) N C?(Q) solution to (4.0.1). 
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Comments on the proof of the theorem. The proof is classical and can be 
found in several books; see, for example, {20, 43]. For the reader’s convenience, we have 
included it in section 9.3.3.3 in Annex. Here we give some comments which highlight 
the main steps and technique of the proof. 

The proof considers separately the problem in the interior, —Au = 0 in Q, and the 
problem on the boundary, u = g on OQ. 

For the problem in the interior, one looks for the solution u of the form 


u =sup{v, v subsolution of (4.0.1)}. 


By heavily using the maximum principle, it is proved that —Au = 0 in 2. 
For the problem on the boundary, one uses the maximum principle again, and a 
so-called “barrier function” w at € € OO, defined by 


|z = y| 
i 
n> 
R2N — |e —yl?-*%, for N>8, 


for N =2, 


S. 
B 
I 


with y and R such that B(y, R) C N° and OB(y, R) N ƏN = {E}. Note that w satisfies 
wecCc™(R*\{y}), —Aw=0 in Q, w>0 in QUE}, wE) =0. (4.4.1) 


Therefore w (resp. —w) is a supersolu- 
tion (resp. subsolution) to the problem 


—Au=0 in Q, u = 0 on ôN. 


Any function w satisfying (4.4.1) is 
called a “barrier function (for —A) at & 
relative to Q”. Comparing the function 
u(x) with g(€)+(e+kw(x)), with € > 0 
arbitrary, and k > 0 chosen appropri- 
ately, one proves 


Figure 4.4.1: Q, £, and B(y, R) 


—(e+kw(x)) < u(x) — g(€) < (e+ kwl) We €Q, 


which shows that u = g on Q. 


One may wonder whether the barrier function w is just a tool used in the proof of 
Theorem 4.4.7, or if it has a fundamental role in the existence of the solution to (4.0.1). 
It is also important to know whether the C? regularity of Q can be weakened. Note that 
the C? regularity of Q is used when constructing the barrier function w (namely when 
choosing the ball B(y, R)) (Figure 4.4.1). 
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A careful look at the proof of Theorem 4.4.7 shows that instead of the definition 
(4.4.1) for the barrier function, one can define a weak barrier function w (for —A) at £ 
relative to Q as follows: 


{ (i) wis superharmonic in Q N B(E, Re), (4.4.2) 


(ii) w>0 in QN BEE, Re)\{E}, wl) =0, 
for a certain Re > 0. Then the proof of Theorem 4.4.7 remains unchanged. 


In this context, we say that a point € € OO is regular with respect to the Laplacian 
if there exists a (weak) barrier function (for —A) at € relative to Q. 

The following theorem explains the connection between barrier functions and the 
problem (4.0.1); see [20]. 


Theorem 4.4.8 Let Q C RY be open, bounded. The Dirichlet problem (4.0.1) has a 
unique solution u E€ CO(N) N C?(Q) for arbitrary g € C°(OQ) if and only if all € € OO 
are regular w.r.t. the Laplacian (i.e. for every € € OQ there exists a weak barrier function 
for —A at € relative to Q). 


Note that the only regularity for Q needed in Theorem 4.4.8 is the existence of 
a weak barrier function at every € € OQ This is a much weaker condition than the 
assumption “Q is of class C2”. However, characterizing the domains that have a weak 
barrier function at each point of their boundary is not an easy problem, especially in 
high dimension. In dimension N = 2 one can show that if € € OQ then 


1 lnr 


“ing 24 nr’ 


w(x) = w(r,0) = —R 


with (r,@) the polar coordinates, x = €+ (rcos6,rsin@), z = re’, are a weak barrier at 


€ for —A relative to Q, provided In z is well-defined near every € on OQ. Hence, when 
N = 2 the problem (4.0.1) is solvable in Q for arbitrary g € C°(0Q), if for example each 
point € € OO is the endpoint of a simple arc lying in the exterior of Q because in this 
case one can define a branch of In z near every £ € 02. 

In dimension N > 3, the characterization of such that (4.0.1) is solvable is more 
difficult. An example given by Lebesgue, see [9], shows that in dimension N = 3 there 
are domains with non-regular points, such that (4.0.1) is not solvable for all g € C°(0Q). 


We conclude this chapter by emphasizing that we proved the existence and unique- 
ness of (4.0.1) using the method of subsolutions and supersolutions due to Perron. It 
provides classical solutions, i.e. u € C°(Q) N C?(Q). This method separates the prob- 
lem in the interior from that on the boundary, and can be applied to general linear 
second-order elliptic PDEs. It is based heavily on the maximum principle. 
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Another approach to classical solutions is Schauder’s theory, which is a complete and 
attractive PDE theory that provides C?® solutions to linear second-order elliptic PDEs, 
if both Q and boundary data are of class C>®; see [20] for details. 

At first look, one would expect that problem (4.0.1) has a classical solution for all 
Q bounded and open, and g € C°(0Q). But as we mentioned above, this is not true in 
general (Lebesgue’s example; see [9]). Furthermore, there are problems such as 


—Au = 0, in Q = (—1, 1) x (0,1), (4.4.3a) 
u =In|1—In|z,||, on & = (-1,1) x {0}, (4.4.3b) 
u = 0, on OQ\S, (4.4.3c) 


which do not have classical solutions but have “weak solutions” (we will review this 
problem in Chapter 7). The method of weak solutions has been developed to pro- 
vide solutions to (4.0.1) in the cases where the method of classical solutions fails; see 
chapter 7. 


Problems 


Problem 4.1 Consider the problem 
—Au = f in Q= B(0,1) CR’, 
u = g on of. 
i) Let (r,0) € (0,00) x [0,27r) be the polar coordinates, xı = rcos@, x = rsinð. 


1 1 
Show that Au = môr (rr) + 3 Ooo. 


ii) Assume u, f, and g are smooth radially symmetric functions and solve for u. 
Problem 4.2 Show that u(x) = ln |z| is a classical solution to Au = 0 in R?\{(0,0)}. 


Problem 4.3 For each of the following problems, find a series solution candidate and 
analyze the existence of a classical solution as required. 


i) Ure + Uyy =0 in Q = (0,1) x (0,2), 
u=0 on OOS, 
u=zx(1— x) on X = (0,1) x {2}. 


Show the existence of a classical solution u € CHQ) N C™(Q). 


ii) Uss + Uyy =O in Q= (0,2) x (0,1), 
u=0 on OU\S, 
u = z101) + (1 — x)la on X= (0,2) x {1}. 
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Problem 4.4 For each of the following problems, find a series solution candidate and 
analyze the existence of a classical solution as required. 


i) Ugg + Uy =O in Q= (0,7) x (0,7), 
Ou=0 on OO\X, 
Ou=y-a on S={n}x (0,7) a=F. 


Show the existence of a classical solution u € CHQ) N C™(Q). 
it) Vert Uyy =0 in Q= (0,7) x (0,7), 
0,0 =0 on ƏQ\E, 
OM Qa so" — &. on D= (0,7)x {r}, a= Ti 


Show the existence of a classical solution u € CHQ) N C™(Q). 


In these problems, v is the unitary exterior normal vector on OQ, excluding the corners 
of the domain. 


Problem 4.5 Let a € (0,7), Q = {(r,0), r € (0,1), 0 € (O,a)}, % = {(r,0), r € 
(0,1)}, y= {(1,0), 0 € (0,a)} and Ya = {(r,a), r € (0,1)}. Consider the problem 


—Au=0 in Q, u=0 onyU7%, U=g on y, 


with g(1,@) = 0(a—@). Use the method of separation of variables to find a series classical 
solution u € C°(Q) N C?(Q). 


Problem 4.6 Prove that the problem 
—Au=0 in Q:= {xe R°, 0< |z| <1}, u=1 on {|z|=1}, u(0)=0, 
does not have a C°(Q) N C?(Q) solution. 
Problem 4.7 Prove that the problem 
—Au=1 inQ:= {2 € R, 0<|2| <1}, u=0 on ðQ, 
does not have a C°(Q) N C?(Q) solution. 


Problem 4.8 Let Q C RY be a CG bounded open connected set, v the unit outward 
normal vector to OQ, and u € C1(Q) N C?(Q) satisfying 


—Au=0 inQ, Ou=0 on On. 


Prove that u is constant in Q. 
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Problem 4.9 Let Q C RY be an open set and u € C°(Q). Prove that u is subharmonic 
in Q if and only if 


1 
ulz) < sport l udo =} udo, 
NVNRY™ JoBp(e) OBr(a) 


for allx € Q and R > 0 such that Br(x) EQ. 


Problem 4.10 Let Q C RY be an open set and u € C®(Q)NC?(Q). Prove that —Au < 0 
in Q if and only if 


u(x) < f udo, 
OBR(2) 


for allx € Q and R > 0 such that Br(x) EQ. 


Problem 4.11 Let Q C RY be an open set and u € C°(Q) N C?(Q). Prove that u is 
subharmonic in Q if and only if —Au <0 in Q. 


Problem 4.12 Let Q C RY be an open set. Prove thatu € C°(Q)NC?(Q) and —Au = 0 
in Q if and only if u € C°(Q) and satisfies the MVT in Q. 


Problem 4.13 Show that MVT in Q C RN is equivalent to 


1 


ua) E |B(x,r)| B(x,r) 


u(y)dy, YB(z,r) EQ. 


Problem 4.14 Prove the so-called “Liouville’s theorem”, i.e. if u € C?(RY) satisfies 
—Au=0 in R, |ul <M < oœ, 
for a certain M >Q, then u is constant. 


Problem 4.15 Assume Q C RY is an open bounded set and 0 4 u € C°(Q) N CHQ) 
solving 


—Au = àu inQ, u=0 mô (AER). 
Prove that À > 0. 


Problem 4.16 Let Q = {(r,6), r € [0,1), 6 € (0,a), a € (0,7)} and u € C2(Q) N 
C?(Q) be the solution to 


—Au=0 inQ, u=g on ðQ, 
where g € C°(OQ) with g(r, 0) = g(r,a) = 0, r € [0,1]. 
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i) Assume that |g(1,0)| < C sin (20), for all @ € [0,a]. Use the comparison principle 
to show that the u is differentiable at (0,0) and Vu(0,0) = (0,0). 


ii) Prove that the claim in (a) holds even with the condition for g replaced by g(1,@) € 
C*((0, al). 


Problem 4.17 Assume 0Q4 C RÈ := {(£1, £2), v2 > 0} is an open bounded set with 
To = [0, a] x {0} = ôN, N RË and 


u E C(O.) NC’ (Q4), with — Aup =0 in Q}, wi. =0 on Ty. 
Set Q_ = { (z1, 22) s.th. (£1, —£2) E Q4} and 
u- E€ C°(O_)NC?(O_), u-(z1, z2) = —u4 (z1, —z2). 


Set furthermore Q) = Q UTo UQ and u : Qe R with u = u, in Q, andu = u_ in 
Q_. Prove? that u € C°(Q)N CQ) and —Au =0 in Q. 


Problem 4.18 Assume Q C R? is a polygon with nodes x”, n = 1,...,m, and consider 
the problem 


—A^u=1 in Q), u=0 on OQ. 
i) Prove that this problem has a unique solution u € C°(Q) N C?(Q). 
ii) Prove that u € C®(Q\{a1,...,2m}). 


iii) Prove that if Q is a convex polygon then u is differentiable at x” and |Vu(z")| = 
0, for all n. 


Problem 4.19 Assume Q C R? is a regular polygon with nodes x”, n =1,...,m, and 
consider the problem 


—A^u=1 in Q9, u=0 on OQ. 


Prove that u € C®(Q\{z1,...,£m}) and there exist? M > 0 and points y1,..., Ym on 
OQ such that |O,u(yi)| > M, for alli. 


Problem 4.20 Assume Q C RY is a C? bounded open set and u € C1(Q)NC?(Q) solves 
—Au=0 inQ, w=g onTpCodQ, OAutcu=0 on Ty = O0O\Lp, 


with Tp #0 and c > 0. Prove that ||ul|co@) < Ilgllcorp)- 


“You may use Proposition 4.2.4. 

8This is the so-called “Schwarz reflection principle”. 

°You may compare u with v € C°(B)NC?(B) solving —Av = 1 in B and v = 0 on OB, where B in 
the ball inscribed to the polygon. 
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5. Distributions 


Well before Laurent SCHWARTZ developed the theory of distributions, see [47], physi- 
cists and engineers used distributions in an informal way, for example when solving 
ordinary differential equations with discontinuous right-hand sides. 

Distributions generalize the concept of a function and as such they can represent 
very irregular “functions”. At the same time, distributions are “very regular”, as they 
do have derivatives of any order. It turns out that these features are powerful tools, 
because they allow us to elegantly write and solve differential and partial differential 
equations, which otherwise would not even have meaning. 

The literature on distributions is rich, and we refer the reader to [18, 22, 23, 47, 50]. 


5.1 Motivation 


Consider the initial value problem y, = fa in R, yn(—oo) := him yn(t) = 0, where 


: t h 
posd p Eat wie, GER, kot. 
0, t¢(a,a+h), 


We look for the limit of yn as h — 0. Clearly, as yp(t) = fo f(ndr we get y(t) = 
limao yn(t) = H(t — a), t Z a, where the limit exists pointwise a.e. and in L;,,,(R), and 
H(t) is the Heaviside function, H(t) = 1(¢0,.0)(t). 

One would prefer to consider the limit from a functional viewpoint—first consider 
the limit of f, and then by using the differential equation deduce the limit for yp. In this 
case, we note that lim fa(t) = 0 for all t. If naively we would pass to the limit in y;, = fn, 


we would get y’ = 0, so y = 0, which is incorrect. If one would accept that ĝa := lim fh 


exists, let us say in L'(R), then necessarily 6, = 0. However, this is impossible because, 
as for arbitrary h > 0 we have fe fa(t)dt = 1, we obtain f, 5,(t)dt = 1, which contradicts 
dq = 0. So, if the limit ôa of (fp) exists, it cannot be in L1(R). 

One notes that for y € Cj(R), we have 


lim [ falt)o(t)dt = pla). 


h—0 
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This equality serves as a definition for the limit of fa as h — 0. By definition, ôa is a 
distribution, commonly called “Dirac measure (or Dirac function) at a”. It belongs to 
(CQ(Q)) and is characterized by 


(Sas Y)(camyxcg(ay = pla), Ve € Co (R). 


Here and afterwards, (T, }y’xy denotes a pairing/duality between T € V’ and ye V, 
where V is a vector space and V’ its dual space. Whenever there is no ambiguity, we 
will drop the symbol V’ x V from (T, y)yrxv. 

So we expect the limit y of yp to satisfy y’ = ða, which is to be understood in the 
distribution sense, i.e. (y’, p) = y(0), for all y € D(R). This simple example motivates 
not only the question of convergence of fa, but also of yp, Yy}, and the distributional 
differential equation y’ = f. These questions will be answered in a more general context 
with the results we will present in this chapter. 


5.2 Distributions 


In this section, we will introduce the space of test functions as well as the definition 
of distributions and of their derivatives, and we will provide a number of examples. 


5.2.1 Test functions 


We will introduce the class of test functions together with an associated topology, 
and some properties related to them. 


Definition 5.2.1 Let Q C R be a nonempty open set. A function p € D(Q), where 
D(Q)" defined in (1.1.28) is called a “test function in Q”, and D(Q) is called “the space 
of test functions in Q”. Sometimes we will write D instead of D(RY). 

For p E€ O(Q) we define supply) := {x E€ Q, p(x) #0}, the closure of the set {x € 
Q, v(x) #0}, which is compact. We call it “support of p”. 

Given a compact set K C Q we define Dx (Q) = {p E€ D(Q), supply) C K}. 


Clearly, the set D(Q) is a linear space. For the needs of this introduction, it is enough 
to define in D(Q) only the convergence of sequences. 


Definition 5.2.2 Let Y, Yn, n E N be elements of D(Q). We say “pn converges to vy in 
D(Q)” and write “lim Yn = y in D(Q)”, if 


(i) AK CQ with K compact, supply) C K, supp(yn) C K for alln € N, and 


(it) Va € NF, lim |D" pn — D*pļlco) = 9. 


‘All along the remainder of this book, unless otherwise specified, the functions of D(Q) are with 
values in C. 
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We note that D(Q) is not empty. For example, if p is the function defined in Example 
1.1.13, then p(n(a — xo)) belongs to D(Q) provided zo E€ Q and n € N is big enough. 


Remark 5.2.3 Let p € D(Q) and (pn) be a sequence in D(Q) converging to p in 
D(Q). Then from Definition 5.2.2 it follows that (D%pn) converges to D°y in D(Q), 
for arbitrary a € NY. 


Using the sequence (pn) of Example 1.1.13 and the “convolution” operator, we can 
construct infinitely many Ø (Q) functions. 


Theorem 5.2.4 Let p € [1,00] and define the convolution operator x by 


*: LH(RY) x (RY) + LP(RY), (5.2.1) 
(u,v) — ux, (u*v)(x) = fen u(x — y)o(y)dy. = 
The operator x is well-defined and satisfies 
U*U = VEUE Le(RY), |u * v|| zery) < Ize] cae) lloll eey), (5.2.2) 
supp(u*v) C suppu) + supp(v). (5.2.3) 
Theorem 5.2.5 Let (pn) be a mollifier sequence. We have 
i) If v € LP(RY) and p € [1, 00) then 
Pn *v E CY(RY) NA (RY), and lim pp*v =v in L(RY). (5.2.4) 
ii) If v € CE(RY) and K C RY is compact then 
pn¥v EC*(RY), D°(pn *v) = pn» D°v, Ya ENG, lal <k, and t gs) 
litt: <p. *v =v in CLE), ~ 


It follows from (5.2.3) and (5.2.5) that for y € D, limn.o Pn * Y = Y in D. 
For the proof of the results above and more on the convolution of functions, see, for 
example, [5, 20, 34]. 


5.2.2 Distributions 


As we will see, distributions generalize the notion of a function. In the context of 
PDEs, they are fundamental to giving a precise meaning to PDEs, which otherwise 
would not have one, and to solve them. 

Roughly speaking distributions can be very irregular functions. However, they have 
derivatives of any order. 


Definition 5.2.6 Let Q C RY be an open set. 
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1) A distribution in Q is a map T : D(Q) > C satisfying 
(i) T is linear in the following sense: 
Voi, p2 E DQ), Varaz EC: (T, api +0292) = ar(T, p1)+a2(T, p2), 


where (T, p) denotes the value of T at y, 


(ii) T is continuous in the sense: 


Vpn) in O(Q), lim yn =0 in D(Q) implies lim (T, yn) = 0. 


n— oo 


2) The set of distributions in Q is denoted by D'(Q). Often, instead of D'(RY) we 
will write D'. 


3) We say T E D'(Q) is of finite order if 


l Jm € N, YK CQ, K compact, IC > 0, Ve € Dx(Q), (5.2.6) 


KT, o} < Clellomo).- 


The integer m is called an “order of T”. Distributions of order zero are called 
“measures”. 


The interest of distributions of finite order is that they can be identified with the dual 
space of C (Q). 


Example 5.2.7 Let f € Lj,.(Q) and define 


loc 


Toi ys [ En (5.2.7) 


Then T € D'(Q). Indeed, the linearity of T is clear. If lim yn = 0 in D(Q) then 


lig = 1 E f F(@)llpalde 
< Wf llecy|lealleous) 
== i), 


where K C Q is a compact such that supply) C K for alln. The distribution T identifies 

the function f uniquely. This follows from the fact that if | f(x)p(x)dxz = 0, for all 
Q 

p E D(Q), then f =0 a.e. (for Lebesgue measure); see Lemma 1.3.9. 


Example 5.2.7 shows that Definition 5.2.6 extends the notion of Lj,,.(Q) functions. Iden- 


loc 
tifying f with Ty, we write Lj,.(Q) c D’(Q). The following example shows that the 
inclusion is strict. 
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Example 5.2.8 Let dy : O(RY) + C, (o, p) = (0), be the distribution called “Dirac 
measure”. It is easy to show that do ts a distribution of order zero. 

Note that for all p € [1, oo], we have ĉo ¢ L?, i.e. there is no ĉo E L? such that 
Jpn 5o(x)p(a)dx = (0), for all p € D. Indeed, let us prove this for p = 2 (for the case 
p arbitrary, see [5]). Assume for the moment that ôo € L?. Then there exists yn € D, 
lim Yn = 69 in L?; see Theorem 1.3.5. Consider Un = Yn(1 — n), where Mn E D is a 


n— o0 


{{0}, B(0,1/n)} cut-off function. Assuming for the moment lim un = 69 in L?, we get 
0< loll Z2¢exy = lim 6o(@)Un(x)dx = lim (ðo, Un) = Un (0) = 0, 
n=œ Jpn n—-0o 


which is a contradiction and proves 69 ¢ L?(R). 
Now we prove lim un = ôo in L?(RY). We have 
|? 


C ( tim f ln — ôo? + lim da?) =0 
n> J B(0,1/n) n> J B(0,1/n) 


where we have used the Lebesgue dominated convergence theorem. This implies lim un = ðo 


n— Oo 


IA 


in L?(R) because lim yn = ðo in L?. 


D'(Q) is a vector space, and has a topology, which for the needs of this introduction 
will be characterized by the convergence of sequences as given by the following definition. 


Definition 5.2.9 Let T, Ti, To in D'(Q), ay, ag E€ C, and k E€ C®(Q). We define 
1) aTi + aT E D'(Q) by 
(aT, + a2T2, p) = aT, p) + a2(To, p). 
2) kT € D'(Q) by 


(kT, p) = (T, ky). 


3) Given T and a sequence (T,,) of distributions in D'(Q), we say ‘T, converges to 
T in D'(Q)” if Mitinggsn TO) = (T, p), for all p E D(Q). 


It is easy to check that 1), 2) are consistent, while the consistency? of 3) follows from 
Theorem 9.4.5 in Annex. 


? Actually, we have the following stronger result: if limn—oo (Tn, p) exists for all y € D(Q) then T 
defined by (T, p} := limpo(Tn, p) defines a distribution in 0’(Q) and limp—=oo Tn = T in D’(Q). 
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Example 5.2.10 Let (pn) be a mollifier sequence; see Example 1.1.13. Then lim pn = ôo 
in D' because for p E D, by using (5.2.7) we get 


n— Oo 


ny P) = n(x)p(x)dr = Re(y (07 iIm(y(6',)) = y(n) — (0), 
(Pn; P) ar (o(0n)) + iIm(y(0n)) = (An) (0) 


1 
where 0, 0, E B (o = 
n 
Example 5.2.11 Let a € R and T, = ML (aat): Then lim Tp = ôa in D'(R) because 
for p € D(R) we have 


n— Oo 


(Thy p) = f i nip(x)dz —— (a) =: (ða, p). 


Example 5.2.12 The convergence in D'(Q) generalizes (or is consistent with) the con- 
vergence in L'(Q). Indeed, let (fn) in L'(Q), f € L'(Q), lim fa = f in L1(Q). Then, if 
Tn = fn we have lim Tn =T in D'(Q) because for p E€ D(Q) we have 


(Tap) — T p] = pra — f@))p(@) da) < lfa — Flero lelen) 


— 0. 
n— Co 


Note that in general the distributions do not have meaning at any point as they are 
defined only in D(Q). However, it is useful to speak about the support of a distribution. 


Definition 5.2.13 Let Q C RY be an open set and T, S € D'(Q). 


1) We say T = 0 in G”, with G CQ, G open, if (T, p) = 0 for all p € D(Q) with 
supp(y) C G. 


2) We set N(T) to be the largest open set in Q where T = 0, and call it “null set of 
T” (or “zero set of T”). 


The support of T € D'(Q), denoted by supp(T), is defined by supp(T) = Q\N(T). 


3) We say T = S in D'(Q)” if N(T — S) = 9, or equivalently supp(T — S) = , or 
even (T, y) = (S, p}, for all p € D(Q). 


Example 5.2.14 We have N(69) = R\{0} and supp(ôo) = {0}. 


The following theorem shows that a distribution with compact support is of finite 
order, i.e. it belongs to the dual space of CP? (Q) (see 3) in Definition (5.2.6), for a cer- 
tain m € No. 
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Theorem 5.2.15 Let Q C RY be open and T E€ D'(Q) be with compact support. Then 
T is of finite order, i.e. T satisfies (5.2.6). 


Proof. See Theorem 9.4.6 in Annex. 


This theorem shows that any T € D'(Q) restricted in DK (Q), K C Q compact, is of 
finite order. 


5.2.3 Derivatives of distributions 


In general, a distribution is not a function. At the same time, a distribution is very 
regular as it has derivatives of any order as defined below. 


Definition 5.2.16 Let T € D'(Q), Q C RY be open. The derivative of T with respect to 
zi, i= 1,..., N, or the x;-partial derivative of T, denoted by 0,,T, is defined by 


(02,1, p} = — (T, 02,~), Ve € B(Q). (5.2.8) 


If p = (21, £2,..., £N), resp. p = p(z,yY,...,zZ), sometimes instead of OnT, rT, ... 
we will write oT, bT, ..., resp. OsT, OyT, aici 
In general, if a € NO’, D® derivative of T, denoted by D°T, is defined by 


(D°T, p) = (-1)l@l(T, D*y), Vo € D(Q). (5.2.9) 


We note that Definition 5.2.16 is motivated by the usual derivative of smooth func- 
tions. For example, if T = f € C'(Q) then 


T.9)= | aftoelade =- | F(e)diel2\de = -(T, 9), 


where we have integrated it by parts in Q. Hence 0;T = 0; f. 

Also, D°T of (5.2.9) is well-defined in ®/(Q). Indeed, D°T is linear. It is also con- 
tinuous because if (pn) is a sequence in M(Q) converging to 0 in D(Q), then (D°y,) 
converges also to 0 in Ø (Q), and therefore 


(D°T, pn) = (—1)*(T, Dn) — 0. 


MOCO 


Example 5.2.17 Let a € NN and for y € D set (T,y) = (—1)!*|D%p(0). Then T = 
D%bo, supp(T) = {0}, and T is a distribution of order |a]. 


Example 5.2.18 Let T = H(x) =100,.)(z), x E€ R, be the Heaviside function. Then 
Te) = -(y)=— | H@e(e)ae=- f oade = 90) 
0 
— (ôo, p). 


So, H' = 09 (here' denotes the derivative w.r.t. x). 
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Example 5.2.19 Let T = ln |z| = lnr, x € R?, r = |x|. Then 
(AT, p) := (Tra + Ty, p) = (T, Av) 
= f In |z|Ay(x)dz 
RN 


= im f In |a|Ay(a)dax 
-J {|2|>e} 


e— 0" 


= lim (| (yO, In |a| — In |x|0,.~)do +f y(x)Aln ldx) 
e700" WV {la|=e} {lz|>e} 


1 
= lim (e —In <are) do 
{|x|=e} 


e—0T € 


= 2rọ(0); hence 
1 
-a (51n fel) = 6) in O'(R?). (5.2.10) 


Example 5.2.20 Let T(x) = In|z|, x € R. As ff lnrdr = 1 +n(lnn — 1) it follows 
1 

T € Ij,.(R) and so T € D'(R). Clearly T' € D'(R) exists. However, (ln |x| = — and 
£ 


loc 


1 
— ¢ D'(R). So, necessarily T’ £ (In |x|}. Let us compute T’. For p € D(R), we have 
£ 


To= -(T, 9) =- | im |elp"(@)de = — Jim kibia 
R 


+ 
e0T Sf la|>e} 


= lim (@-e-aymer | EPa) 


wr {z>} T 


= im f aa 
er Jije} T 


We define pv(x~') € D'(R) by 


z . plz) 
(pv(z7t), p) = lim ——dz. (6.2.11) 
OF ieg T 


So we have proved 
(In |x|)’ = (pv(z7"), p) in D'(R). (5.2.12) 


The definition (5.2.11) defines pv(x7!) € D'(R) because for p € D(R) we have 


wee = ii Den = | Cie) 0) ag 
e>0t J fe<|a|<M} T {læ <M} x 
Ipv) p] < (2M) |Ivllore, 
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where M = M(y) > 0 is such that supp(y) C [—M, M]. It follows furthermore that 
pv(x~") is of order one (so, pv(x~") is not a measure). 
The distribution pv(a~') is called a “principal value of x~!”. Its name is motivated 


by the fact that it corresponds to the Cauchy principal value of | darm Finally, note 
R & 
that pv(x7t) is equivalently defined by 


v(x! = Ae) 5, pla) 900) Ve > 0. 5.2.13 
Benio = : +f - , Ve> (5.2.13) 


Example 5.2.21 Let Q C RY be open, simply connected, and look for T € D'(Q): 
VT :=(0,T)=0, ie. (T,0;~) =0 for every p E D(Q). (5.2.14) 


We show that T is equal to a constant. For simplicity and without loss of generality, we 
assume Q = (a1, 6) X +++ x (an, bw) =: l XxX- x Íy. 

We note that a function o € D(Q) is the ð; derivative of a certain function p € D(Q) 
if and only if 


bi 
l NEG sp Aes 3 EN dee = O. 
ay 
One direction of this statement is clear and the other follows by considering 
Li 
(zı, <- Ci—1, Vi, Dipl; ,tN) = ‘i (zı, EERE EEE ETEEN „Zy )dt. 
ai 


Next we choose ni E€ D(I;), with Jr ni(xzi)dz; = 1, for alli = 1,...,N. Then for every 
Y =: pı € D(Q) and x = (z1,...,£ẸN) E Q define we and ¢, by 


bı 
Pal£o,..., EN) = / Y1(21,%2,...,0n)dx1, 


ai 


pilti,- EN) = Plati,- EN) + M(z1)p2(T2,..., £N). 
It is easy to show that my: € D(Q), o, E D(Q), and ise ONE P50 Py dty = 0. So 
Qı is equal to the ð, derivative of a test function in Q. Therefore (T, ġ1) =0 and 
(T,y1) = (T, mp2). 
We proceed with p as with pı. So we consider p3 and 2 defined by 
b2 
f P2(T2, £3, . . ., €N)dT2, 


a2 


Ppal£2,..., EN) = QalT2,..., EN) + N(T2)P3(T3,..., £N). 


p3(T3, see , ZN) 


Therefore we have 


mp2 = mo2+ 723. 
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Clearly ninays E€ D(Q), mo2 € D(Q), and Si2m(a1)2(x2, 23,...,¢n)dx2 = 0. There- 
fore mz is equal to the Oz derivative of a test function in Q. So (T, 162) =0 and 


(T, mp2) = (T, mmys). 


Continuing in this way we get 


(T,p) = (T,91) 
= (T, mp2) 


= (T, mn NNYN+1) 


= 7 nı(zı) -Ny (tn o 
= (T,m(21) ++ nv an) for Sok ni (en-1,tw)dty— iden) 
= (T,m(21) ++ nv‘ TN o fe is fe pı (21, --,2N-1,2N)dz1 +: dey—1dey) 
= (T,m(21)-+-nn(zn)(1, ¢)) 
= TAA ey) (1,9) 
= ((T,m(x1)---nw(tn)),¥), 
( 


which proves T = (T,1(41)---nn(an)) EC 


5.3 Convolution of distributions and fundamental 
solutions 


All throughout this section we consider the space of test functions, resp. distributions, 
in R^, which is denoted by Ø, resp. D’. We have seen the convolution operator * is 
L?(RY) x LP(RY); see (5.2.1). In this section we will extend it in D’ x D’ and use it to 
solve certain PDEs. For more details, we refer the reader to [18, 22, 23]. 


Definition 5.3.1 Let T, S € D' with at least one of them, for example S, with compact 
support. Then we define T x S € D', called “convolution of T with S”, by 


(T * S, p) = (T (12), (Sy), p(@+y))), Yp ED. (5.3.1) 


We note that the definition of (T * S, p} is motivated by the convolution of functions. 
For example, if T = f and S = g with f,g € Lt, then (see (5.2.1)) 


(T*S, p) = f T (e)de= f i z—y)g(y)y(z)dydz 
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= [. Í, f(x)g(y)ola + y)dydz = (f(x), (gly), ele + y))). 


Also, the definition (5.3.1) is consistent, i.e. T*S € D'; see Proposition 9.4.10 in Annex. 


Example 5.3.2 Let T € D’. Then T x 69 = T because for every y E D we have 


(T * ðo, 9) = (T(z), (oly), p(x + y))) = (P(e), p(@))- 


The following theorem shows the density of D in D’ and that the convolution is 
commutative. The proof uses the lemmas 9.4.8 and 9.4.9 in section 9.4.4, which show 
that the differentiation and the integration commute with distribution pairing. 


Theorem 5.3.3 For every T € D' there exists (Tn) in D converging to T in D', i.e. 
DED densely. (5.3.2) 


Furthermore, if T, S € D', with for ecample S with compact support, then 


Tes = Set (5.3.3) 
DTS) = D°T+S=T+D°S, Va € Nj. (5.3.4) 
Proof. For (5.3.2), consider n € D a {B(0, 1), B(0, 2)} cut-off function, and set m(x) = 
n(a/n). It is clear that mT has compact support and lim (mT) =T in D’. Therefore, 


without loss of generality we may assume T has compact support. Set Ta = T * pn, 
where (pn) is a mollifier sequence. Then 


(Tn, 9) = (T* pn, p) = (T(z), (onlu) ple +y) 
= (T(x), pn * p) 
ene (T, p), 


where we used the fact that if (pn) is a mollifier sequence then (Øn), with Øn(£) = pn(— 2), 
is also a mollifier sequence and lim Øn * p = y in D (see Theorem 5.2.5). 


For the equality (5.3.3) we note that from Remark 9.4.7 we have S = 7S, with a 
certain n E€ D. Then considering Tp = T * pn, using Lemma 9.4.8 and Lemma 9.4.9 
implies 


(Pes io) = (T(z 
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lim (S(y), (T * Pa) (£), n(yiely + #))) 


noo 


lim (S(y), (T (2), (Pn(z), nw) ely +x + 2))))- 


n— o0 


Now we use the fact limp—oo(pPn(2), ply +r +z)) = ply +z) in D, see the comment after 
Theorem 5.2.4, which by using Lemma 9.4.8 implies lim, ...(T(2), (pn(2), nly)ply +x + 
z))) = (T(x), n(y)e(y + x)) in D, to conclude that 


(T*5S,p)} = (S), T(2),nlu)ply + x))) 


(n(y)S(y), (T(z), p(y + £)}) 
= (SET 0): 


Finally (5.3.4) follows from Lemma 9.4.8 as follows: 


D*(T * S, p) (—1) (T (£), D2 (S (y), ple + y)}} = (D {T (a), (S(y), Dee(@+y)) 
= (1) (T(z), (Sly), Dey(a« + y))) = (F(a), (DE S (y), ple + y))) 
(T DPS), 


which completes the proof. 


By using the convolution and the so-called “fundamental solutions”, one can solve 
linear PDEs with constant coefficients as follows. 


Definition 5.3.4 Let L be a m-th order linear PDE operator with constant coefficients, 
b=). aD oe C. 
|a|<m 
A fundamental solution to L is a distribution E € D' such that 
LE:= Y cqD°E = bo. (5:3.5) 
ja|<m 
As a corollary of Theorem 5.3.3, we have the following result. 


Theorem 5.3.5 Let L be a m-th order linear PDE operator with constant coefficients, 
and let E € D' be a fundamental solution to L. For f € D', if at least one of E and f 
has compact support, then 


Lif xf) =f «Le =f. (5.3.6) 
So u = f x E solves Lu = f in D'. 
Proof. The proof follows directly from Theorem 5.3.3 and Example 5.3.2: 

L(fxE) = fxLE=fx*ðo= f. 
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Example 5.3.6 We have seen that if u € C?(Q) with Au = 0 in Q then u € C%(Q). 
We have a stronger result: if u € L1(RX) and Au = 0 in D'(RY) then u € C%(RY). 

Indeed, let un = pn* u, where (pn) is a mollifier sequence. Then from theorems 5.2.4 
and 5.2.5 we have (un) is uniformly bounded in LI(RY), un € C®(RY), limp oo Un = u 
in LI(RY), and Aun = pn * Au = 0. Also, from Problem 4.13 it follows that (un) is 
uniformly bounded. Then (un) satisfies the conditions of Theorem 4.4.6 in every ball in 
RY, which implies that u € C%(RY). 


As another application of the convolution and the fundamental solution to a PDE, 
we will present two examples involving heat and wave equations in dimension one. Here, 
calculus are without rigor, and for a rigorous proof we refer the reader to any specialized 
monograph on distributions, for example [3, 22]. 

Example 5.3.7 Let G(-,t) € C°([0, 00); D’(R)) NC1((0, 00); D'(R)) (see footnote?) sat- 
isfying 
0,G(-,t) -AG(.,t) =0 for t>0, G(-,0) = do(-) in D'(R). (5.3.7) 


The distribution G is called a “fundamental solution to the heat equation”. Letu be given 
by 


u(-,t) = G(-,t) * uol) + / G(-,t—s) * f(-,s)ds, in D’(R). (5.3.8) 


Then u(-,t) € C1((0, 00); D'(R)) NC? ([0, 00); D’(R)) (see footnote), provided uo € D'(R) 
and f(-,t) € C°((0, co); D'(R)) are with compact support. Furthermore, u solves" 


ul, t) — Au(-,t) = f(t) for t>0, u(-,0) = ugl) in D'(R). (5.3.9) 


Indeed, by direct computations we obtain 
u(t) — Ault) = &G(,t) *u0 +G-,0 n+ [act Bla ods 


= AGD Sup ae ete 
= (0;G(.,t) — AGC. t)) * ug 
do * f(t) 
[@at,t~ 5) -AGC t= s) * C s)ds 
= fi 
3This means (i) t € [0,00) > G(,t) € D'(R) is continuous, which is limp ~o G(,t + h) = G(-,t) in 
D and Gi) dG t) = imna rid — Gah do eR and ¢ Eaa € 


'(R) is continuous at every t > 0. 
“The formula for u in (5.3.8) holds also in ®'(R%) and u solves (5.3.9) in D'(RY). 
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u( ,0) = Uo( ) 
One can solve G in (5.3.7) and find (see Example 5.4.18) 
1 1 x? 
G(z,t) = ar, 5.3.10 
(x,t) Ta ( ) 


Example 5.3.8 Let G = G(-,t) € C?((0, c0); D'(R)) N C1 ([0, co); D'(R)) the solution to 
OnG(-,t)-AG(.,t) =0 for t>0, G(,0)=0, &G(-,0) = do(-), in D'(R). (5.3.11) 


G be called a “fundamental solution to the wave equation”. Now we define 
t 
u(-,t) = 0,G(-, t) x uo(- JOGA u+ f G(-,t—s)*f(-,s)ds, in D'(R). (5.3.12) 
0 


If uo, uy E D'(R) and f(-,t) € C°((0,00);D'(R)) have compact support then u(-,t) € 
C?((0, 00); D'(R)) N C1((0, co); D’ (R)), and solve 


Onul, t) — Au(.,t) = f(-.,t) for t>0, u(-,0)=uo, Oul(-,0)=w. (5.3.18) 


Indeed by direct computations we obtain 
unl, t) = Au(-, t) = OwwG(-, t) x Uo(-) T OnG(-, t) x ur(: ) 
+ ,G(-,0) fCat) + [ OuGl-,t— s) * fl-,s)ds 


— Ad,G(.,t) * uol) — AG(., t) x uil) — [ AG(.,t — s) * f(-, s)ds 
= 0(O4nG(-,t) — AG(-, t)) * uol) + (OnG(-, t) — AG(-,t)) * uil) 
+ DGC O) FGE f (UGC t=) = AGC t= 8) * fC s)ds 


T f(t), 
u(-,0) = uo Ou(-,0) = u. 


The solution to (5.3.11) is given by (see Example 5.4.18) 


G2, t) =f Sole +t) + ile-ti = S(H (e+ t) - He t) 


5, for |x| <t, 


7 0, for |x| >t. (5.3.14) 
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5.4 Tempered distributions and Fourier transform 


The set S’ of tempered distributions consists of linear continuous maps in S, where 
S is the set of infinitely differentiable functions with rapid decay (at infinity). As such, 
a tempered distribution generalizes the concept of distribution. Fourier transform F, 
which is initially defined in S, is invertible in S and 5S’, and transforms a PDE with 
constant coefficient to a polynomial. These properties make F a powerful tool for the 
study of PDEs. 


Definition 5.4.1 Let C® denote the set of continuous infinitely differentiable functions 
in RY with complex values. 


(i) Define S$, sometimes denoted by S(R‘) to avoid any ambiguity, by 


S= 4p EC”, MEN, Sm(y):= ` l£“ D’ellcors) < 00 


laļ<m, |B|<m 
The set S is called a “space of test functions with fast decay (at co)”. 


(ii) If pnp E S, NEN, we say “pn converges to y in S”, and write “lim Yn = y in 


S”, if for every m E N we have 


lim sm(Yn — p) = 0. 


n— oo 


Note that S is a vector space because a1y1 + Q2%2 E S for arbitrary a), a2 complex 
constants and y1, y2 E S. 


Example 5.4.2 Let u(x) =e~" and v(x) =e”. Thenu € S andv€ 8. 


Definition 5.4.3 The space of tempered distributions and the convergence in it are 
defined as follows. 


(i) A tempered distribution is a map T : S +> C satisfying 
1) T is linear 
Vor, p2 E S, Vai,azg€EC: (Traiyitacsye) = al(T, p1) + a2(T, p2), 
2) T is continuous in the sense 


Vien) € S, lim y, =0 in S implies lim (T, yn) = 0. 


The set of tempered distributions in RY is denoted by S’, or to avoid any ambiguity 
by S'(RY). 
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(ii) ForT,S € S’ we say T = S” if (T—S,y)=0 forallyeS. 
(iii) For T,T, E S', n EWN, we say ‘Tn converges to T in S’”, and write “lim Ta, =T 
in S'”, if? 


lim (Ta —T,y) =0, for all pe S. 


n— o0 


The following proposition shows that S is invariant with respect to the derivative of 
any order and multiplication by any polynomial. Furthermore, the inclusions D C S C 
Le C S! CD’, p€ [1, 00), hold and are dense.°® 


Proposition 5.4.4 Let a, 3 € NẸ and p € [1,00). Then 


i) {x°D°u, u € S} C Sand, (5.4.1 
mMODCSCPCS CD, (5.4.2) 


YS 


with all the inclusions dense, the third inclusion being dense even for p = œ. 


Proof. See Proposition 9.4.11 in Annex. 


5.4.1 Fourier transform 


We now introduce the Fourier transform, which we will use for solving certain PDEs 
and while studying Sobolev spaces. 


Definition 5.4.5 Let u € Li(R). Fourier transform of u, denoted by Flu] or a, is 
defined by 


1 


FRY BC, Flul(Q:= (amr 


[et ucayae, VE ER. (5.4.3) 
RN 


Here i? = —1 and £- x = `> Entr 


n=1,N 


The following properties in S are very important. In plain terms, they show that 
after applying F, every operator D°u becomes €°% in Fourier space. We will see that 
this property holds for tempered distributions as well and leads to the conclusion that a 
linear partial differential operator with constant coefficients becomes a linear equation 
with a polynomial coefficient in Fourier space; see Remark 5.4.12. 


>This definition is consistent, because actually the following holds: Assume limp—oo(Tn, p} exists 
for all y € S and define T: St C, (T, p) := limp oo(Tn, p}. Then T € S’ and Th —> T in S’. See [22]. 

Tf A and B are sets and B is endowed with a convergence of sequences, we say “the inclusion A C B 
is dense” if A C B and for every b € B there exists a sequence (an) in A converging to b in B. 
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Proposition 5.4.6 For allu € S anda, 3 € NY we have Flu] € S and 
D*Flul() = F[(-ix)*ul(€), (5.4.4) 
CA FUNE = F[D°ul(€), (5.4.5) 
EPD F uE) = F[D°((-ix)*u)](€). (5.4.6) 
Proof. Let u € S. From (5.4.1) we have x*D®u € L! for all a, 8 € NẸ. Hence, all 


the terms on the right-hand sides of (5.4.4), (5.4.5), and (5.4.6) are well-defined, and in 
particular F [u] is well-defined. 


To prove (5.4.4), for a = (1,0,...,0) for example, one can write 
1 1 ; , 
g a — = —i(€-a) (,—th(eq-x) 
lim (F [ul + her) ~ Flel(®)) amaj e Lu(w)da 


1 f 
iler); 
PE CANE Ja e (—ix,)u(x)dax 
= F((-ix)°ul(é), 
where for the limit we used Lebesgue DCT. The proof for arbitrary œ is made by 
recurrence. For the proof of (5.4.5) let (un) be a sequence in D converging to u in S and 
in Lt; see Proposition 5.4.4. Then by passing in limit, integrating by parts, and passing 
in limit again gives 


1 f 
B =. y B ~i(é-x) p8 
FIDE) = lim FLD uWl(@) = gyra lim, fe D unla)de 
|| 
= Ais hid lim Dle Eau, (x) da 


(2n)N?2 n> Jen 


1 
= ile) 
aan lim, fie)" un( a) 
= (i€)?F[ul(€). 
Finally, (5.4.6) is proved by combining (5.4.4), (5.4.5). It implies F[u] € $ because the 
right-hand side of (5.4.6) is bounded 
|F[D*((- O| < opal" ((—ix)°u)||b1¢RN) < œ. 


Example 5.4.7 Given a € R, a # 0, we will find F je], x € RN. First consider 
u(x) = e, x € RN and let us find û. Note thatu € S$, so û € S. In the case N =1, 
by using Proposition 5.4.6 we get 


2xu +u =0, 20’ + Eû = 0. 


Hence, ti = Ae~ i with A= u(0 e~? dx. Note that 


N 
J 
z7 
N 
— 


RN 


m 1/2 
G = (| eer a" -( f" re" dr =7"?, (5.4.7) 
R R2 o Jo 
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Therefore, A = JA and 
—r2 1 —łg2 


In the case N € N, taking into account (5.4.8) we have 


2 1 z 2 2 1 1¢2 
Fle |(€) = | | On) J Aee = | l F [e~**| (Ex) = | | une k, 
N 


k=1,N k=1,N 


Fle" (6) = ge E, EER. (5.4.9) 


Finally, by using (5.4.9) and the change of variable y = yaz, a > 0, we get 


2 1 


Fle |(E) = Taye ti. (5.4.10) 


One may ask whether F¥[u] € D for any u € D. By using the analyticity of Ffu], 
one can prove that F[u] € D if and only if u = 0. The introduction of S has been 


motivated, among others, by the idea of finding a non-trivial space of test functions 
which is invariant under F. It turns out that F[S] = $, as the following theorem shows. 


Theorem 5.4.8 Fourier transform F is a linear continuous’ bijection from S to itself. 
Its inverse, denoted by FT}, is given by 


1 


F-"U] (x) = (Qn)? 


f CDU (EdE = ¥[U](—x) = F[Ù] (x), YU € $, (5.4.11) 


where w(€) = w(—€) for every function w. Furthermore, similar to (5.4.4), (5.4.5), for 
allu € S we have 


DF ul(x) = FKE ue), (5.4.12) 
(~i) F [u](z) = FD’ u] (x). (5.4.13) 
Proof. See Theorem 9.4.13. See Corollary 5.4.15 for another proof of (5.4.11). o 


The following theorem is important because it shows that Fourier transform preserves 
the inner product in L?. The action of F in L” spaces is more complex; see Lemma 9.4.14 
and Theorem 9.4.15 in Annex for more. 


"For the topology induced by the seminorms sm, in the sense liMp—>œ Un = u in S implies 
limpn—+oo F [tn] = Ffu] in $; see Definition 5.4.1. 
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Theorem 5.4.9 (Parseval’s theorem) Let u,v E€ S$. Then (u,v) = (û, ò), where (-,-) 
is the inner product in L?. Furthermore, Fourier transform F is extended continuously 
in L? and it defines an isometry from L? to itself, i.e. for all u € L?, |\ul|z2 = ||a|z2. 


(wd) 
Pane a fe v(xz)dêdz 


1 
= i. d(€) (2n)N? mi e~"E=)u(ax)dad€ 
= (û,ô)r2. (5.4.14) 


Proof. For u,v € S we have 


(u, V) 22 


II 

5m 
2 

= 

3, 

a) 

> 

> 


As § C L? with dense inclusion, it follows that F extends in L? and (5.4.14) holds in L?. 


5.4.2 Tempered distributions and Fourier transform 


The definition of Fourier transform of tempered distributions is motivated by the 
simple case when T € L*. Indeed, from Lemma 9.4.14 we have ¥[T] € C° N L®, and 
with y € S we obtain 


(tthe) = f FIN Qe Od = ong | v6) J Tead 


= | Togn |, Odde = (7, Fe). 


Definition 5.4.10 For T € S’, the Fourier transform of T, denoted by F|T], is the 
tempered distribution defined by 


(FE) e) = T, Fle), Ypes. (5.4.15) 


Note that Theorem 5.4.8 ensures that F[T] € $’. Note also that in some texts F [|T] 
is defined by (F [T], p} = (T, F¥~'[y]), which is motivated by the multiplication by the 
complex conjugate. 


Remark 5.4.11 Similar to Theorem 5.4.8, F maps continuously? S' onto itself, and 
formulas (5.4.4) and (5.4.5) hold for every T € S'. Also, Ft : S'S’, the inverse of 
F in S', is continuous and invertible from S' to itself, and is given by 


(FS, p) = (S, Fy), YS e s. (5.4.16) 


Furthermore, (5.4.12) and (5.4.18) hold in S”. 


SIn the sense limy_.oo Un = u in S’ implies limp—oœ F fun] = Ffu] in S$’; see Definition 5.4.3. 
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Remark 5.4.12 The properties (5.4.4) and (5.4.5) are useful when solving partial dif- 
ferential equations. For example, consider the following PDE: 


L(D)ju:= J Duf mS, 


|al<m 


with Ca E€ C. By taking Fourier transform of both sides of this equation, we obtain 


A 


= f o, 
Daa gf). 


i >) talt)*=f, 30 a(€) 


|a|<m 


If ĝ € S', sog = Fig], for a certain g € S’, then u = F~'|g| = g. This formula for u 
serves as a criteria for classifying PDEs with constant coefficients, because, given f, the 
existence and the regularity of u depends uniquely on the operator L (or coefficients ca) 
of the PDE, or equivalently on the polynomial Wisk om ae 


Example 5.4.13 Leta € R and 6, € S’ defined by (ôa, p) = yla), for ally € S. Then 


i 1 
F [ôa] = Orei ( 8. F [do] = (Qn) NP?” (5.4.17) 
because 
1 : 
is — _ —i(a-2) 
(ho) = a Fel) = FAO) = Grae |, Pola)ae 
eiler) 
= (EF) 
Example 5.4.14 We have 
F(1] = (27)™ 8o. (5.4.18) 


Indeed, from the second equality of (5.4.17) we get F[(2r)™/ o] = 1, which implies 
(Faje) = (1, Flle) = (1, Flor) = (F1, p-r) 


= ((27)™?8o, p(~2)) = (2)"9(0). 


By using Example 5.4.14 we get another (simple) proof of the inverse Fourier transform 
g! in S. 


Corollary 5.4.15 F! : Sts S is given by (5.4.11). 
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Proof. Indeed, let u € $ and û = F [u]. For z € RY we set 


gauas ae [ _ Sa eae 


If we prove that F~'[é](z) = u(z) then we have proved the formula (5.4.11). Note that 


(Ez) A 1 —i(E (r-z 1 —il r 
eae) = (On) NP [. e EO Nu(x)dx = CORE [. ee Du(a + zde 
= Flu(- + 2)](§). 


Therefore from (5.4.18) we obtain 


apres FHC + AO) = gya Phut + 2)) = oval-+2) 


= Wz), 


F*[al(z) 


Hence, ¥~'[F[u]] = u. In a similar way one can prove ¥[¥~'[U]] = U, for all U € S. 


Example 5.4.16 Let x € R. Clearly x € S’ and from (5.4.4), (5.4.5) we get 


Pa wiles oi ((2)?26,) = iV nh, 


d 
=i 
Example 5.4.17 Let us find the solutions to 

—A^Au = ð in S, N>1. (5.4.19) 


First we note that u € C®(RY\{0}); see Problem 5.17. Also, u must be radially sym- 
metric in RN\{0}. Indeed, taking Fourier transform of (5.4.19) gives |E| ù = CONE 
So & is radially symmetric. Then for every rotation matriz R € RNY, 'R = R71, and 
p E D(RY) with supply) N {0} = 0 we have 


p) = (Fe =o RF e) = 8, (Fl) 0 CR) 


= (F [û], p o (R)} 
= (u oR, p), 


which implies u(x) = u(R- x), |x| 40. So u = u(r), r = |x|. From the formula of A in 
spherical coordinates, we get 


0.(r%—*,u(r)) =0 in RY\{0}. 
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Integrating this equation and neglecting the constant terms implies 


N=1: u(#)=Clzl|, CER, 
N =2: u(x)= Ch |z], 
N >3: uls) = Cle. 


The constant C is found by taking a particular test function in (—Au, p) = (60, p}, for 
example y(x) = e~'*! (which is allowed because ôo is a distribution of order zero). In the 
case N > 3 we get 


1 = (60, p) = (—Au, p) = -f f Or? NrN-ir1-N8, (r718 ,e")drdo 
sx-1 Jo 


oO 


= C|Sy] ((N —1l)e" — re" )dr 
0 
= C(N — 2)|Syl, 
1 
where |Sx| is the area of the unit sphere in RN. Hence C = ————-—. 


In general, for arbitrary dimension N > 1, the unique (up to a constant) solution in S’ 
of (5.4.19) is given by 


ae, N= 1, 
E(x) = -zz Lle|, N =2, (5.4.20) 
: 1 WSs 


(N — 2)|Sn] |z| 


The distribution E is called a “fundamental solution to —A”. Using it one shows that 
the solution to 


-Au=f, fE@' 


is given by u = G x f. For similar results for general linear operators with constant 
coefficients, see Definition 5.3.4 and Theorem 5.3.6. 


Example 5.4.18 Let us find a fundamental solution G to the heat equation solving 
(5.3.7); see Example 5.3.7. By taking Fourier transform of the first equation of (5.3.7) 
with respect to x and then using (5.4.10) witha =t gives 

AG +E 2G and 


G(x,t) = -a GER 


| 
© 
A 
S 
N > 
— 
aa 
~œ 
wa 
| 
Q 
m 
J 
AN 
N 
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The constant C is chosen such that lim,.o fg G(x, t)y(a)ds = y(0). By changing the 


variable and using (5.4.7), one finds easily C = Te which leads to (5.3.10). 


Similarly, we can find the fundamental solution G to wave equation solving (5.3.11); 
see Example 5.3.8. If T =0;G then T satisfies 


O4T(-,t) -AT(-,t)=0 for t>0, T(-,0) = ð. 


By taking Fourier transform of the first equation above with respect to x and then using 
(5.4.17), we get 


Tet ep = 0; so 
T(é,t) = Aet + Be“ with A, BEC and therefore 
T(x,t) = 


YIr Ana +t) + Bdo(x — t)). 
1 


We choose A= B= so that T(-,0) = ĉo and L(t) = Sale +t) + ôolz — t)). 
From ðG (x,t) = T(«,t) and G(-,0) = 0 it follows that 


awi = 5(H (x +t) - H(e —t)) = H(t- lel). 


Problems 


Problem 5.1 Prove that p € D(RY), where 


Ae 


Teo 
We ER, p(2)=q 7 el< 
0, |x| > 1. 


Problem 5.2 Let Q C R open, u, v € C°(Q), u £ v, and Ta, T be their corresponding 
distributions in D'(Q). Show that Tu # Ty. 


Problem 5.3 Find which of the following maps in D define a distribution in R: 


a) (F,) = Yolk), b) (Tyo) =X), 
o) (9) = Xv”), d) (Tyg) = YK) 


Problem 5.4 Prove that if T € D'(Q) then D°T € D'(Q). 


Problem 5.5 Find a distribution in R which is not of finite order. 
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Problem 5.6 Let Q C RY be open and T € D'(Q). Assume T > 0, i.e. (T, p) > 0 for all 
real-valued p, 0 < y E€ D(Q). Prove that T is a distribution of order zero (a measure). 


Problem 5.7 Letn € No, T € D'(R) and consider the equation x”*'T = 0. 
i) Assume n = 0. Prove that T = coôo, for arbitrary co € C. 
it) Assume n > 1. Prove that T = S775 cå, Ck EC. 
Problem 5.8 Prove that if T € D'(R) and supp(T) = {0} then there exists m € No and 


Ca E€ C, la| < m, such that? T = S o 
k=0 


Problem 5.9 Let Tn := NX (0,4): Prove each of the following. 
i) Tn has a limit in D'(R). 
ii) T? does not have a limit in D'(R). 
iii) T2 — nõo has a limit in D'(R). 


Problem 5.10 Let un = aaa Find the limit of un and ul, in D'(R). 
n 


Problem 5.11 Find the limit in D'(R) of the following distributions: 


a) Tn = gee, b) Th = e” S(x = n), 
c) Ta = e d) Ta = cos(nx) + i(cos(nx))?, i? = —1. 
nT 


Problem 5.12 (Leibniz rule) Let k € C®(Q) and T € D'(Q), Q € RY open. Prove 
that (kT, p) = (T, kp) defines a distribution kT € D'(Q) and 


(kT) = kðT + (8T, i=1,...,N, (5.4.21) 
| 
D(kT) = CSDPkD®PT, C2=——“ _ Wa e NW. (5.4.22) 
x, í b!a — p)! 


Problem 5.13 Let u = |z|, x € R. Find u’ and u” in D'(R). 


Problem 5.14 Let u € C!(R\{£n, n € Z}) with u having left and right limits at every 
£n. Write the distribution u’. 


°Note that the result holds in dimension N: if T € D'(R) and supp(T) = {0} then there exist 
m € No and ca € C, |a| < m, such that T = 5 CaD do. 


|al<m 
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Problem 5.15 Let u(x) =e", x € R. Find —Au+u in D'(R). 


Problem 5.16 Let T € D'(R), h € R, 6 > 0 and define Ta, by (Th, p) = (T, y(- + h)). 
Show that T, E€ D'(R). Furthermore, show that if Ta =T for all |h| < 6, then T is con- 


stant. 


Problem 5.17 Let u € D'(RY), Au = 0 in D'(RY). Prove that u € C™(RY). 


Problem 5.18 Let f € D'(R) and k € C™(R). Find the (general) solution T € D'(R) 


to T' = f and of T'+kT =f. 


Problem 5.19 Find F[u], where u = u(x), x € R, is given by 


. 1 sin x 
a) u = sin(x), b) u = Ta c) u= Ipa 
d) u=sin(2’), e) u = H(z), f) u= |z], 


where H is the Heaviside function. 


Problem 5.20 Find the general solution to y" +y = 0 in S'(R).'° 


2 


1 


z| 


Problem 5.21 Let u be given by (5.3.8) with G(x, t) = iT, ceR t 


(ant) n. 
Show that u solves (5.3.9) and G solves (5.3.7) in dimension N. 


Problem 5.22 Assume u E€ D and F[u] E€ D. Prove that u = 0. 


Problem 5.23 Prove that Fourier transform in L!(RY) is injective. 


> 0. 


10Tn general, an equation )~7_, cky™ = 0 is transformed to P(€)g = 0, with P a polynomial. By 
using the roots €; of P(€) = 0, each with multiplicity m;, it leads to ĝ = }-; ae ai jP (E — &), 


which after applying F~! gives y. 
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6. Sobolev spaces 


Sobolev spaces were introduced by Sergei Lvovich SOBOLEV in the 1930s, and have 
since been widely embraced and developed by other mathematicians. Sobolev spaces 
represent a natural functional framework to describe a rich variety of real-world prob- 
lems, and they provide solutions to a large number of PDEs. Mathematically, they 
provide elegant tools for studying PDEs because they have rich properties in terms of 
approximation, compactness, and boundary values. 

In order to avoid technicalities related to the analysis of general W*?(Q) spaces, 
s ER, p € [1,00], we will focus mainly on H*(Q) = W*?(Q) spaces, s > 0. The reason 
for this is that the analysis of H*(Q) spaces is greatly simplified by the use of Fourier 
transform, as well as the fact that H*(Q) spaces are Hilbert spaces. 

For more on W*?(Q) spaces in connection with the development of this chapter, see 
section 9.5 in Annex, and for an extensive treatment of Sobolev spaces, see classical 
books such as [1, 5, 14, 33, 40, 44, 51]. 


6.1 Definitions and some first properties 
The reader is invited to review chapter 1. 
Definition 6.1.1 Let Q C RY be an open set, k € N, p € [1, ox]. 


1) For p € (1,00), we set 


WrQ) = {ue P(Q), Deu € P(Q), Va € NW, lal < k}, (6.1.1) 
1/p 1/p 
kiwo = (X Puta) > wos (X ukaa) » (62) 
lol<k jal=k 


and for p = oo, set 


Wha) = {we L™(O), D®u € L™(Q), Va € NY, lal < k}, 


lulws»@) = $ ]D2ullz@, lulwes = X Dulle. (6.1.4) 
Ja]<k jal=k 
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2) The space W*?(Q) is called a “W*? Sobolev space in Q”. The integer k is called 
an “order of W*?(Q)”, andk—% is called a “differential dimension of W*?(Q)”. 


P 


The quantity ||ul|wrrin); resp. |ulweeay , is called a “norm, resp. seminorm of u 
in WEP(Q)”, 
3) For p = 2, we write H*®(Q) instead of W*?(Q). In H*(Q), we define an inner 
product 
Vu,ve HQ): (u,v) ge@y = > [ prwwerae. (6.1.5) 
Q 


|a|<k 
4) For p € {1,00), sometimes we use the other equivalent norm and seminorm: 


lullwee = X ||Deullze), lulwee@y) = X |D°ull za). (6.1.6) 


lal<k lal=k 
Also, when Q = R”, we will write W*?, H*, instead of W*?(R‘), H*(RY). 
5) If E(Q) is any of the spaces above, we define Ejoc(Q) = {u € E(w), Ww E€ 9}. 


For u € L?(Q), we have Du € D'(Q). Definition 6.1.1 requires D°u to be a L?(Q) 
function. Furthermore, functions of W’?(Q) are defined almost everywhere in Q. More 
precisely, the elements of W"?(Q) are classes of equivalences defined by the relation 
“u = v if and only if (iff) u = v ae. in Q, u,v E€ W*?(Q)”; see Problem 6.1. The ele- 
ments of the same equivalent class have the same W"?(Q) norm. This is the reason why 
throughout this text we will not make the distinction between a function of W*?(Q) 
and its equivalent class. 


The following result is classical. The proof of completeness is simple and based on the 
completeness of L?(Q) spaces, while the separability and reflexivity require some results 
from Functional Analysis. The proof can be found in many books treating Sobolev 
spaces; see, for example, |1, 5, 14]. 


Theorem 6.1.2 Let k € N and Q C RY be open. W*?(Q) equipped with the norm 
ll- lwz) is a Banach space for all p € [1,00]. W*?(Q) is separable for all p € [1, 00), 
and reflexive for all p € (1,0). 


Example 6.1.3 Let u(x) = |x|1, Q = B(0,1) CRY, q 40. 


i) We have u € W'?(B) iff p(q—1) > —N. Indeed, considering spherical coordinates 
(r,0) and if Sy = {x € RX, |x| =1} is the unit sphere in RX, we have 


1 1 
f ludz = f f ry-ir”idrdð = Sxl f rN Pd dp, 
B syd 0 
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Hence u € L?(B) iff pq > —N. For the derivatives, note that Oju = q\x|*~?2x; and 


l 1 
f |O;u|Pdax = ef f rN—trrl-2) |» Pdrdð ~f pNP 0-) dr, 
B Sn JO 0 


where a ~ b means Cha < b < Coa, for certain C1, Co > 0. Hence Ou € L?(B) iff 
plq— 1) > —N, which proves the claim. 


ii) In general, for k € N, p € [1, co], u € W"?(B), iff p(q—k) > —N, or equivalently 
q>k—- a 


iii) Similar calculus show that k € N, p € [1, co], u € W? (B°), iff q < k — i 


Example 6.1.4 Let u(x) = In |z|, x € RY, Q = B(0,1) C R. Then as in the example 
above, we can prove that u E€ WHP(Q) if p< N. 


Example 6.1.5 Let u(x) = 1o,(£), x € (—1,1). Then u ¢ Wt?(-1,1), p € [1, co]. 
Indeed, let u’ € D'(—1,1) be the distributional derivative of u. Then u’ = ôo and bo ¢ 
L?e(—1,1) for all p € [1, co]; see Example 5.2.8. 


Example 6.1.6 Let Q = AU yU B, where A, B are open bounded sets, and assume 
y = ðAN ƏB # is a smooth boundary. Set u = ala + 1g with a,b € R. Ifa #8 
then u ¢ W'P(Q), p € [1, ov]. 

We prove the claim by contradiction, so assume u € W?(Q), p € [1, co]. Also, for 
simplicity we consider A = (—1,0) x (0,1), B = (0,1) x (0,1), y = {0} x (0,1), and 
p= 2. So u(a1, z2) = (8 — a)H (zı) +a. Then for every p E D(Q), we have 


(zu, p) = 0, 
(amp) = -(u ðo) = f (8- a)y(0,22)den =: (8 — a)5,,9), 


with 6, € L?(Q). Note also that 6, 4 0 because if not we get Vu = 0 and then u is 
constant (see Example 5.2.21), which is impossible because a # B. 

From the density of D(Q) in L?(Q), there exists (pn) in D(Q) converging to 6, in 
L?(Q). WLOG we may assume that the convergence of (pn) is also pointwise in Q and 
l~n| < v ae. Q for alln, for a certain function v € L?(Q); see Theorem 1.3.7. Set 
Yn(#1, £2) = (1 — Mn (21))Pn(21, 2), where tn(t1) = n(nzı) and n is a {|-1, 1], (—2,2)} 
cut-off function. It follows that limp ||Yn — 4y||L2(«@) = 0, because 


ln — alee = J medea = f maedo d 
— 0, 


|z1|<2/n} 


where for the limit we used Lebesgue DCT. It implies 
1 


OF lllo = Jim, f bnde = Tim (8y, Vn) = jim, x Pha(0, z2)dz2 = 0, 


because Yn(0, £2) = 0. The contradiction shows that u ¢ W+?(Q). 


95 


6.1. Definitions and some first properties Chapter 6 


6.1.1 Density of D in W*” 


For k € N and p € [1, 00), we have D C W*?. In the following theorem we show that 
this embedding is dense. The theorem involves two steps, regularization and truncation, 
which are frequently used when working with Sobolev space functions. We emphasize 
that the following theorems 6.1.7 and 6.1.8 do not hold for p = oo. 


Theorem 6.1.7 (Density of D and S in W*”) Letk € N, p € [1, 00). Then the spaces 
D and S are included densely in W*?, p € [1,00). We write D “+ W*?, $ 4+4.Whe, 


Proof. The proof is made in two steps. 
Regularization. Let (pn) be a mollifier sequence, and for u € W*? set v, = u * Py. For 
a € NY, |a| < k, from Theorem 5.3.3 we have 


Do = D° (u x pn) = DU pn, (6.1.7) 


which in combination with i), Theorem 5.2.5, implies v, € C@ N LP and lim vn = u in 


W*». In general, (vn) is not in Ø and to generate a sequence in D we proceed as follows. 
Truncation. Let ņ be a {B(0, 1), B(0,2)} cut-off function and set n (£) = n(a/n), Un = 
NnUn. Then un E€ D and lim, .o Un = u in WF? because 


|| D*un — D|ul|ze < ||m(D vn — D*u)||ze + || — m) Do ull re 
+ ` C8|| Don, D Pvn], 


0<B<a 


where we used the result of Problem 5.12. The first integral tends to zero from the 
construction of v,, and the second integral tends to zero from Lebesgue DCT. For 
the third integral, one notices that D®n,(a) = n~!*|D°n(x/n), which implies that this 
integral also tends to zero. 

The claim for S follows from the fact that given Y € S,if Yn = my then lim, Yn = 
p in W*”, which is proven similarly as the convergence of un to u above. 


The following result, even though it only provides the density of D (Q) in L?(Q) and in 
WEP), is useful in many applications because it does not depend on the regularity of Q. 


Theorem 6.1.8 (Friedrich’s theorem) Let k € N, p € [1,00), and Q Ç RX. For 
every u E W*?(Q), there exists (un) in D(Q) such that limp o Un = u in L?(Q) and 


; a i kp i 
liMn—o Un = u in Wp (Q), ie. 


lim un =u in L?(Q) and lim un =u in W*?(w), Ww ER. (6.1.8) 


n— o0 n—- co 


Proof. The proof will be carried out in two steps. 
i) Let w C W =: K CG €E Q, with w and G open, and let n € D(R*) be a {K,G} 
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cut-off function as given by Theorem 1.2.2. Note that 7 = 1 in K, supp(7) C G and 
dist(supp(y), G°) > 0. 

Let U be the extension in R of u by zero and set V = nU. From Lemma 9.5.7, we 
have V € W*?(R¥). Set Va = pn * V. As D®(V * pn) = D°V * pn, see (6.1.7), from 
Theorem 5.2.5 it follows limpo Vn = V in W"?(R¥). Furthermore 


Ve) = f Pale —ntaduta)dy = | E E 


supp(n)NB(z,1/n) 


It follows that V, € C°(R%) and if 1/n < dist(supp(n), G°) then Vp (£) = 0 for x € G°. 
Hence, if un = Valo we have un € D(Q). Also, as 7 = 1 in K, from lim, .., Vn = V 
in W*?(RY) it follows lim, Un = u in W*?(w). Therefore, we have proved that for 
every w € G E€ 2 and for every n € N, there exists un € D(Q), 


lun D null reo) + lun = ullwr rw) < Lin. 


ii) Now we will repeat i) for an increasing sequence of domains like w and G. Namely, for 
n E€ N set On = {x E€ Q, d(x, OQ) < 1/n, |x| < n}. Note that On is open, On is compact, 
On C O14; and UnenOn = Q. 

For every n € N, from part i) with w = O, and G = On41, there exists un € D(Q) 


and m E D(Q), a {On, On41} cut-off function, such that 
[un = mul] Leo) T || tre — ullwee(o,) < 1/n. 


Then (un) is the desired sequence. Indeed, from Lebesgue’s dominated convergence the- 
orem we have 


hnui <C ( f fun — nal? + f i- mpPuP) +0 as n= o 


Finally, for a given w € Q there exists n, such that w C On for all n > n,. Therefore 
for such n, we have 


lun — ullwsze) < llen — ullwsean) < 1/7, 


which completes the proof. 


Using a similar technique as above, one can prove the following result; see, for exam- 
ple, [1, 5, 14]. 


Theorem 6.1.9 Let k € N, p € [1,00) and Q C R be open. Then C®(Q) NW*?(Q) is 
dense in W*?(Q). 
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6.1.2 Some applications 


In this section, we present some applications of Theorem 6.1.8, which show that we 
can make a number of operations with Sobolev space functions as if they were usual 
classical functions. 

We note that in general, if u, v € W*?(Q) then uv ¢ W*?(Q). For example, let 
Q = B(0,1), and u = |z|%, q € R. Then from Example 6.1.3, u € W*?(Q) if and only if 

1 


q>k- a We can choose q = —5 and p € [1,00] such that k — = —] (for example 


p= pa) so that u € W*?(Q). However, if v = u then uv = |z| ¢ W*?(Q) because 
2q = -1 ž -1 = k — = The following proposition gives a sufficient condition for the 


product uv to be in W1?(Q). 


Proposition 6.1.10 Let Q C RY be an open set and u,v E€ W1?(Q)NL™(Q), p € [1, co}. 
Then uv € W'?(Q) and for all |a| = 1, we have 


D*(uv) = vD%u+ uD%v. (6.1.9) 


Proof. Clearly uv,vD°%u,uD°%v € L?(Q). So it is enough to prove (6.1.9). We assume 
first p € [1,0o). For y € D(Q), there exists w € Q such that supp(y) C w. Let (un), 
resp. (Vn), be a sequence in D(Q) satisfying Theorem 6.1.8, associated with u, resp. v, 
and such that furthermore up, resp. Un, converges a.e. and in W1?(w) to u, resp. v (see 
Theorem 1.3.7). Then for a € NẸ, |a| = 1, we get 


(D“(w), p} = - J wD*pdz 
Q 
= — lim | UWnmnD“y = lim | (D UnUn + UnD Un) 
NCO Q n— Oo 
— [rw + ube, 
Q 


where when passing to the limit we used Lebesgue’s dominated convergence theorem. 

In the case p = co, given y € D(Q) we choose an open bounded set w, supply) C 
w € Q. We can apply the case p € |1, 00) in w, which proves (6.1.9) and completes the 
proof. 


We leave as an exercise the proof of the following proposition. 


Proposition 6.1.11 Let u € W*?(Q) and v € W®®(Q). Then uv € W*?(Q) and for 
all |a| < k, we have 


a a a— a a! 
BSa 


The following two propositions show how the operation of composition holds in the 
context of Sobolev spaces. 
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Proposition 6.1.12 Let Q C RY be an open set, h € C1(R), W € L®(R), and h(0) = 0. 
Ifue W'?(Q), p € [1,00] then hou € W'?(Q) and 


hou € W™?(Q), D*(hou) =h'(u)D%u, Va ce NẸF, lal = 1. (6.1.11) 


Proof. As |h(t)| < ||h'||z0(e)|t|, it follows that h o u, h'(u)D°%u € LP(Q). It is enough 
then to prove the equality in (6.1.11). 

We consider first the case p € [1, 00). Let w be an open set, w € Q. From Theorem 
6.1.8, there exists un E D(Q) such that lim, 46 Un = u in L?(Q) and limpo Vun = Vu 
in L?(w). Also, without restriction we may assume that un — u pointwise in 2, and 
Vun — Vu pointwise in w; see Theorem 1.3.7. 

From the assumption for h and the convergence of un, we have tim h(n) = h(u) 


in L?(Q). Using Lebesgue DCT and the convergence a.e. of un and of Vun yields 
lim h'(u,) = h'(u) and lim h’(u,)D°u, = h’(u)D°u in L?(w). Then we get 


(D%(hou),p) = —(hou, Dy) 
= — lim (houn, D®y) = lim (D*(ho un), p) = lim (R (un) Dun, p) 


n—oo n— oo n— oo 


(h'(u) Du, 9), 


which completes the proof in the case p € [1, 00). 
In the case p = 00, we choose an arbitrary w € Q. Then u € W!?(w), for all 
p € [1,co), and so the equality in (6.1.11) holds in w, so in Q. 


We note that Proposition 6.1.12 does not hold in general if h is not Ct. For example, 
let Q = (0,1), u = 2%, a € (1/2,1/V2), and h(x) = 2%. From Example 6.1.3, we have 
u, h € H!(Q) because p(a—1) > —N (here p = 2 and N = 1), but hou(x) = 1” ¢ HQ) 
because p(a? — 1) < —N. 


Proposition 6.1.13 Let 0,G C RY be open sets and 0 = (01,..., 0N) E W*(G;Q) be 
invertible with 07t € W+™(Q; G). If u e W'?(Q), p € [1, oo], then uo € W'?(G) and 


D*(uo8) = 5 DF Duoh; vae NO, lal =1, (6.1.12) 
\s|=1 


where 0 = Of ....98, 


Proof. Let u € W'?(Q). From the classical change of variable theorem for L?(Q) func- 
tions, we have 


Vu € LP(Q), woe L(G) and [rar = f lu o O|?| DAldy. (6.1.13) 
Q G 


So u o @ and all the right-hand side terms of (6.1.12) are in L?(G). Then to prove 
uo € W'P(G), it is enough to prove (6.1.12). 
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Consider first the case p € [1,oo). For y € D(Q), there exists w € Q such that 
supp(y) C w. Let (un) in D(Q), limp oo ||Un — ul|w1e(~) = 0, as in Theorem 6.1.8. Note 
that (6.1.13) implies that lim u,o#=uodé and lim D“un o 0 = D°uo @ in L(G), for 


n— Oo 


all |a| = 1. Therefore we get 


(D*(uc8),yp) = —(uocd, Dp) = — lim (un 00, D%y) 


n— o0 


= lim (D°(un 0), ¢) 


= lim Yo D Duy o0, p) 
|6|=1 


= 5 (D0 Duo 6,9), 
|B|=1 


which proves (6.1.12) and u o 0 € W!(G). 

In the case p = oo, we can choose an open and bounded set w as in Proposition 
6.1.12. Then u € W*?(w), for all p € [1, 00), and (6.1.12) holds in 6~'(w), which from 
the choice of w proves (6.1.12). 


Note that Proposition 6.1.13 extends in the W*? context. Namely, let Q, G cC RY be 
two open sets and 6 = (61,...,0n) E€ W"(G;Q) be invertible with 67t € WE®(Q; G). 
If u € W*?(Q) then uo 0 € W*?(G), p € [1, œ], and, furthermore, D*(u o 0), |a| = k, 
is a finite sum of terms of the form Dĉu o 6, |8| < k, multiplied by D707 terms, with 
lal < k, Jol =1. 

The proof is carried out by recurrence on k. Indeed, for k = 1 the claim holds. Assume 
it holds for k — 1, so D*(uo 0), |a| = k — 1, is a sum of terms D®u o 0, |6| < k — 1, 
multiplied by D707 terms, with |y| < k — 1, |o| = 1. Then applying Proposition 6.1.13 
to D®°(u o0), |a| = k — 1, proves the claim. 


Example 6.1.14 As a corollary of Proposition 6.1.12, let us prove the following. Let 
Q C RY be an open set, u € W?(Q), p € [1,00], and set 


ut = max{0, u(x), x EQ}, u` =min{0, u(x), x € Q}. (6.1.14) 
Then 

u= €e W™?(Q), (6.1.15) 

Vu = (Vu)l{uz0p and (6.1.16) 

Vu =0 a.e. in {u= C}:= {x EQ, u(x) =C}, CER. (6.1.17) 


Indeed, for e > 0 let f(t) = (+ e)! — AH (t), and ue = feo u. From Proposition 
6.1.12, we have ue € W'?(Q) and for p € D(Q) we get 


(Du, p) = - f w Dede = -lim u:Dpdz 
Q "IQ 
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. . uVu 
= lim Ka — lim asin (u? Jepa” 
= f tinu, 
Q 
which proves the lemma for u*. The result for u` follows from the result for ut by 
noting that u- = —(—u)*. For (6.1.17) set v = u — C. Since u = C + vt +7, from 


(6.1.16) it follows 


(Vu)Ltu=c} = (Vv)Li=0} = (Vout + Vvu_)1.y=0} =0. 


6.2 H° spaces and Fourier transform: W*? and W;” 
spaces 


Sobolev spaces in R are easily analyzed by using Fourier transform. The advantage 
of working with these spaces is that they are homeomorphic to the space L? defined 
below, which makes it possible to “transfer” well-known properties of L? spaces to H° 
spaces. 


Theorem 6.2.1 For u € H! anda € NẸ, |a| < k, we have 
F[DĦ*u] = (6)%F lu], || D°ullze = |08) F lu]]| z2. (6.2.1) 


Furthermore, Fourier transform F is a homeomorphism? from H* onto the weighted 
space L? defined by 


L={ver, loli = [ _()*wOPaE < 00, (6) = (1+ EP} (6.2.2) 


Proof. Note that from Theorem 5.4.9 and Proposition 5.4.6, (6.2.1) holds in S. 
i) F : H! — Ly is well-defined and continuous. Indeed, for u € $, from (6.2.1) we get 


f ornan f D oraa = S IFD 


lol Sk lal<k 


= juls. (6.2.3) 


IF ball, 


As $ 4H", (6.2.3) implies that F extends to a continuous linear operator from H* 
to L2 and (6.2.1) holds for all u € H". 

ii) F : H?  L? is invertible and its inverse ¥~! is continuous. Indeed, let v € LZ. Then 
v € L? and from Theorem 5.4.9 there exists a unique u € L? such that F[u] = v. From 
Remark 5.4.11 and v € LŽ, it follows ¥[D°u] = (i€)°v € L? for all |a| < k, which in 


1A continuous linear invertible operator from a normed space X onto another normed space Y. 
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combination with Theorem 5.4.9 implies D®u € L?, so u € H* which proves that F is 
invertible. Finally, the boundedness of ¥~' follows from (6.2.3). 
The estimate (6.2.3) shows that ||û]|z2 is a norm in H*, equivalent to the usual 


norm |juļ| 3e = Since || D°ul|Z2, which motivates the introduction of the spaces H*, 
with arbitrary s > 0. 


Definition 6.2.2 For s > 0, the “fractional order Sobolev space H°” is defined by 


He = {uel’, ù:= Flu] € L}, equippedwith (6.2.4) 

(u,v)gs = (@,6)z2, (6.2.5) 
where 

I = fv Er, Tale = (v, v)r2 < co}, and (6.2.6) 


wua = f UNTA, (6.2.7) 


Note that in some texts is used (€)?* = 1+ |€|?*. The results are exactly the same because 
(1 + |€|?)* and 1 + |€|?* are equivalent for s > 0. This is the reason why we will use 
(£)? = 1 + |€|?5, whenever it is more appropriate. 


Example 6.2.3 Let u(x) = 1¢1)(x), x € R. Clearly u € L?. As u(x) = H(x)—H(x-1), 
we get u' = 69 — 6;. Sou ¢ L? and therefore u ¢ H+. But, for what s > 0 do we have 
u € H°? Note that we have 


1 1 L 1 1-e* 
= = ] a udr | ee 
V 2T [ ue) V2T Jo V 2T 1E 
c f e209 1 — cos(€) [Pde 

R 


A 


f eP*|a)2ag 
R 


< œ iff 2(s—1)<-—1 orequivalently s< > 
Hence, 10,1) € H® only for s € (0,1/2). 
Example 6.2.4 Let u € H®, s>0, anda € NY, ja| < s. Then D®u € H*'"|. Indeed, 
F[DĦ*u] = (i€)*F [u], 
f Pappa =f EGES uag 
ae Gp 


= C||F [u] lliz 


< 00, 


which proves the claim. 
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Remark 6.2.5 There is another norm for H° spaces which serves as motivation for 
defining W*?(Q) spaces. Indeed, let s € (0,1) and u € H°. Using the fact 


1 1 
F[ul- ae y)|(€) = OIE is cE Da (x as y)dx = oY GON [. eb Au(z)dz 


= EF UN(E), 


and Plancherel theorem, one A 


|u(a +y) — u(x) =i [ 
ee d 
etls) - 1}? 1 
~ - |F [ul (£) déd 
o Í, ly]? ly |F [ul (€)|°dEdy 


etls) = 1)? dy 
= . F [u] (€)Pdé 
a Ry |?* fis Hl) 


= f MOFUE 
Note that h(&) is radial and homogeneous of degree 2s: 


ily- (té) — 112 d i(z-€) __ 112 J-A d 

È Y e Z 3 

nts) = 2 RIN =| | 2s 2 l | ia “TN |t|? h(£), 
rv —[y|?° ly] Ry |z|” |t] lt~ [aI 


Flu +y) (€) - FAO dedy 
yes 


N 


which implies? 


iy) __ 4/2 d 
he) = aes = Eh 5 =U Cs e 2r =i 
|é] él rv [yl ly| 


Therefore, for s € (0,1) and u € H° we get 


\/? 
2s ile y)| 
A 6.2.8 
o, f iePiotueag = f f Reddy (6.2.8) 


Note that for s € R}, we have the equivalence 


(E ~ (EP + feel ST Ee, (6.2.9) 
laļ=Ls] 


where |s] is the largest integer smaller than s. Hence from (6.2.8), for0 < s € N we get 


2 ~f (EFP + ST f PEDIG Fa 


laļ=Ļs] 


?Here Cs < œ iff s € (0,1). 
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= luli + Of Pe! Deu Pag 

|o|=| | 
2 |D°u(x) — Deuly ui 
= at dady. 
ist Se ete a 
This implies that for s E€ R}\N, an equivalent inner product in H° is given by 
(u,v)gs = (u,v) ple 
(Deu “u(y))(D°v(«) — D°v(y)) 

eff m e N dxdy, (6.2.10) 


la|=Ls] 


which motivates the following definition. 
Definition 6.2.6 Let Q C RY open. 


i) For s € Ry\N, p € [1, 00), define (W*?(Q), ||- || wee a) by 


WD) = {we LO), My ea + lly < 00}, (6.2.11) 


p 
De — pe 
lular _ 3 u(x) u(y) 


N s—|s 
la|=|s| jz — yet K 


? 
LP(QxQ) 


where ||- |wi) is defined in (6.1.2). 


ii) For s > 0 and p € [1, 00), we denote by W5” (Q) the closure of D(Q) for the norm 
(6.2.11) or (6.1.2). 


iii) If p = 2 we write H*(Q) = W*?(Q), Hg(Q) = WẸ? (Q), and equip them with the 


inner product 


(u, vja) = (u,v) pisie) 


eff (D°u(x) — Du(y)) (D(x ER iy (6.2.12) 


k — y|N tX s—|s]) 


= Ls] 


iv) The number s — x is called a “differential dimension of W*?(Q)”. 

Note that the spaces W*?(Q) and WP (Q) are Banach spaces and for p = 2, they 
are Hilbert spaces; see, for example, [1, 44, 51]. Also, it follows H* of (6.2.10) and is the 
same as W*? of (6.2.11). 
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Remark 6.2.7 The case s ¢ N and p = œ is excluded from Definition 6.2.6. The 
reason is that W*°(Q) = ol - LJ (QQ). see Proposition 1.1.11. Indeed, by formally 
letting p — co in Definition 6.2.6, one would define (see, for example, [41]) 


wee(Q) = fuero such that (6.2.13) 


<0?. 
L=(Qx9) 


Example 6.2.8 Let Q = (—1,1) C R and u(x) = H(x), x E€ Q. We wonder for what 
(s,p) we have u € W*?(Q). We know that u ¢ W*?(Q), for all p € [1,00]. Then we 
restrict the discussion to the case s € : 1), p € [1, 00). Clearly u € L?(Q). We compute 


lullws=:=llullwie Do 


Deu(x) — D°uly) 
sty! | 


x — yl 


uaa = [ Loe ROS E l Ie — dedy 
P(Q) oe A y)itsp 
= == re di 1-y)-? —(0-y)-”)d 
7 (e le (i y) (0 — y) ) y 
— 2 1 ka y) + — (0 Th 
sp sp— 1 =i 


< œ, iff sp<l. 
So, u E W°P(Q) for all s € (0,1), p € [1, 00) such that sp < 1. 


6.3 Continuous, compact, and dense embedding 
theorems in H*({) 


Continuous and compact embedding results hold in W*? spaces. In order to simplify 
the proofs, we will restrict our discussion to H* spaces. Let us start with a general 
definition. 


Definition 6.3.1 Let E and F be two Banach spaces. 


i) We say “E is continuously embedded in F”, and write “E — F”, if? 


ECF and 3C>0, Yu €E, |lullp < Cllulle. (6.3.1) 


ii) We say “E is compactly embedded in F”, and we write “E — F”, if E — F 
and the unit ball in E is precompact in F, i.e. every bounded sequence in E has a 
convergent subsequence in F. 


3In other words, the map T : u € E+ I(u) =u € F is continuous. 
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iii) We say “H is dense in E”, or “H is densely embedded in E”, and write “Fl “GE”, 
if HC E and for every element u € E there exists a sequence (Un) in Æ such that 
lm Un =u in E. 
Continuous, resp. compact, embedding theorems in Sobolev spaces show that if the 
differential dimension s — x is large enough then the Sobolev space W*” is continuously 
embedded in, for example, more familiar spaces such as C°, resp. compactly embedded 
in larger spaces, such as L?. Compact embeddings are particularly important when 
studying nonlinear PDEs. 

Density theorems are significant when # is a set of regular functions. For example, 
one can prove a certain property only for u E€ #, which a priori is simpler than the proof 
for u € E. Next, by using the density of # in E, one can prove that the same property 
holds for u € E. This is done by writing the property for a sequence (u,,) in #, with 
limy—o Un = u in E, and then passing to the limit. 


6.3.1 Case Q = RX 


First, we develop the results in H° spaces. Here, the analysis is simplified based on 
the fact that H° spaces are homeomorphic with L? spaces. Next, the results are extended 
to H*(Q) spaces. Here, the regularity of Q is important. It allows us to extend H*(Q) 
functions as H* functions and use the results developed for H° spaces. 


Theorem 6.3.2 For all s > 0, the space H° equipped with the inner product (u,v) ps is 
a Hilbert space. Furthermore, D 4+ H° and $ —> H°. 


Proof. From Definition 6.2.2, F : H° + L? is an isometry,’ which implies that 
(H°, (u,v) as) is an Hilbert space because (L2, || - ||z2) is so. The embedding $ —+ H* 
follows from $ —> L?, ¥[S] = $ and the isometry of F : H° + L?. 

For the embedding D —& H", given u € H°, let (un) in S converging to u in H°. 
As D 4.8, see Proposition 5.4.4, for every u, there exists (Ym) in D such that (Ym) 
converges to un in S. From the continuity of F : St S in S, we get 


lin- Plies) = Nn- Pele) = f lin- Gel? 
1 
< c E NH) in — Aml dE 
E 
í C'nlSiN+ls]) (ûn — m)l 
— 0. 


We take Yp = Ym, With m, such that ||un — Ym, l 
converges to u in H°. 


Hs(RN) < 1/n. So (Wn) is in D and 


4A homeomorphism that preserves the norm. 
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Theorem 6.3.3 Let s— % > 0. Then? H° — CPN {u, limo u(x) = 0}. 


Proof. Note that u(x) = FHF [u] (E) (x), so u(—x) = F[F[E]](x). Recall also Riemann- 
Lebesgue Lemma 9.4.14, which says if v € L1(R‘) and 6 = F [v] then 


1 
ô € CP N4 lim 6(€) =0 d |lêôllr= < -=r ii 
ô € CPN { im oE) =O} and llle» < Gowallell 


If a € Lt, applying this lemma with v = û gives the required result. So, we need to show 
that @ € Lt. As u € H° we have û € L? and 


Hs. 


1/2 
fh lala = Moeaa < Oee aese f Ee) 


N 
Since s — 3 > 0, we obtain 


de i ali 7 °° N-1-2s ) 
A ©= 7 J Grp (+f a as 


which proves ||ti||;1 < co and completes the proof. 


For the proof of the following result, see Theorem 9.5.1 in Annex. 


Theorem 6.3.4 Assume s— Ẹ € (m,m+1], m € No and let o € (0,s— ¥—m}). Then 
H°? — CP" n{u, jim D%u =0, Va € NY, lal < m}. (6.3.2) 


In particular, there exists C > 0 such that for all a € NẸ with |a| = m and x,y € RY 
we have 


|D°u(a) — D“u(y)| < C||DĦ*u] 


ys—m|x — y|. (6.3.3) 


Remark 6.3.5 One may wonder whether the condition s — x > 0 in theorems 6.3.3 and 
6.3.4 is due to the technique we have used. Actually, this condition is necessary, in the 
sense that if s— x < 0 the theorem does not hold. Indeed, we have seen in Example 6.2.3 
that u = 101) E€ H°(R) only for s—1/2 <0 (so, here N = 1 and s—N/2 = s—1/2 <0). 
Clearly u ¢ C°. In this context, we say that the condition s — x > 0 in theorems 6.3.3 
and 6.3.4 is optimal. 

Theorems 6.8.3 and 6.8.4 do not hold in general even in the critical case s— N/2 = 0. 
For example, let u(x) = 1gaj<1; In |1 — In|a||, x € R?. Note that u € H'(R*), however 
u ¢ C? (here, s— N/2 = 1 — 2/2 = 0). The proof of u € H*(R*) goes as follows: 


1 
lu|°dz = f lu|°dz < cf r|In|1 —Inr|?dr < o, 
R2 {|z|<1} 0 


5We remind that if a space symbol is not followed by a domain, then it is understood that the 
domain is RY. 
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and as Oj = 1g e)<10; ln |1 — In |x|| we get 


1 1 il 1 d 
| jauPae = f 5 z |x ae < f 5% = 
R2 fa<} |L—In|z||? jef? jel (a)<i} [1 —In|a||? æl 


i 1 dr i 
< eat = —-ly 
<c | eres cf (1 — Inr|)~*)’dr 


<œ, i=1,2. 


6.3.2 Case Q Ç RY 


We start with the definition of “extension” and “restriction” operators. They are 
used to extend H*(Q) in H® and then to restrict H° to H*(Q), which makes it possible 
to apply H* embedding results to H*(Q) case. 


Definition 6.3.6 Let Q C RY be an open set, s > 0 and p € [1, ox]. 


i) A linear continuous operator E (or Eg), E : W*?(Q) = W®?, satisfying U = Eu, 
U(x) = u(x) for all x € Q, is called a “W*?(Q) extension operator”. 


We say that a domain Q satisfies “W*? extension property” if there exists a 
W*?(Q) extension operator. If p = 2, we say that E is an “H*(Q) extension 
operator” and Q satisfies the “H*® extension property”. 


ii) A linear continuous operator R (or Ro), R: W*? > W*?(Q), satisfying u = RU, 
u(x) = U(x) for all x € Q, is called a “W*?(Q) restriction operator”. 


The existence of the restriction operator R is straightforward from Definition 6.2.6, 
which shows that R is well-defined, linear, and continuous. The existence of the extension 
operator is a difficult problem that we will consider below. Note also that whenever Æ 
exists, it is a right inverse of R. 


Theorem 6.3.7 If Q is a bounded Lipschitz domain, then it satisfies W°? extension 
property for all s > 0 and p € [1, oo]. 


For the proof of the theorem in the case s € N and p € [1, ov], see [48]. For the proof in 
the case 0 < s ¢ N and p € (1, 00) and a proof by interpolation, see [54]. For a general 
direct proof, see [45]. 

The theorem below gives a detailed instructive step-by-step proof in the case s = 1, 
p € [1, co], and Q = RY of the existence of an extension operator. 


Theorem 6.3.8 There exists a linear continuous extension operator E : W'?(RY) > 
W (RY), p € [L oo]. 
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Proof. For u € W!?(RY), let U = Eu be given by 
j _ | ur ew); en = 0, 
Uy) = l a enh S20. (6.3.4) 


E is the required extension operator. Indeed, clearly EF is linear. Let us prove that E is 
well-defined and continuous. 

(i) E is well-defined, so if u € W*?(RY) then U € W™P(RY). 

(i.1) Let a = (a'an) € NẸ, |a| = 1. Then for p € D(RY), we have 


(D°“U, p} = -f U(x)D“y(x)dx 


— ( [ wa) D%g(x)de + [ uel neta! ejac) 


+ 


-f u(x) D(a dx, (6.3.5) 


+ 


with 
w(z', EN) = p(x’, tn) + (—1) e(z", —īn), 


which we found after using the change of variable formulas (see Proposition 6.1.13) 


[ue —xy)D°v(a2',xn)dx = (—1)°% IRENG —yn))dy. (6.3.6) 


N 


(i.2) Note that in general Y ¢ D(RẸY) and therefore, a priori, we cannot pass D® on u in 
(6.3.5). However, w is “small” on ORY and this is sufficient to pass D® on u. We proceed 
as follows. Let n € C'™(R), n = 0 in (—oo, 1/2], 7 = 1 in [1, 00) and set n, (ay) = (nay). 
Note that 
f uD°wdx = lim U(r Dow) dx 
RY 


n= N 
R 
+ 


= lim (uD (m) — up Dna) dx. (6.3.7) 


noo N 
R 
+ 


We claim that the limit of the second term in (6.3.7) is zero. Indeed, if ay = 0 then 
D“ = 0. If ay = 1 we get 


Dn, (rN) = ny’ (nen), Oe, 0) = 0, P(x, EN) = tnDp(a', Oxy), 


where 0 = 0(x) € (0,1), which implies 


I up D| mda ie u(x)(xy D%(Ox))(nn! (nxny))dx 


+ 
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< nll Wlloueey | juldz 


{len|<1/n} 


n00 


where we used Lebesgue DCT and the fact that 7/(nzy) = 0 for £n > +. 
Therefore as mny € D(RY¥), from (6.3.7) and (6.3.8), we get 


f uD“ydr = lim uD" (myY)dx = — lim (nw) D°udz 
RY RY 


(1.3) Finally, by combining (6.3.5) with the last equality and changing the variable again, 
we obtain 


(D°U, p} = pD°udz 
RY 
= f pD“udz + ( yew plz, -—ty)D°* u(x’, cn) dx 
RA RW 


= f eDrude + | y(x, xy)D°ulr,—xy)dz 
RY RN 


I 
jl 
Ns) 

Q 
=, 
S 


(ii) Hence D° (Eu) = E(D°Ħu), which implies ||D°(Eu)|| zex) < 2"/P|jullwiegy): Hence 
Eu € W'?(R¥) and E is continuous from W1? (R¥) to W1?(R). 


The following theorem is analogous of Theorem 6.3.4 in H*(Q). 


Theorem 6.3.9 Assume Q C R is an open set satisfying H° extension property, s — 


X € R\N, m= |s — Ẹ] ando € (0,s — m). Then H*(Q) — C7 (Q). In particular, 


there exists C > 0 such that for alla € Nd, jal = m, and x,y € Q, we have 


|D*“u(x) — D®u(y)| < C| D° ull gs-m |e — yl. (6.3.9) 


Furthermore, if Q is bounded then H*(Q) —> CP (Q). 


Proof. Let E : H°(Q) + H°(R%) be an extension operator and R : H*(RY) + H*(Q) 
be the restriction operator (see Definition 6.3.6). From Theorem 6.3.4 and the continuity 
of operators E and R, we have the following continuous embeddings: 


H*(Q) > ERY) = OP R") 0n): 


Cc 


These embeddings in combination with estimate (6.3.3) prove the embedding H*(Q) —*> 


CP (Q) and the estimate (6.3.9). Furthermore, if Q is bounded then CP (9) —>CP (Q) 
follows from Arzela-Ascoli lemma. 
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Theorem 6.3.10 Let k € N and assume Q is an open bounded set that satisfies the 
H**! extension property. Then H*+!(Q) +H*(Q). In particular, HEY (Q) + H*(Q) 
with Q only open bounded. 


Proof. For the proof of the first part, see Theorem 9.5.2. The second part follows from 
Lemma 9.5.6 and the first part of this theorem. 


Remark 6.3.11 Embedding theorems hold in a more general setting; see, for example, 
[1, 14, 44, 51]. Namely, we have the following embeddings, where s > 0, p € [1, 00), 
meéEN: 


Q = RY, or Q Ck Q Lipschitz bounded 
satis fies W*? extension property 
a)|s= <0 W*?(Q) — L4(Q), W2?(Q) 199), 
z= F forall q € Íp, p] forall q € [1, p) 
b)\s—F=0 W*?(Q) — LQ), W*?(Q) > LQ), 
forall q € [p, œ) forall q € [1, oo) 
oJ] s—F=m+o | WO) — CO), wer(Q) C(O), 
a € (0,1) forall o € [0,4] forall o € [0,c) 
djs—F=m |W) — Ce"), wer(Q) or"), 
forall o € (0,1) forall o € [0,1) 
e) 
s= 2 >g | wen) WaN) Wstee(Q) W9(Q), 
p<q forall e >Q. 
Furthermore 


f) the continuous embeddings hold in Wg” (Q) instead of W*?(Q), with Q only open, 


g) the compact embeddings hold with WP (Q) instead of W*?(Q), with Q only open 
bounded. 


The following remark shows that Lipschitz regularity of Q in Theorem 6.3.7 is essential. 
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Remark 6.3.12 Theorem 6.3.7 does not hold in general if Q is not Lipschitz. For exam- 
ple, let Q = {(x1, 22), zı € (0,1), z2 < zF} with a > 1. Clearly, Q is not Lipschitz 
because it has a cusp at the origin. 

Let u(x) = z1”, p > 1, o > 0. Given furthermore m € N, we can choose a such that 
a—o—mp+1>0. Then u € W™?P(Q) because for all integer k < m, we have 


1 xt 
fui = cepo) ff 
Q o Jo 
1 
= C(k,p, a) | xy? dr = 
0 
However, u ¢ L®(Q). This means that Theorem 6.3.7 does not hold because if it does, 


from the embedding H?(R*) — C?(R?) (see Theorem 6.3.3 with s =2,p=2, N=2 
so s— N/p=1>0), we should have Eu € C°(R?). 


—2—K)P 
T1 dzədzı 


C (k, p, 2) 
OO. 
a—-a—kp+1 


Example 6.3.13 Let Q = (0,1) C R and u(x) = x. Then u ¢ Hi(Q). Indeed, if we 
assume that u € Hj(Q), then there exists un E€ D(Q) such that un > u in H'(Q). Note 
that we have H}(Q) — C%(Q) because here s — N/p = 1 — 1/2 = 1/2 > 0. Therefore, 
lu — urlo < Clu — unlla so llu — unlo > 0 asn — œ. But u(1) = 1 
and u,(1) = 0 for all n, so ||u — unllcom 2 lu(1) — un(1)| = 1, which contradicts 
|u — un|\cog > 0 and proves the claim. 


Theorem 6.3.14 Assume Q C RY is an open set that satisfies the H® extension prop- 
erty, s > 0. Then C(Q) —> H*(Q). More generally, if Q C RY is an open set that 
satisfies the W*” extension property, s > 0, p € [1,œ0) then C(O) — W°? (Q). 


Proof. For the first part, let u € H*(Q) and U € H*, U = Eu, where E is a H*(Q) 
extension operator. From Theorem 6.3.2, there exists a sequence (Up) in D(R) con- 
verging to U in H°(RY). It follows that (un), un = RUn, is in C° (Q) and converges to 
u in H*(Q). 

The proof for W*?(Q) spaces is similar: extension in W*”, next using the embedding 
D(RY) ——W°?(RY) and conclude with the restriction to W*?(Q); see [24]. 


6.4 Boundary traces in Sobolev spaces 


Every u € W*?(Q) is defined almost everywhere, and in general is not a regular 
function in the classical sense, for example u ¢ C°(Q). Therefore, a priori, it does not 
make sense to talk about the restriction of u on OQ. Trace theorems explain in what sense 
the boundary values of functions in Sobolev spaces are understood, and they provide 
important qualitative and quantitative properties of boundary traces. These theorems 
are important when studying PDEs equipped with boundary conditions. 
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Definition 6.4.1 Let Q C RY be an open and bounded set. The restriction of u € 
S§(Q) := {U]o, U € $} on OQ is called “trace of u on OQ” and will be denoted by y(u). 
The map u E€ 8(Q) ++ 7(u) is called a “trace operator”. 


Trace theorem in Sobolev spaces essentially extends the operator y in H*(Q) spaces 
(or more generally in W*?(Q)). Typically, the boundary trace of H*(Q) functions is 
constructed as follows. First, one defines the trace of H*(R%) functions on {zy = 0} by 
using Fourier transform. Next, for Q general, the boundary trace of H*(Q) functions is 
constructed by using a partition of unity of OO, see Definition 1.2.1, and the trace results 
on {xy = 0}. Traces of W*?(Q) functions are constructed similarly, but the proofs are 
substantially more difficult and technical; see, for example, [14, 33]. 


Theorem 6.4.2 Let s — 4 > 0. The trace operator y : S(RY) + S(R‘~), defined by 
y(u)(2’) = u(a’,0), x! € RYTI, extends to a linear continuous operator denoted with the 
same letter y, from H4(R%) onto H*-2(RN~?). 


= (E' En) with 2’,é’ € RY. Let 
(x',xy) (un is considered as a 


Proof. For z,€ € RY, we will write x = (2’, ry), € 

U €e S(R¥) and set u(x’) = U(2',0), un(zn; 2’) = U 

function of xy). Note that u € S(R‘~+) and uy € S(R). Furthermore, if 
tw (En 


U(é) = F[U](E), resp. AE) = Fr[ul(€:), a") = Fey lun (+5 2)] (En) 
is the Fourier transform of U in RY, resp. of u in R-t, of uy in R, then 


1 ; 
ûle’) = aye | OE, Edén: 


Indeed, this follows from Fourier and Fourier inversion formulas (5.4.3), (5.4.11) and the 
following equalities: 


an(Enj2’) = aay | UE, endan, 
u(x’) = un(0;2") = aya f XN) in (En; 2 den, 
ay aI fina E Pele ya 
= ae ea ae =o even) (x ay)daxndén da! 
1 


Using inequalities (9.4.3), (9.4.4), we can evaluate it as follows: 


vn =f, AEE Plater Pa 
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cof er) 


(using Holder) < cf eye’ [OOE ew Paty 


2 


dé’ 


1 OE idn 


O (6.4.1) 


For s — 5 > 0, we have 


[eae 


i ((E)? + lEn dEn = (E [ (: n (EJ) « 


= ey) fase 


= (year, (6.4.2) 
where I, := {p(1 +1?) ~*dr < oo. Then (6.4.1) implies 
llsgr Cf, [OPCE ew Panes! < CHET gee» 
< CIIU |lgeeyy: (6.4.3) 


By density of $(R%) in H*(R%), see Theorem 6.3.2, the inequality (6.4.3) is valid for all 
U € H°%(R) and this proves the theorem. 


Remark 6.4.3 The condition s — 5 >0 in Theorem 6.4.2 is used to show that I, < oo. 
One can ask whether this condition is due to the technique we used or it is critical. Actu- 
ally, this condition is indeed critical. One can prove that for0 < s < 5, the trace operator 
cannot be extended to a continuous operator from HS(RY) to L?(RX~!). Furthermore, 
for such s, the closure of D(Q) in H*(Q) is H§(Q); see [95]. 


Now we address the question of defining the trace of H*(Q) functions on 0Q. We 
expect that the range of the trace operator will be in a certain space H*(0Q). The follow- 
ing definition addresses a more general boundary space W*?(0Q); see for example [17]. 


Definition 6.4.4 Let 1 < m € N, Q C RY of class C™—' be open and bounded. Let 
{(Gi,9;), t= 1,..., M} be as in Definition 1.2.4, with {G;, i= 1,...,M} a finite open 
covering of OQ, with 0; e C™ 11(Q;G;) a diffeomorphism such that 6;(Q*+) =Q NG, 
6;(Q°) = ONN Gi; see Fig. 6.4.1. Furthermore, let {p;, i = 0,1,..., M} be a partition of 
unity subordinate to {G;, i = 1,..., M}; see Theorem 1.2.2. For 0 < s < m, p € [1, 00) 
we define 


W*?(dQ) = {u : ON — R, (yu) o b; E W*?(ORY), i= 1,..., M}, (6.4.4) 
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Figure 6.4.1: G}, Qt, 6i, and 07" 


and its norm by 


llullwsz(a9) = ` | (Pitt) © illws rory); 
i=1,M 


where (piu) o 6; is the extension of (piu) o 0; in ORY by zero. 


In the same spirit as in Remark 1.2.8, one can show that ||- ||ys.»aq) norms corre- 
sponding to two different partitions of unity of OQ are equivalent; see also [17, 46]. We 
have this general result. 


Theorem 6.4.5 Let Q C RY be an open bounded set of class C™!, s > 0, and p E (1, 00). 


1 
i) Case s — — € (0,1). There exists a linear continuous trace operator with continu- 


ous right inverse, 


y : WS?(Q) = Wr? (aN). (6.4.5) 


1 
ii) Case s — — € [1,2œ0). Assume furthermore that Q is of class C™!, m > 1. Then 


1 1 
Hram EEE ifp £2, a= E CE ifp = 2, fora 


certain L € N, there exists a linear continuous trace operator with continuous right 


inverse, 
é-1 E 
y = (Yor Vi- We) WP (Q) = [W (09), (6.4.6) 
i=0 


such that for U € 8(Q), if (uo, u1, ..., ug-1) = Y(U) then u;(x) = U (x), for all 
x € NQ, i= 0,...,£L = 1s Here, ©U (x) means the i-th order normal derivative of 
u, ie. U(x) = ` TOR where v is the unit outward normal vector to OQ.. 


laļ=i 
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For the proof of this theorem in the case s € N, see [40], and in the case s ¢ N see [25, 37]. 
We note that the condition for s — — in ii) is due to these facts: a) Besov space 
By p(&) is equal to W*?(Q) only if (s, p) € ((0, 00)\IN) x (1,00) or (s,p) E N x {2} (see 
s-i 
[24, 44]) and b) Claim ii) holds for all s — — € (l — 1,m + 1) with JJ} W** »?(0Q) 
P 


replaced by ia Be? (AQ): see [25, 37]. For more details on the boundary traces, see 
(24, 25, 33, 37, 39, 40, 46, 48]. 


The boundary trace results allow us to integrate by parts with Sobolev space func- 
tions, as in the case of smooth functions. 


Theorem 6.4.6 (Integration by parts) Let Q C RY be an open set and a € Ni, 
(ee ee 


i) If u € Wo? (Q) and v e W14(Q), where p € [1,00), 1/p + 1/q = 1, then 
f Dwar = -f vD°udz, |aļ|= 1. (6.4.7) 
Q Q 


ii) If Q is furthermore a Lipschitz bounded set then for u e W'?(Q) and v € W'4(Q), 
with p € (1,00), 1/p + 1/q = 1, we have 


[uprvae f iluyr(vyyrde = | vD°udz, (6.4.8) 
Q an Q 


where v = (14,...,Un) is the unit outward normal vector on OO. 


Proof. To prove (6.4.7), let (un) in D(Q) such that lim, oo Un = u in W1?(Q). Then 


f wprede = lim fuer = lim (un, D“v} 
Q 


n— oo Q n— o0 


= — lim (v, D“) = — lim | vD“undz = — f VD Unda. 
Q Q 


n— o0 n— Oo 


To prove (6.4.8) we consider (u,) and (vn) in C%(Q) converging respectively to u in 
W??(Q) and v in W1(Q); see Theorem 6.3.14. Then 


uD ode = lim | D*u,v,dr= lim Unvpy*do — lim | u,Dv,dx 


f WUY) do — | uD*vde, 


Q 


where for the limit in the boundary integral we used the continuity of the trace operator. 
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6.5 Poincaré inequality 


Poincaré inequality, which exists in a variety of forms, essentially states that in a 
certain subspace of W1?, the LP norm of u is bounded uniformly by the L? norm of 
Vu. This makes the L” seminorm an equivalent norm, which is useful in a number of 
problems. 


Theorem 6.5.1 (Poincaré inequality) Let Q be an open bounded set in at least one 
direction, for example, Q C {(x1,..., £y), |x| < d < co}, for a certain d > 0 and, 
i € {1,...,N}. Then for p € [1, 00) there exists C = C (p, Q) > 0 such that the following 
inequality, called “Poincaré inequality”, holds 


Vue W”(Q), lulo < Clulwiw@, C= pd. (6.5.1) 


Proof. By the density of ®(Q) in W,’?(Q), it is enough to prove (6.5.1) only for 
u E€ D(Q). Integration by parts gives 


lim O;2;(w + Pda 
«0 Q 


eB = [ Aivilu(x) Par 


= -lim pa;(u? + )?-)/2ududax 
— Q 

2o 24 eam S A 
lim Pa e^) TETE O;udx 

(use Lebesgue DCT) = = | postal? sen(u) dude 
Q 
(use Hölder inequality) < pale Mr o lOrtell coca): hence 
lulle < (pd) |ue), (6.5.2) 
where sgn(x) = 2H (x) — 1, because llel zro = lelo which proves (6.5.1). 


We note that Poincaré inequality (6.5.1) can be generalized. For example, if Q is 
bounded in one direction, then for k € N, p € [L, o0) we have 


vu € WeP(Q), llull < Clulwrzo C = C(k, p, Q). (6.5.3) 


One can prove the inequality by applying (6.5.1) to all D°u, a € NẸ, jal < k — 1. 
Inequality (6.5.1) implies the following straightforward result. 


Corollary 6.5.2 Let p € [1,00) and Q C RY be an open set bounded in at least one 
direction. Then |uly1.(q) is a norm in Wè? (N), equivalent to ||2¢|| w1.e(a). Furthermore, 
when p = 2, (u,v) ma) = Jo Vu - Vvdzx defines an inner product equivalent to the usual 
inner product (6.1.5). 
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Example 6.5.3 Assume Q C RY is a Lipschitz open bounded connected set and let 


My? (Q) = fu ce W™P(Q), [wae = o} , pé€[l,oo). 


Then Poincaré inequality (6.5.1) holds in My? (Q). Let us prove the claim for p = 2. 
Assume the claim does not hold. So 


Vn EN, Iu, E€ My?(), lunli = n||Vunll cea): (6.5.4) 
Dividing (6.5.4) by ||un||z2(Q) and setting Un = n we get for all n: 
lunli) 
Ün E Mè” (9), q= lunile > N\|VUnl| 2a): (6.5.5) 


So, the sequence (vp) is bounded in H'(Q). As H'(Q) -+L?(Q), there exists a subse- 
quence of (Vn) still denoted by (vn), converging in L?(Q) to a certain v € H'(Q). From 
(6.5.5), we get Vun — 0 in L?(Q), which implies that vn — v in H*(Q) and Vv = 0. 
Necessarily we have 

i) v is constant because Vv = 0, 

ii) v € My?(Q) because from vn € MÈ? (Q) we have J Und = 0, which from the 

convergence Vn > v in L?(Q) implies v € Mg(Q), 
iii) ||v||L2@) = 1 because passing to the limit in llUnllZzcay = 1 implies ||v|| rz = 1. 
But then we have a contradiction because from i) and ii) we get C = 0, and then iit) 

becomes impossible. This proves that Poincaré inequality holds in Mj? (Q). 


6.6 H-*(Q) and W~*4(Q) spaces 


When studying PDEs, often one has to consider elements of (H*(Q))’, where in 
general E” is the topological dual space of the Banach space Æ. One would wonder 
whether elements of (H*(Q))’ could be characterized by elements of D'(Q) which are 
continuous for the H*(Q) norm. The following lemma shows that D(Q) is not dense in 
H*(Q). It implies that if £ € (H*(Q))’ then £ cannot be characterized by any T € D’(Q) 
continuous for the H*(Q) norm. 

Roughly speaking, negative order Sobolev spaces H~*(Q) are subspaces of (H*(Q))’, 
elements of which are characterized by elements of '(Q), continuous for the H*(Q) 
norm. 


Lemma 6.6.1 Let Q C RY be open, bounded. The set D(Q) is not dense in H*(Q), 
KEN. 


Proof. Let 0 4 u € C7*(Q) with Q = (—a,a)% such that Q € Q. Clearly u € H*(Q). 
Define 


L : HOR D0), 
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(Lu,ip) = ( D napu) = 


|o|<k 


` 7 D*uD*ydz, p € D(A). 


la|<k 
If u is chosen such that 


S > (-D!*!D*u=0 in Q, (6.6.1) 


lal<k 


then Lu = 0. Note that (6.6.1) has nonzero solutions, for example u(x) = Re(e*"'), with 
#0 solution to Vy<4,<4(—H)™ A = 0. 

Now we can prove that D(Q) is not dense in H*(Q). If we assume Ø (Q) is dense in 
H*(Q) then there exists y, € D(Q), lim pn =u in H*(Q). Therefore 


0= Jim n (Lu, Gn) = lim S | D°uD*pnde = bD f |D°ul?dx > 0, 


lo|<k lja|<k 


which is a contradiction and proves the lemma. 


This lemma with the comments preceding it motivates the following definition. 


Definition 6.6.2 Let s > 0, p € [1,00), q € (1, 0], 1/p + 1/q = 1, and Q C RY. We 
defin® W-*4(Q) as the dual space of WSP (Q). If Q is ORY or a Cl8!*! domain, then 
W~*4(0Q) denotes the dual space of W*?(0Q). When p = 2, we write H~*(-) instead of 
W-*?(.), 


Note that the spaces W~*4(Q) and W~*4(0Q) equipped with their dual norms are 
Banach spaces. Note also that p = oo is excluded from the previous definition, because 
the closure of D(Q) in W**(Q) is a subspace of Cls!(Q). 

Furthermore, D(Q) 4 W” (Q) implies that W~*4(Q) can be identified by a sub- 
space of distributions in D'(Q) continuous with respect to ||- ||ws.e(@) norm, which is not 
the case for the dual space of W*?(Q). 


Remark 6.6.3 Let s > 0. In analogy to the characterization of H*(R‘) by L?(R%), we 
have H~*(R%) = (H9(R%))’, i.e. 


H-*(RN) = fres, lell- = [ FTE Pae =: Nels, <o}. 


For the proof see for example [12, 35]. 


6See Remark 6.6.3 for the motivation of the term —s. 
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Problems 


Problem 6.1 Let Q C R be an open set, u € W*?(Q), k € N, p € [l,o], and ŭ a 
function in Q such that the N-dimensional Lebesgue measure of the set {x € RY, u(x) 4 
u(x)} is zero. Prove that ù € W*?(Q) and ||@|| wee) = |lullwee@). 


Problem 6.2 Let H = 10,0) be the Heaviside function. Prove that H ¢ W'”(Q), where 
p € [1,co], Q CR is an open set, 0 EQ. 
Problem 6.3 Let B be the unit ball in RX. Prove that u(x) = In(1 — ln |x|) € W1?(B) 
uf p< N. 
Problem 6.4 Let h : R +> R be a Ct piecewise smooth function, i.e. h is C° in R, 
h(0) = 0, K € L™(R), and h’ is continuous in R except in a finite number of points 
Z where side derivatives exist. Prove that hou € H'(Q), Q C RY open, for every 
u € H\(Q), and 

O;(h ie) u) = Lizeo, u@œgzyh (u)ðiu, {= 1, BE N. 
Problem 6.5 Assume u € H'(R) and set up(x) = (u(x + h) — u(x)). Prove that 
lim wp = u’ in L?(R). 


Problem 6.6 Find where, and explain why, Q in Lemma 6.6.1 is required to be bounded. 
Prove that, in general, ®(Q) is not dense in H1(Q) if Q G RY is unbounded. 
Problem 6.7 Show that Hj(R\{0}) © H'(R). 

Problem 6.8 Let N > 3, u € H'(RY) and f(t,x) = (fi(t,x)), t € R, x € RY, where 


filt, x) = ðu + faye Show that 


|x|? 


0< |f t, x) Pda = i |\Vul?dx + (t? — (N — 2) f 


and deduce that 


x [a 


ae H! (RY) and 
|z| 


As a corollary of this result, prove’ that HE(RY\{0}) = H1(RY). 


2 
< ——_||V f 
es SWN? | ull r2(RN) 


Iz 


Problem 6.9 Let Q C RY be an open bounded Lipschitz set, s > 0, p € [1,co), and 
define 


wr) = {us lulis = mt{lU wegen, Ula = ut} 


Show that W*?(Q) = W*(Q) and the norms ||-||ws2(@), Il lws») are equivalent. Show 
furthermore that the statement does not hold if Q is not bounded Lipschitz. 


"This statement is true even for N = 2, but the proof is more delicate; see [51]. 
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Problem 6.10 Prove that there exist open bounds sets Q C RY such that C'(Q) is not 
dense in H'(Q). 


Problem 6.11 Prove Theorem 6.1.9. 


Problem 6.12 Show that the embedding H**!(Q) — H*(Q) is not compact, in gen- 
eral, if Q C RY is only an open bounded set. 


Problem 6.13 Let u € W1?(Q), p € [1,00], Q = (a,b) C R. Prove that there exists 
ae WH(Q) NCQ), t=u ae. in Q and 
Va,yEQ, a(x) — u(y) = f u'(s)ds. 
y 


Problem 6.14 Prove that if u € H! (R) then u cannot have jump discontinuities. 


Problem 6.15 Prove that H!(RY) Z C°(RY) for N > 2, i.e. there exists u € H'(RY) 
such that u ¢ C°(RY). 


Problem 6.16 Let Q C RY be an open bounded Lipschitz set and s >r > 0. Prove that 
H*(Q) — H" (9). 


Problem 6.17 Let k € N. Prove that the embedding HE™!(RY) — H*(RY) is not 
compact. 


Problem 6.18 Let Q C RY be an open bounded set. Prove that the embedding H}(Q) — 
H! (Q) is compact. 


Problem 6.19 Prove that Poincaré inequality does not hold in H!(RY). 


Problem 6.20 Let Q C R? be an open bounded Lipschitz connected set, y C OQ with 
nonzero length, and 


1, o 1, ps 
W,” (Q) = {ue W?(Q), u=0 ony}, pe [l,oo). 
Prove that Poincaré inequality (6.5.3) holds in W}?(Q). 


Problem 6.21 Let Q C RY be an open bounded Lipschitz connected set, w C Q with 
nonzero measure, and 


W3?(Q) = {ue W'7(Q), u=0 onw}, p€ f1, 0). 
Prove that Poincaré inequality (6.5.3) holds in W}? (Q). 


N 
Problem 6.22 Let k — 7 0. Prove that 69 € H~*(RY). 


Problem 6.23 Let Q C R be of class C1, g € H!(Q), and £ € L(H!(Q)) defined 

by L(v) -f g(x)u(a)do, v € H'(Q). Estimate the norm of l seen as an element of 
an 

HO) or of L(A): 
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7. Second-order linear elliptic PDEs: 
weak solutions 


There exist several well-developed theories of elliptic linear PDEs of order two. We 
have already seen Perron’s method for Laplace equation in Chapter 4, which provides 
classical solutions. In this context, Schauder theory provides C?* classical solutions; see, 
for example, [20]. 

Other methods, such as Hilbert spaces, variational, singular integral, or spectral 
methods provide the so-called “weak solutions”, which belong to certain Sobolev spaces; 
see, for example, [5, 16, 20, 35]. 

In this chapter, we will only deal with the existence and uniqueness of weak solutions 
obtained by the variational method. By combining these results with some compactness 
results in Sobolev spaces, we will also address the solution to certain nonlinear elliptic 
PDEs. 


7.1 Introduction 


The objective of this chapter is to study the existence and uniqueness of a weak 
solution u : Q > R to the following problem: 


N N 
ij=l i=1 


u=0 on OQ. (7.1.1b) 


This problem is commonly referred to as the “Dirichlet problem” , which is in connection 
with the boundary condition u = 0. One may consider the general Dirichlet boundary 
condition u = g; see Remark 7.2.13. 

Here and throughout this chapter, unless otherwise stated, Q C RN is an open 
bounded set, and a;;, bi, and c satisfy 


A := (ai) = (aj) EWART, b= (b) € LORY), ce LM), (7.1.2a) 


N 
Jk, K >0, VOZEER, KEP < XO ai(-JEE < KEP, aeinn.  (7.1.2b) 
i j=1 
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The assumptions for f will be provided later in the context. 

We note that even in the case when L = —A, there are cases when the problem 
Lu = 0 in Q, u = g on 02 does not have a classical solution; see problem (4.4.3). We 
will revisit this problem in Example 7.2.14 and show that it has a unique weak solution. 

There are three main questions relative to (7.1.1). 


Q1. How does one understand the solution to (7.1.1) ? 
Q2. Does (7.1.1) havea solution? If yes, is the solution unique? (7.1.3) 
Q3. How regular is the solution to (7.1.1) ? 


In this chapter we will address the first two questions. The third question is a classical 
topic involving fine techniques and can be found in numerous PDE books, such as [5, 20]. 
For the ease of the reader, we have included the solution to Q3 in Section 9.6 in Annex. 


Definition 7.1.1 


i) Assume f € C°(Q). A strong, or classical, solution to (7.1.1) is every u E€ C°(Q)N 
C?(Q) satisfying (7.1.1) pointwise. 


ii) Assume f € H~'(Q). A weak solution to (7.1.1) is every u € Hj(Q) satisfying 
N N 
f ` ayjO;U0;v + f X b;iðiww + f cuv = f fu, Wwe Het). (7.1.4) 
ij=l Q i= E 9 
The equation (7.1.4) is called “the weak form equation of (7.1.1)”. 


The motivation for (7.1.4) is as follows. The operator L defines a linear continuous 
map L : Hj(Q) + H71(Q). Indeed, for u € Hj(Q) define Lu € D'(Q) by 


(Lu, v) i= ` (0;(—a,;0;u), v) + >» (b;O;u, v) + (cu, v) 


i, j=1,N i=1,N 
= f ( ` aijð;uðjv + X.: bonot cuo) dx 
Q \ij=1,N i=1,N 
=: B(u,v). (7.1.5) 
By density of D(Q) in Hi(Q), (7.1.5) is well-defined for all u,v € Hi (Q) and satisfies 
(Lu, v) = B(u,v), | (Lu, v)| = Cullen (ay lolly, (7.1.6) 


where C = C(A, b, c), which proves L € £(H3(Q); H71(Q)) and B € L(Ag(Q) x AG (Q)). 
Actually, B defines a continuous bilinear form in H'(Q), i.e. (7.1.6) holds for all u,v € 
H'(Q). Therefore, (7.1.4) is nothing but (Lu, v} = B(u,v) = (f,v). It solves (7.1.1a) in 
a weak sense, and satisfies (7.1.1b) in the sense of traces y(u) = 0 because u € H} (Q). 

Finally, if u is a classical solution with u € C1(Q), (7.1.5) is obtained by multiplying 
the left-hand side of (7.1.1a) by v, integrating by part, and canceling boundary integrals 
by using u = 0 on the boundary. Hence, (7.1.4) gives a necessary condition for a strong 
solution u. 
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7.2 Existence and uniqueness of weak solutions 


The existence of solutions to second-order linear elliptic PDEs relies on certain results 
of Functional Analysis, such as Lax-Milgram lemma and the theory of (linear) compact 
operators, as well as on a weak maximum principle in the context of Sobolev spaces, 
which we present in the following section. 


7.2.1 Preliminary results 


We will give some results of Functional Analysis. For their proof, the interested 
reader can see, for example, [20, 29]. We will also give the weak maximum principle in 
Sobolev spaces context and some other auxiliary results. 


Theorem 7.2.1 (Riesz representation theorem) Let H be an Hilbert space with 
inner product (-,-)g and £ € H'. Then there exists a unique u € H such that 


W € H, (£, UV) Hix = (u,v), llulla = TAN (7.2.1) 


The following two theorems are the main ingredients for solving (7.1.1). While The- 
orem 7.2.2 solves (7.1.1) in special cases, Theorem 7.2.3 gives a full characterization of 
the weak solutions to (7.1.1). 


Theorem 7.2.2 (Lax-Milgram lemma) Let H be a Hilbert space and B : Hx H — R 
be a bilinear form satisfying 


(continuity) |B(u,v)| < Kljullgllvlla, Yu,v € A, (7.2.2a) 
(ellipticity) k|jullĝ < Blu, u), Vu € H, (7.2.2b) 


with certain K,k > 0. Then, for every f € H' there exists a unique u € H such that 
Blu, v) = (f v) aegis Ww € H, (7.2.3) 
1 
lula < qf- (7.2.4) 


A 


Theorem 7.2.3 (Fredholm alternative) Let H be an Hilbert space and A: H > H, 
a compact linear operator. Then all the following hold. 


(i) N(I— A) = {ve H, (I — Aw = 0}, the kernel of I — A, has finite dimension. 


(ii) RU — A) = (N(I — A*))+, where R(T — A) = {(I — A)v, v € H} is the “range 
of I — A”, A* is the “adjoint of A”, defined by (A*u, v) = (u, Av), and (N (I — 
A*))+ = {w€ H, (w,v)g =0, Ww € N(I — A*)}. 


(iii) R(I — A) = H iff N(I — A) = {0}. 
(iv) dim(N(I — A)) = dim(N(I — 4*)). 
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The following definition gives a generalization of concepts of sub/super harmonic 
functions related to the operator L and defines the concept of inequality on the boundary 
in the context of Sobolev spaces. 


Definition 7.2.4 Let u,w € H'(Q), v € H3(Q), and (Lu,v) defined by (7.1.5). 


i) We say Lu < 0 if (Lu,v) <0 for all0 < v € HG(Q). Similarly, we say Lu > 0 if 
(Lu,v) > 0 for all 0 < v € HBO). 


it) We say u < w on OO if (u—w)t := max{u — w,0} € Aj(Q). Similarly, u > w 
on OD if (u — w)” := min{u — w, 0} € HG(Q). 


Now we give the “weak maximum principle’ associated with the operator L in the 
context of Sobolev spaces. It generalizes the classical weak maximum principle that we 
have seen in Chapter 4. 


Theorem 7.2.5 (Weak maximum principle) Let Q C RY be an open bounded set, 
c>0 andu € H!(Q) such that Lu <0 (Lu > 0). Then 


< a inf > inf u` 
mupe) S supu (x), (ing u(x) > infu a 


where sup and inf are taken for x almost everywhere in Q or on OQ. 


Proof. Consider first the case Lu < 0. If M = sup, cgq ut (x) and m = sup,cg u(x) we 
have to prove m < M. Assume the claim does not hold, i.e. M < m. The proof continues 
strongly using (Lu,v) < 0 with some particular functions v, and Sobolev embeddings 
in Remark 6.3.11. 

Let r € [M,m). From Example 6.1.14 we have w := (u—r)* € H1(Q). Actually, 
w € Hj(Q) for a certain r € [M, m). Indeed, there exists r € [M,m) such that 


inf{|z —y|, x € supp((u — r)*), y € OQ} > 0, 


because if not we would get M = m, which by assumption is excluded. If we denote 
still by w the extension of w in RY by zero, and consider wp = w * pn, with (pn) 
a mollifier sequence, then walo € D(Q), for n large, and converges to w in H!H(Q). 
So (u — r)* € Hj(Q). Furthermore, (u — s)" € Hj(Q) for all s € [r,m), because 
supp((u — s)*) C supp((u — r)”). 

Now we take v = (u — s)*, s € [r,m). As € Hj(Q) we have 


N N 
S | aðu = (Lu, v) -Y f vaw- f ews f lv||Vul, (7.2.5) 
Q Jo Q Q 


ij=1 


1Which is well-defined for all u,v € H!(Q). 
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because (Lu, v} < 0. From (6.1.17) we have Vu = (Vu) 1 uss}. Then (7.2.5) implies 

N 

>. f a;jûiwvð;jv < cf v|Vv|, ws =supp(Vv) C supp(v), 

ija1 70 Ws 

which combined with (7.2.2b) yields k||Vullzecy < Cllul|z2~)||Vv|z2(a), or equivalently 
Volla) < Cllv|lr2~.), C= C(L, k, Q). (7.2.6) 


Now we use Sobolev embedding results, Remark 6.3.11, a) for N > 3 and b) for N = 2. 
For N > 3 we obtain 


HE ia < tell, 3 cay (use Poincaré inequality, 
< CillVoll zo) (7.2.6) and 
1/2 
< Cy (A 10?) Holder inequality (9.4.1)) 
1/2 
a CES Plaen 
< 


Calos M Il, 2% 9 


which gives CN < |w,|. For N = 2 we obtain C~? < |w], for any p > 2. In both cases 
C does not depend on s. Setting Co = min{C-*, CP}, we get 


0 < Co < |w,| = |supp(V(u — s)*)| C supp((u— s)t), 5 € [r,m). (7.2.7) 


Letting s to m in (7.2.7) implies m < co, because, if not, from u > s in w, we get 
u  L?(Q). Therefore (7.2.7) holds for s = m, which implies that u attains its finite 
supremum m in wm, Where at the same time necessarily Vu = 0 and so |wm| = 0, 
because u = m in wpm (see (6.1.17), Example 6.1.14). This contradicts (7.2.7) for s = m 
and proves the case Lu < 0. The case Lu > 0 is treated by considering L(—u) < 0. 


This theorem implies the following uniqueness result. 


Corollary 7.2.6 Let c > 0 and u € Hj(Q) be a weak solution to (7.1.1) with f = 0. 
Then u = 0. So, (7.1.4) cannot have more than one solution. 


We will see that in the case c > 0, the existence of a weak solution to (7.1.1) is proved 
easily by using Lax-Milgram lemma. The case c arbitrary is addressed by using Fredholm 
alternative theorem and the following lemma. 


Lemma 7.2.7 There exists ko, Ko > 0, and ào > 0 such that for allu,v € H*(Q) we have 
B(u,v)| < Kollullinen|olliney, (7.2.8) 
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kolulingay < Blu, u) + rollullz2(ay: (7.2.9) 


Ifb=0 and c > 0 we can take ko = k and Ao = 0. Otherwise ko = (k — ellbllz=) and 
ào = (1/(46))llbllz=c + Ile llr, where |lb|| za) = par lallo and € > 0 small 
so that ky > 0. 

Proof. Clearly, (7.2.8) follows by using Hélder inequality to all the terms of B(u, v). 


For (7.2.9), clearly it holds with àọ = 0 if b = 0 and c > 0. Otherwise, from ellipticity 
condition (7.1.2b), by using (9.4.2) for € > 0 we have 


N N 
klul aca) < S | ej0iudju = Buy) — > | buðu- f ov? 
j=l 72 i=1 V2 
< Blu,u) 
1 
+ [Ome (Flee +l Tula 
+ Elre lullo 
It implies 


(k — ellbllz=)) Julino) < B(u,u) 
1 — 
+ (Zbl + eleo) llko 


which proves the lemma. 


7.2.2 Dirichlet problem 
We start with a simple existence result. 


Theorem 7.2.8 Let Q C RY be an open bounded set, f € H!(Q), b = 0, and c > 0. 
Then (7.1.1) has a unique weak solution u € Hj(Q) which satisfies 


1 
lula < Zllflla-1@.- (7.2.10) 
k 


Proof. Lemma 7.2.7 holds with ào = 0. Then it is clear that B(u,v) satisfies the 
conditions of Lax-Milgram lemma, Theorem 7.2.2, which proves the theorem. 


Example 7.2.9 Let Q C RY be an open bounded set, c € L®(Q), and consider the 
problem 


—Au+cu=f in Q, u=0 on OQ. (7.2.11) 


The weak form equation of this problem is given by 


B(u,v) = fo -Vut+cuv)dz, u,v € HA(Q). (7.2.12) 
Q 
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Clearly, if c > 0, Theorem 7.2.8 implies that (7.2.11) has a unique weak solution. In 
fact, one can prove that there exists eo > 0 such that if || || za) < €o then still (7.2.11) 
has a unique weak solution. Indeed, using Poincaré inequality in Hj(Q) we get 


B(u,u) = [isu + (ct +eyu?)de 


IV 
> 


Vu ‘ae f +c u7dx 
Q 


> fi 
Q 


> | Vul — Cle“ Vul? 
Q 


= (1=CPle“li=@) Vuo (7.2.13) 
(0) 


= 


? — |e |ILz2(@) [wu (use (6.5.1)) 


where C is the (Poincaré) constant in (6.5.1). Inequality (7.2.13) shows that B is elliptic 
in Hj(Q) if l| l|z=) < C™?. Then the existence and uniqueness of a weak solution 
follows from Lax-Milgram lemma. 


In the case when c # 0 or b Æ 0, the issue of existence of solutions to (7.1.4) is more 
complex. We will solve it as follows. First we will consider an auxiliary problem Lou = f, 
f € H}(Q), Lou = Lu+Aou, which, thanks to Lax-Milgram lemma, has a unique weak 
solution. The operator Lo generates a map Go : Hj(Q) — Ag (Q), which is compact. 
Then, the equation (7.1.4) is written equivalently in the form (IJ — Go)u = Lo'f, which 
is analyzed by using Fredholm alternative Theorem 7.2.3. 

More precisely, let Lo : Hj(Q)  H7'(Q) and Bo € L(Ag(Q) x H5(Q)) be given by 

N N 
ij=1 i=1 
(Lou, v) H-1x H} (7.2.15) 
B(u, v) + Ao(u, v) r20) 


N N 
y f aj;0;u0;v + ` f b;ð;uv F fe + Ag)ur, W € Hy), 
Q j=] Y9 Q 


i, j=1 


Lou 


Bo(u, v) 


where Ag is introduced in Lemma 7.2.7. 
Before we address the solution to (7.1.1) in general, we present the following technical 
lemmas. 


Lemma 7.2.10 The equation Lou = f, f € H~'(Q), has a unique weak solution u € 
Hj(Q) satisfying 


(Lou, Vv) #-1(0)x (a) = Bo(u, v) = (f, v) 2-1(0) x(a)» Vu € Hy(Q), 
lulan < CIl- (7.2.16) 
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Hence, the maps Lo : H}(Q) = H-!(Q) and Lo! : HHQ) + HA (Q) are linear, invert- 
ible, and bounded. 


Proof. Lemma 7.2.7 implies that Bo is continuous and elliptic in Hj (Q), and therefore 
the results follow from Lax-Milgram lemma. 


The following lemma uses some properties of compact operators, and the reader can 
consult [29] for more details about compact operators. 


Lemma 7.2.11 Assume Xo of Lemma 7.2.7 is positive, and let I : Hj(Q)  H7~'(Q) 
be the embedding map, Iu = u, and Go := àoLg' o I : HA(Q) & A} (Q). Then Go is 
compact. 


Proof. Clearly Gp is linear. For the compactness, we write Z = Ip o 4, where J, : 
Hi(Q) => L7(Q), Ip : P(Q) = HQ), Lu = Inu = u. So Go = ApLo' 0 o 0 h, with 
Lr Io, Iı continuous, and J; compact; see Theorem 6.3.10. Hence, Go is compact as a 
composition of a compact operator with a continuous operator. This proves (i). 


Theorem 7.2.12 If c > 0 then the problem (7.1.4) has a unique solution u € Hj(Q). 
Otherwise we have if N(L) = {0} then (7.1.4) has a unique solution, and if N(L) 4 {0} 
then (7.1.4) has a solution (and then a finite number of solutions) iff f € R(L). 


Proof. We note that (7.1.4), which we refer to as “Lu = f”, is equivalent to (I — Go)u = 
fo with fo = Lo'f. In the following part of the proof, we will use Theorem 7.2.3 with 
H = Hj(Q) and A= Go. 

If c > 0 and b = 0, Theorem 7.2.8 shows that Lu = f has a unique solution. If c > 0 
and b Æ 0, necessarily Ay > 0. It implies N(I — Go) = {0}, because (J — Goju = 0 
is equivalent to Lu = 0, which from Corollary 7.2.6 implies u = 0. Then from (iii), 
Theorem 7.2.3, we get that (I — Go)u = fo has a unique solution, so Lu = f has a 
unique solution. 

Otherwise, in the case c Zz 0 necessarily A) > 0. If N(I — Go) = {0}, like above, 
Lu = f has a unique solution from (iii), Theorem 7.2.3. Finally, if N(I — Go) 4 {0}, 
(ii) Theorem 7.2.3 implies that (I — Go)u = fo has a solution (and in this case, a 
finite number of weak solutions) if and only if fo € N(I — Gé)+, which is equivalent to 
f € R(L) and completes the proof. 


Remark 7.2.13 Consider the problem 
find u € H!(Q), Lu=f in Q, yu) =7(g) on OQ, (7.2.17) 


where f € H-'(Q), g € H'(Q), y is the boundary trace operator, and Q C RY an open 
bounded Lipschitz set. A function u € H! (Q) is a weak solution to (7.2.17) if 


(Lu, p) =(f,¢), Ve € Ho(0). 
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If we look for u as u = v + g, then 


ve Ay (Q), (Lu, p) = (f — Lg, P) H -10x m0)» Vp € Ho (9). (7.2.18) 


We can apply Theorem 7.2.12 to (7.2.18), and the conclusions of this theorem hold for 
(7.2.18) with f — Lg instead of f. 


Example 7.2.14 Let us consider again the problem (4.4.3). It does not have a classical 
solution because the boundary data is not continuous. However, it has a unique H! (Q) 
solution. Indeed, if G(x) = Ugaj<1} n|1 — In|a|| then u = G on OQ. As from Remark 
6.3.5, In|l — In|z|| € H*(Q), from Remark 7.2.13 the problem (4.4.3) has a unique 
solution in H'(Q). 


7.2.3 Neumann problem 


Using the method we developed in this chapter, we can solve the following “Neumann 
problem’ , which is similar to (7.1.1) but with the boundary condition (7.1.1b) replaced 
by the normal derivative of u, commonly referred to as the “Neumann boundary condi- 
tion”: 


N N 
-X ð;(ayðiu) + X b;ð;u + cu = f € (H9), (7.2.19a) 
ij=1 i=1 
iD a,jO;uv; =0 on OQ, (7.2.19b) 
j=1,N 
where Q C Rò is an open bounded Lipschitz set and v = (14,...,Vy) is the exterior 


unit normal vector to 0Q. Note that by assuming u is smooth and (a;;) is the identity 
matrix, the condition (7.2.19b) becomes Vu - v = 0. 
The weak form equation of (7.2.19) is given by 


Bu, v) = (f,v)an@)yxm@, v E HHO), (7.2.20) 


which formally is obtained by multiplying (7.2.19) by v € H+! (Q), integrating by parts 
in Q, and canceling the boundary term by using the boundary condition (7.2.19b). 


As a consequence of Lax-Milgram lemma, we have the following theorem. 


Theorem 7.2.15 Let f € (H'(Q))’, b= 0, and c > cy > 0. Then the problem (7.2.20) 
has a unique solution u € H'(Q). Furthermore, there exists a constant C > 0 indepen- 
dent of f such that 


lullo < CII flla-1(a)- 
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Similar results to those of Theorem 7.2.12 for the Dirichlet problem (7.1.4) hold for the 
problem (7.2.20). We leave the details as an exercise. For more on this topic, see, for 
example, [5, 20]. 


Remark 7.2.16 Let us see in what sense a weak solution to (7.2.20) satisfies the bound- 
ary condition (7.2.19b). For simplicity, we assume f € L?(Q) (see Problem 7.8 for 
f € (A*(Q))'). Then taking v € D(Q) in (7.2.20) gives T := Pij- Oj(aiyOiu) = 
b- Vu + cu — f in D'(Q). As b- Vu + cu — f € L?(Q), it follows T = b- Vu + cu in 
L?(Q). Then from (7.2.20) with v € H! (Q), we get 


N 
(T,v) = (b-Vut+cu-—f,v) = [te Vu- cuvar — (fu) = -f ` aj;0;u0;vdx, 
Q 


2 i j=1 


or equivalently 
> 0; (a;;0;u) DE [ 3 a;;0,u0;vdz =0, Vu € H'(Q). (7.2.21) 
i, j=1 i, j=1 


The equation (7.2.21) defines how YOY 
because if u € C? (Q) integrating by parts in (7.2.21) implies 


ij=1 ayjO;uv; = 0 is understood. This makes sense 


=l 5 a;jO;uvj;vdz, Vu € H'(Q), 
aa 


i, j=1 


which implies Le 1 Qijð;uvj = 0. 


7.3 Nonlinear second-order elliptic PDEs 


Nonlinear PDEs describe a wide range of physical phenomena and are subject to 
intense research. There are several methods for solving nonlinear PDEs, such as varia- 
tional, continuity, and fixed point methods. For a deeper analysis of these methods see, 
for example, [20]. 

In this section we give a short introduction to nonlinear second-order elliptic PDEs. 
We will consider only the fixed point method. Typically, this method consists of three 
steps: (i) write the solution to the nonlinear problem as a fixed point problem of a 
certain linear operator A, (ii) solve the linear problem associated with the operator A 
and establish appropriate estimates, and (iii) use the fixed point theorem. 

In this short introduction to nonlinear PDEs, we will consider certain PDEs of the 
form 


N 


` —O; (aij (x, u)Oju) +b(x,u) = f(x). (7.3.1) 


ij=1 
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Let us cite the following theorem which asserts the existence of fixed points of a compact 
continuous operator; see, for example, [20]. 


Theorem 7.3.1 Let A: E+ E be a continuous operator from the Banach space E to 
itself. Assume that there exists K C E, convex closed set, such that AUK) C K and 
A(K) is precompact? in E. Then A has a fixed point, i.e. there exists u € E such that 
u = Au. 


Now we give two examples, which demonstrate the use of the fixed point method to 
solve various problems similar to (7.3.1). 


Example 7.3.2 Consider the following nonlinear boundary value problem 
—u" + h(uju= f in Q= (0,1), u=0 on AQ, (7.3.2) 


with f € H-'(Q), 0 < h € CP(R). Assuming a smooth solution u exists, multiplying 
(7.3.2) by p € HE(Q) and integrating in Q yields 


[ue + h(u)uy = (f,~), Veo € HEQ). (7.3.3) 


This is the weak form equation of (7.3.2), and we look for a solution u € AG (Q) to it. 
For this we consider a fired point approach as follows. Let A : C°(Q) = C°(Q), Av = u, 
where u is the solution to 


ih uly! + h(v)up = (f, 9), Ve € Ho(Q). (7.3.4) 
Q 

If u is a fized point of A, i.e. u = Au, then u € HE(Q) and solves (7.3.3). 

Claim: A is well-defined. Indeed, for every v € C°(Q) the equation (7.3.4) has a unique 


solution u € Hi(Q) — C%(Q); see Theorem 7.2.8 and Theorem 6.3.9. Furthermore, 
the following estimate holds: 


| Avllan(ay < Cll flla-1(@- (7.3.5) 


Claim: A is continuous in C°(Q). Indeed, let vo, v € C°(Q) with v tending to vo in C°(Q), 
and set u = Av, uo = Avo. Then from (7.8.4) with p = u — uo, we get 


f ful — whl? + (wv) (us — tuo)? a tag(s — tug) = 0, 


which implies 


Av — Avol?n í h(v) — h(vo)lluol| Av — Avo use Hölder 
H1(Q) : 


2A set K C E, E normed space, is precompact if its closure is compact. 
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< |A) — h(vo) Ileog@||Uollz2@ay||Av — Avollz2(a) 
This inequality in combination with Poincaré inequality yields 


|| Av — Avola) < Cliw) — kwo) lleg |luoll 22) 


From h(v) > h(vo) in C°(Q) and HE(Q) — C(O), we get ||Av — Avollco@ — 0 as 
v — vo in C°(Q), hence A is continuous from C°(Q) to itself. 

Claim: Let K = Hi(Q). Then A(K) C K and A(K) is precompact in C°(Q). This 
follows from the estimate (7.3.5) and H!(Q) +C°(Q); see Theorem 6.3.9. 

Claim: A has a fixed point. Conditions of Theorem 7.3.1 are satisfied, so A has a fixed 
point u = Au € Hj(Q), which solves (7.3.3). 


Example 7.3.3 Consider the following nonlinear PDE: 
—Aut+h(uu=f inQX, u=0 on N, (7.3.6) 


with Q C R? an open bounded Lipschitz set, f € H~'(Q), 0 < h € Cj (R). Proceeding as 
in example above, we get this weak form equation 


u € Hy(Q) such that | Vu: Vy + h(ujuy = (f p), Ve € Hi(Q). (7.3.7) 
Q 


Similar to the method in Example 7.3.2, we consider a fixed point approach as follows. 
Let A: L?(Q) = L?(Q), Av =u, where u is the solution to 


[ve -Vo + h(vjuy = (f,~), Ve € HiQ). (7.3.8) 


Claim: A is well-defined. Indeed, for v € L?(Q) the equation (7.3.8) has a unique solu- 
tion, see Theorem 7.2.8, and the following estimate holds: 


Avl ao) <C||fllaa@)- (7.3.9) 


Claim: A is continuous in L?(Q). Indeed, let vo, v € L?(Q) with v tending to vo in L?(Q), 
and set u = Av, Up = Avo. Then, like in Example 7.3.2, from (7.8.8) with p = u — uo 
we get 


|Av — Avolin (a) < f |h(v) — h(vo)|luo|| Av — Avol (use Holder ) 
< lA) — hivo) llo luollzao || Av — Avollz4(a) 
< Clih) — hlvo)lle luolaa l Av — Avol aa 


where we used the fact that H'(Q) — L4(Q) for all q € [1,co); see Remark 6.3.11. 
Therefore, using Poincare inequality (6.5.1) and |h(v) —h(vo)| < |lAliom lv — vo] implies 


Av — Avoll g(a) < Cl — vollzzo llull 


134 


Chapter 7 7.3. Nonlinear second-order elliptic PDEs 


which proves that A is continuous from L?(Q) to itself. 

Claim: Let K = H'(Q). Then we have A(K) C K and A(K) is precompact in L?(Q). 
This follows from the estimate (7.3.9) and the compactness of the embedding Hj(Q) — 
L?(Q); see Theorem 6.3.10. 

Claim: A has a fixed point. The conditions of Theorem 7.3.1 are satisfied. Then A has 
a fixed point u = Au € Hj(Q), solution to (7.3.6). 


Problems 


Problem 7.1 Prove that for every l € H~*(Q), k = 1, there exists a unique u € H*(Q) 
such that 


So (-1)" Du =£ in D'(Q). 


|a|<k 

Extend the result in the case k € N. 

Problem 7.2 Let Q = (0,1), c € L®(Q), and f € H71(Q). Consider the problem 
—u"+c(rx)u=f ing, u(0) = u(1) = 0. 


Prove that it has a unique weak solution in Hg(Q) if || ||z-(a) < 2 (in fact, even if 
le“ |x) < T’). 


Problem 7.3 Let Q C R™ be an open bounded set and consider the problem 


-Au + J biðu +cu= f in Q, u=0 on oQ, 


i=1,N 


with br € WE(O), c € £°(Q), and 2c — Erin Ob; = 0. Prove that there exists a 
unique weak solution u € H3(Q). 


Problem 7.4 Use these inequalities 


2 
asd < —_|[Vullen, vue HR’), N > 3, 
ell ess N-2 
U 
—— oe < CllVullza, Vu € Hi(Q), Q c B(0, R) c R? 
[| n(le]/R) || z2ca) m j 


(see [51]) to show that the weak solutions to the following problems 
—Au=1, u€ Hj(B(0, R)\{0}); —Au=1, u€ Hj(B(0, R)) 
are the same. 
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Problem 7.5 Let Q C RY be an open bounded Lipschitz set, v the unitary exterior 
normal vector on OQ and consider the problem 


—Au +u = f e€ (H(QY in Q, Oju=g_ on OQ, 


where g € H~-/?(0Q). Write the weak form of this problem and prove that this problem 
has a unique H!(Q) weak solution. 


Problem 7.6 Let Q C RY be an open bounded Lipschitz set and v the unitary exterior 
normal vector on ðN. Furthermore let Mj(Q) = {u € H1(Q), fo udx = 0} and consider 
the problem 


-Au = f inQ, fe(H*(Q))’, (f,1)=0, 
ðu = 0 on OQ. 


i) Write the weak form of this problem. 
it) Prove that Poincaré inequality holds in Mj(Q). 
iii) Prove that this problem has a unique weak solution in Mj(Q). 


Problem 7.7 Let Q C RY be an open bounded connected Lipschitz set and y be a rela- 
tively open set on OQ with nonzero HN! measure. Furthermore let AY (Q) be the closure 
for the H'(Q) norm of {v € C(Q), vh = 0}, and consider the problem: u € H}(Q) 
solution to 


—Au=f inQ, u=0 ony, Ou=0 on OO\y7, f EL(). 
i) Write the weak form of this problem. 
ii) Prove that Poincaré inequality holds in H}(Q). 
iii) Prove that this problem has a unique weak solution in H}(Q). 


Problem 7.8 Let Q C RY be an open bounded Lipschitz set and let u be a solution 
to (7.2.20), with b = 0 and c > co > 0. Show that L?(Q) 4 (A1(Q))’ and, by 
approximating f € (H1(Q))' by a sequence (fp) in L?(Q), give a meaning to (7.2.21) in 
the case f € (H1(Q))’. 


Problem 7.9 Consider the problem 


—-Mutea«u = f nQcrR’, where A?u = A(A(u)), 
u=0u = 0 on Q, 
with Q an open bounded Lipschitz set, v the exterior unitary normal on OQ, and 0 < 


c € C°(Q). Write the weak form of this problem and use Corollary 9.5.4 to prove that 
it has a unique weak solution u € H?(Q) for every f € H~?(Q). 
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Problem 7.10 Let Q C R be an open bounded interval, a € C°(R), m <a < M, with 
m,M e€ (0,00), 0 < ce LQ). 


i) Write the weak form of this problem 
—(a(u)ju')’+c(x)u=f in Q, u € Hy(Q). 

ii) Prove that this problem has a weak solution for every f € H!(Q) (you may 
consider the map A: C°(Q) — C°(Q) with u = Av the solution to —(a(v)u’)’ + 
c(x)u = f in HÌ (Q) and use Theorem 7.8.1). 

Problem 7.11 Let Q C R be an open bounded Lipschitz set and consider the problem 
-Au =e in Q, u=0 on OQ. 
i) Write the weak form of this problem. 


ii) Prove that this problem has a unique weak solution (you may apply Theorem 7.3.1) 
to the map A: L%(Q) +> L9(Q), for a certain q, with u = A(v) solving —Au =e” 
in H3(Q)). 


Problem 7.12 Let Q C R be an open bounded Lipschitz set, N <5, and consider the 
problem: 


u € HiQ), —Aut+h(uju=f in Q, 
where f € H! (Q), 0 < h € CE(R). 
i) Write the weak form equation of this problem. 
ii) Prove that this problem has a unique weak solution (you may apply Theorem 7.3.1) 


to the map A: L9(Q) + L4(Q), for a certain q, with u = A(v) solving —Au + 
h(v)u = f in H3(Q)). 
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8. Second-order parabolic and 
hyperbolic PDEs 
In this chapter we consider the evolution equation of the form 
u(t) + Lu(t) = f(t), t € (0,7), (8.0.1a) 
u(0) = uo, (8.0.1b) 


d 
where T > 0, u : (0,7) + V is a map, V is a Banach space, u’ := ZU is the time 


derivative of u, L : V + V’ is an operator, and ug and f are given. With the same 
notations as above, we will also consider the second-order evolution equation of the form 


u(t) + Lu(t) = f(t), t € (0,7), (8.0.2a) 
u(0) = uo, u(0) =u, (8.0.2b) 
n" du : : . A . . 
where u := — is the second-order time derivative of u, and uo, u1 are given. We will 
define in sections 8.3 and 8.4 in which sense (8.0.1) and (8.0.2) are understood. 
Often, the equations (8.0.1) and (8.0.2) are referred to as heat equation and wave 
equation, respectively. In the simplest form they are given by 
u(t) - Aut) = fO u" (t) — Au(t) f(t), te (0,7), 
u(0) = uw, PL u(0) =u, w(0) = u. 


There are different methods to analyze the equations of type (8.0.1) and (8.0.2), such 
as Hilbert spaces, variational (or weak formulation), semigroup, Laplace transform, and 
spectral decomposition methods; see, for example, [5, 11, 27, 35, 53]. We will only present 
in detail the method of spectral decomposition. 


8.1 Heat and wave equations and the method 
of separation of variables 


Before we develop the analysis of (8.0.1) and (8.0.2), we will present the method of 
separation of variables for heat and wave equations in dimension one with L = —A. It 
© The Author(s), under exclusive license to Springer Nature Switzerland AG 2023 139 
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serves as a motivation for the method of separation of variables in the abstract case that 
we will consider in this chapter. 


8.1.1 Heat equation and the method of separation of variables 


Here we consider the heat equation in one space dimension 


u' — Au =0 in OX (0,T):= (0,7) x (0,T), (8.1.1a) 
u=0 on 00 x (0,T), (8.1.1b) 
u=g on Ox {0}. (8.1.1c) 


Here u = u(x,t), u(-,t): Q > R, w’ is the derivative of u w.r.t. t, and Au = 02,u. 
Without developing a functional framework, at this point it is not clear what kind of 
solution to look for (8.1.1). However, we will follow the well-known method of “separation 
of variables” for non-rigorously solving (8.1.1). At the beginning of the next section, we 
will provide more comments about this method before we formalize it for more general 
problems. 
We look for u = u(x,t) in the form u = V (t)W (x). Replacing u in (8.1.1a) gives 


V'(ÐW (x£) — V(t)W" (z) = 0. 


Assuming VW # 0 for all (x,t), from the last equation we obtain =i = m. which 
V’ (t) W” (z) 


implies Vo = A, ae = i, for a certain constantA, or equivalently 


V’-\V =0, W"-dA\W =0. (8.1.2) 


The equations (8.1.2) are respectively of first and second order, linear, and homogeneous, 
so their solution spaces are respectively of dimension one and two. Their general solutions 
are 


+6 A=0 
Vit)=7e*, Wr) =d A R. 
( ) Ye; (x) l ae? Y> is Bey, d r 0, a, p, yE 
Therefore 
e( Ax + B) ASO 
t) = l A, BER. 1. 
ue l e'(AetV> + Be™®Y>), A #0, mae ei) 


Such a u solves (8.1.1a) for arbitrary A, B, and À. The constants A, B, and À are chosen 
such that u solves (8.1.1b) and (8.1.1c). Let us first deal with (8.1.1b). As we must have 
u(0,t) = u(a,t) = 0 for all t € (0,7), in the case X = 0 we get B = Ar + B = 0, so 
A = B =0 and u = 0. In the case À Æ 0 it follows A+ B = Ae"Y* + Be~*V> = 0. Hence 


B=-A, ®%=1, vVA=ik, \=—k, KEN. 
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Therefore, all non-trivial u(x,t) given by (8.1.3) have the form 
ugle, t) = Ae (et — et) = Cpe ™ sin (kx), KEN, CER. 
From the linearity of (8.1.la) and (8.1.1b), it follows (not rigorously) that 
aed) = D = yop sin (kx) (8.1.4) 
keN keN 
solves (8.1.la) and (8.1.1b). The coefficients Ck are unknown, but we can define them 


by imposing the condition (8.1.1c). Replacing u of (8.1.4) in (8.1.1c) implies 
u(x, 0) = SoC sin (kx) = g(x), x € (0,2). (8.1.5) 


keN 


2 T 
Using the relations (4.1.10) gives C, = = | sin (ks) g(s)ds, which implies 
T Jo 


u(x,t) = Da sin (kx) ( i e (ks) a(s)as) (8.1.6) 


We note that (8.1.6) gives a candidate for a solution to (8.1.1). Ideally, one looks for 
a “classical solution” to (8.1.1), which is u € C?(Q x (0,T)) NC°(Q x [0, T)) satisfying 
(8.1.1) pointwise. Classical solutions require strong assumptions on the data f, uo, which 
narrow the class of f and ug. In this chapter we look for weak solutions, which exist for 
a large range of data; see section 8.3. 


Remark 8.1.1 Using the same method as above, we can also solve the problem 


u —?Au=0 in Qx (0,T) := (0,2) x (0,7), (8.1.7a) 
u=0 on Q x (0,7), (8.1.7b) 
u=p on Qx {O}. (8.1.7c) 


Indeed, we can change the variables as follows: 


T T\ 2 
(== T= (cs) t v(y, T) = u(x,t). 


4 
If furthermore g(y) = p(x) then v(x, T) solves 
v —Av=0 in (0,7) x (o (5) r) l (8.1.8a) 
v=0 on {0,T}x (o (5) r) , (8.1.8b) 
v= 7 on (0,7) x40}, (8.1.8c) 


and is given by (8.1.6). Then 


u(x,t) = Le. sin (kZe) ( l whi (is) p(s)ds) (8.1.9) 


keN 
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The method of separation of variables can be used to solve (8.1.1) with different 
boundary conditions than (8.1.1b), for example u,(0,t) = 0 and u(¢,t) + uz(£, t) = 0. 
The method is the same as above, except that after applying these conditions we get 
different formulas for the coefficients A, B, A, and Cy. 


Example 8.1.2 Let us find a classical solution to the problem 


ti; — 16Uz¢ = 0 in (0,7) x (0,00), (8.1.10a) 
u(0, t) = u(t,t)=0 for t>0, (8.1.10b) 
u(z,0) =a(7 — x) for x € (0,7), (8.1.10c) 


by using the method of separation of variables. We can use (8.1.9) with € = 7, g(x) = 
x(t — zx), and c = 4. Integrating by parts 


T sin (r35) g(s)ds = [ sin (ks) s(7 — s)ds = — 


gives 


ulz, t) = : >», i 2 eth)” gin (ke) = SDO] (8.1.11) 


keN kEN 


We show that u is a classical solution to (8.1.10). Indeed, note first that the series 
(8.1.11) converges in C° ([0, 7] x [0,T]), for arbitrary T > 0 because |uz(2,t)| < & for 
all (x,t) € [0,7] x [0,00). Then the claim follows from Weierstrass M-test. Therefore, 
u € C°([0, 7] x [0, 00)) and u satisfies (8.1.10b), (8.1.10c). As |A,ux|+|Ovux| < S for all 
(x,t) € [0,7] x [0, 00)), by using again Weierstrass M-test we get u € C1((0, m] x [0, 00)). 

Furthermore, u € C?((0,7) x (0,00)) and satisfies (8.1.10a). Indeed, all uz satisfy 
(8.1.10a). Next we point out that given e > 0 and i,j E€ {x,t} we have s 


e7e(4k)? 


ðu] < C in [0,7] x [e,T], and Y£ 


Then from Weierstrass M-test the series (8.1.11) converges in C?([0, 7] x |e, T]) and the 
claim follows from the arbitrariness ofe and T. Finally, we point out that lim, ulz, t) = 
0 because 


DV -i 
lim lulz, t)| < C (= 5) jim e =0. 


kEN 
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8.1.2 Wave equation and the method of separation of variables 


Now we use the method of separation of variables again, this time to solve the wave 
equation in dimension one, namely 


Ut — Uss =0 in OX (0,7), O= (07), TSO (8.1.12a) 
u=0 on Q x (0,7), (8.1.12b) 
u=g, u =h on Qx {0} (8.1.12c) 


Disregarding the issues of existence and uniqueness, we are interested only in finding 
a formula for the solution u. We assume that u = u(x,t) can be written as u(x,t) = 
V(t)W (x). Replacing u in (8.1.12a) gives 


V"(t)W (x) — V(t)W" (x) = 0. 


Assuming VW # 0, from the last equation we obtain i = To, Then, necessarily 
there exists a constant \ such that 2 = A, We) = A, or equivalently 
V(t) W(x) 
V"-AV =0, W"-dAW =0. (8.1.13) 


The equations (8.1.13) are of second order, linear, and homogeneous, so their solution 
spaces are of dimension two. The general solutions are of the form 


At +B, \=ù, Cx +D, 0! 
t = = 
V( ) l AeA + BeA, A, 40, W(x) l Cet + De®, #0, 


with A, B, C, D being arbitrary constants. Therefore 


wana a >) Xat 


(AVA + Be (dei De, £0, eae 


is always a solution to (8.1.12a). The constants A, B,C, D, and A are chosen such that 
u solves (8.1.12b), (8.1.12c). Let us first deal with (8.1.12b). The conditions u(0,t) = 
u(t, t) = 0, t € (0,7) are equivalent to 


D=Cr+D=0, \=0, 
C+D = Ce + De™ =0, AX. 


Then necessarily 


C= D=0, à=0, 
D=-0, e^=1, VA=ik, A=—k, KEN, AFO. 


Therefore, u(x,t) given by (8.1.14) looks like 


UR(2, t) = C(Ae™ + Be~”) (e™” = a) 
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= 2C((A+ B)cos(kt) +7(A — B) sin(kt)) sin(ka) 
=: (A, cos(kt) + B, sin(kt)) sin(kz). 


It follows that 


u(x,t) = X u(x,t) = X_ (Ag cos(kt) + By sin(kt)) sin(kx) (8.1.15) 


kEN kEN 


solves (8.1.12a) and (8.1.12b). Now, it remains to find A, and By. They are chosen such 
that u given by (8.1.15) satisfies (8.1.12c), which implies 


ie, 0) = So Ar sin(kxr) = g(x), u(x,0) = X Buk sin(kx) = h(x). (8.1.16) 


keN kEN 


If the functions g and h have the following sine Fourier expansions 


gz) = Xoor sin(kz), h(x) = >; h,sin(kx), «x € (0,7), 


keN kEN 


then from (8.1.16) we obtain A, = hk, By = s and therefore 


u(x,t) = `> (o cos(kt) + hx sn( kt) sin(kx) (8.1.17) 


k 
kEN 


solves (8.1.12). 

Like for (8.1.6), (8.1.17) gives a candidate for the solution to (8.1.12). On the first 
attempt, we look for a “classical solution” to (8.1.12), which is u € C?(Q x (0, T)) A 
CHQ x [0, T)) NC%(Q x [0, T)) satisfying (8.1.12) pointwise. Classical solutions require 
strong assumptions on the data f, uo, u1. We will study the existence of weak solutions, 
which exist for a large range of data f, ug, and u1; see section 8.4. 


Remark 8.1.3 Using the same method we can solve the problem 


Un — Cure = 0 in Qx (0,T) := (0,2) x (0,7), (8.1.18) 
u = 0 on Qx (0,7), (8.1.19) 
u=p, u, = q on Qx {0}. (8.1.20) 


Indeed, we can change the variables as follows: 
y = 7 T= ct, v(y, T) = wat). 


Note that we have 


2 


tis (at) = (5) vts T), CUurrlz, t) = (e5) Coil Ds 
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Therefore, if gly) = p(x), hly) = q(x) then v(y,t) solves 


Urr —Vyy = 0 in (0,m) x (dezt); (8.1.21) 
v = 0 on {0,7}x (0.c57), (8.1.22) 
v=9,0, = ch on (0,7) x {0}. (8.1.23) 


Note that the sine Fourier coefficients gg, resp. hk, of g, resp. h, are related to the sine 
Fourier coefficients pz, resp. qk, of p, resp. q, by resp. gy = Pk, hy = qk. Then from 


(8.1.17) and u(x,t) =v (aez we get 


u(x,t) = 2, @ cos (ck3t) + sin C9) sin (r32) ; 


where pp and qg are given by 


2 2 
Pk = al sin (k32) p(x)dt, qk = al sin (3e) q(z)dz. 


Finally we point out that following the same method, we can consider more general 
boundary conditions than (8.1.12b), such as 


apu(0,t) + bouz(0,t) =0, aruln,t)+ bruslí, t) = 0, (8.1.24) 


with ao, bo, ar, br given constants, ag + bg > 0, a2 +b? > 0. 


D’Alembert solution to the wave equation 


When the space domain of the wave equation is R, we can get a formula for the 
solution. Indeed, consider 


Utt — C’Ugg =0 in Rx (0,00), (8.1.25a) 
u =g, y= bh on Rx {0}. (8.1.25b) 


As we have seen in Example 2.0.4, the general solution to (8.1.25a) is given by 
u(x,t) = F(x — ct) + G(x + ct), (8.1.26) 


with F and G being two C?(R) functions. The functions F(x — ct) and G(x + ct) are 
called “traveling wave solutions”; more precisely F(x — ct) is called “forward wave”, 
while G(x + ct) is called “backward wave”. The curves x + ct = Xo, £o € R are called 
“characteristic curves” of the wave equation. 

To identify g and h, we replace (8.1.26) in (8.1.25b) and get 


F(x) + G(x) = g(a), c(—F"(x) + G'(x)) = h(x). 
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It follows that 
F(x) + G(x) = g(x), c(—F (a) + G(x)) = c(—F(0) + G(0)) + [ h(s)ds. 


Hence 


F(a) = Sola) + 50) — G(0)) ~ = f aoas, 


2c 
Gla) = $o) + 5(-F) + G0) + F Hos sited 
ulz,t) = F(x—ct)+ G(x + ct) 
= jlole— ct) +o(e+ et) + 5- | Mods (8.1.27) 


The solution given by the formula (8.1.27) is called the “d’Alembert solution to the wave 
equation (8.1.25)”. 


8.2 Some preliminary results 


In general, the formulas (8.1.6) and (8.1.17) do not provide classical solutions. How- 
ever, the heat and wave equations describe natural phenomena and expanding their 
solutions in series (8.1.6) and (8.1.17) is meaningful. This means that the concept of 
classical solutions is restrictive. Instead, the concept of weak solutions is more general 
and includes the classical solutions. Before we develop the analysis of the existence of 
weak solutions to evolution equations, we will present some preliminary results. 

A careful view of the method of separation of variables for heat and wave equations 
shows that in all cases the solution is given in the form of a series like 


u(t) = u(-,t) =} en(t)sin(n(-)), (-) € 9 = (0,7), 


with appropriate functions c,. Hence, u(-,t) belongs to span {u, = sin(nx)), n € N}. 
Note that u, and \, = n?, n = 1,2,..., are the only eigenfunction /eigenvalue pairs of 
the operator —A : u € Hj(Q)N H?(Q) + L?(Q). Note also that if T denotes the inverse 
of —A, T = (—A)~1, then T is a compact self-adjoint operator, and un, n~? are the only 
eigenfunction /eigenvalue pairs of the operator T. 

The property of writing the solution as a series of eigenfunctions un of T, often 
called “spectral decomposition”, holds in general for any self-adjoint (symmetric) com- 
pact operator T in a separable Hilbert space. It allows one to look for the solution to a 
certain PDE involving such an operator T as a series of eigenfunctions of T. We have 
this general result; see, for example, [5, 13, 29]. 
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Theorem 8.2.1 (Spectral decomposition) Let (H,(-,-)) be a separable Hilbert space 
and T: H — H be a self-adjoint compact operator, i.e. 


[self-adjointness/ : (Tu,v) = (u, Tv) for every u,v € H, and (8.2.1) 
[compactness] : for every bounded sequence (un) in H,(T(un)) has 


a convergent subsequence in H. (8.2.2) 


Then there exists a countably infinite orthonormal basis (pn) of H consisting of eigen- 
vectors of T, with corresponding eigenvalues {un} C R and limp oo Hn = 0. 


We will restrict the analysis of (8.0.1) and (8.0.2) to the cases where L is given by 
L: Hj(Q) => H0), 
N 
u |> Lus — S/d; (ai0;u) + cu, 
ij=l (8.2.3) 


N 
(Lu, p) = f > aijð;uðjp + eue) dz, Vp € Hj(Q). 
Q 


ij=1 


Here and throughout this chapter, unless otherwise stated, Q C RY is an open bounded 
set, and a,; and c satisfy 


A = (aig) = (aji) E WE? (Q; RK"), ce L*(Q), (8.2.4) 
N 
Ik, K >0, VOAEER, KEP < X` ay(-JEG < KEP, ae. nO. (8.2.5) 
ij=l 


In what follows, we will use these notations: 
(u, v) := (u,v) 12/9), jul i= (u, u)", 
((u, v) = (u,v) mao) = (Lu, v), llull = (CAD 


where for the equivalence of the norm in Hj(Q2) we have used the Poincaré inequality 
in Hj (Q) and (8.2.5). The following theorem characterizes the spaces L?(Q) and Hj(Q) 
in terms of series, involving the eigenvalues and eigenfunctions of L. 


Theorem 8.2.2 Set T : L?(Q) + L?(Q), Tf =u, where Lu = f, u € Hj(). 


a) L is positive and invertible from Hj(Q) onto H7\(Q), and T is a well-defined 
self-adjoint and compact operator. 


b) There exists a countably infinite orthonormal basis {pn} of L?(Q) for the inner 
product (u,v), consisting of eigenvectors {yn} of L, (Lyn, p) = An(Yn, p) for all 
p € H3(Q), with moreover {An} C (0,00), limp Àn = œ, and 


LQ) = fa =S pa a= up < <} . (8.2.6) 


n=1 n=1 
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c) Similarly, {un} := {Pn/ VAn} is an orthonormal basis of Hj(Q) for the inner 
product ((u,v)) and 


Hy(Q) = fa = Solu, Yn)~n, llul? = Ya U, Yn)? < <}. (8.2.7) 


n=1 


d) Let 


dom(L) = fa =y pdea ihm = > An(ts Ga)” < ~| 
n=1 


n=l 


Then dom(L) C L?(Q), Lu = Ypi An(U, pn)yn € L?(Q) and ||Lullra@) = 
luļaom(z) for every u € dom(L). Furthermore, L € L(dom(L); L?(Q)) and dom(L) 
equipped with the norm ||ul|dom(1) = (llull) + ia ee is a Hilbert space. 


Proof. The claim a) follows from Theorem 7.2.8 and the compact embedding Hi (9) 
L?(Q). The claim b) follows from the classical theorem of spectral decomposition of 
compact self-adjoint operators; see Theorem 8.2.1. For c), clearly {¢,,} is orthonormal 
in Hj(Q) because 


Àm 


(Ym, Yn) = (Lm, Wn) = ÀAm(Ym, Wn) = (Pm, Pn) ae 


Furthermore {w,, n € IN} is dense in Hj (Q), because if u € Hj (Q) and ((u, Yn) = 0 for 
all n € N then 


0= (u, Yn) = (Ln, u) a An(Wn; u) = VAn(Yns¥) 


which implies u = 0 because {pn, n € N} is dense in L?(Q). For (8.2.7) we note that if 
u € Ho(Q) then u = °°, (u, dn) Yn and 


lull? = Sou, dn)? = > Lyn, u) =m Wn, U) = S AGE 
n=1 n=1 n=1 


For d), let u € dom(L), so u = X% (u, Pn)Yn and SO, A2 (u, Yn)? < oo. Clearly 
u € L?(Q) because A, > A, > 0. For arbitrary y € D(Q) we have 


(Lu, p) = (u, Ly) 


= (Su ean fe) = S (u, Pn) (Len; 9) 


n=l w=] 


X Ants Pn) (Pns p) = ( X Arlu, Pn) Pn o) ; 
n=1 n=1 


148 


Chapter 8 8.2. Some preliminary results 


which shows that Lu = oP), An(U, Yn) Yn and || Lu] r2(a) = |uldomcz): 

Finally, to show that fom ) is a Hilbert space it is enough to show that it is 
complete. Let (un) be a Cauchy sequence in dom(L). Then (un) and (Lun) are Cauchy 
sequences in L?(Q), so they converge in L?(Q) to u and v, respectively. Necessarily 
v = Lu because for y E€ D(Q), we have 

(wp) = lim (Lun, p) = lim (un, Ly) = (u, Ly) = (Lu, 9), 


n00 


which completes the proof. 


Similar to the proof of (8.2.7), one can show that 
H(Q) = fy =X (f, Pn) Pn E€ HO), Ifl- = Yay (F, Pn)” <o), (8.2.8) 
i=1 


where (f,v) means the duality H~'(Q) x Hj(Q) and the convergence of the series is in 
H~1+(Q). We leave the proof as an exercise; see Problem 8.9. 


Definition 8.2.3 Let F = F(s), s € R, be a function. Then we define 
F(L) : dom(F(L)) => ES 


F(L)(u) 


SFO, (u, Pn)Pn, where (8.2.9) 


dom(F(L)) = fare ) DFO ) u, pa)? <o. 


Example 8.2.4 For t > 0 consider F(s) =e’, s € R, and define 


e™ (u) = D òn (u, Pn)Pn, with (8.2.10) 


? E€ LQ), So e2 (u, Pnl? < ~| (8.2.11) 


n=l] 


dom(e~"”) 


We close this section by introducing the following concepts and associated results. 
For the proof of these results and more details, the reader can see, for example, [15, 36]. 
Let (Y, || - ||) be a Banach space, a,b € R, a < b, k € No, p € [1, co]. We have introduced 
the spaces C*((a,b);Y); see Definition 1.1.6 with Q = (a,b) and X = R. The spaces 
C*({a,b];Y) and L?(a,b; Y) are defined by 


C¥((a,b];Y) = fu : [a,b] = Y,u® extends as a C®([a,b];Y) for all i =0,...,k, 
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equipped with |lul|c*(a,bj;~) = 3 one Iu (t) Olr}, (8.2.12) 
i=0 tE[a,b 
Le(a,b; Y) = {t E€ (a,b) + u(t) € Y measurable and |\ul|re(a,p,v) < 00, where 
b 
lelea =f BORA if pE [1,00), 
lullzeasr) = Ilu lylreas if p= o}. (8.2.13) 


These spaces equipped with the respective norms are Banach spaces. If Y is a separable 
Hilbert space with {y,, n € N} an orthonormal basis, then for every u € L?(a,b; Y) we 
have 


nEN nEN 
lullžzasy) = i )|lP-dt = he lun(t)|?dt, un € L?(a,b). (8.2.15) 
nEN 


8.3 Weak solution to the heat equation 


We introduce the concept of a weak solution to the heat equation. 


Definition 8.3.1 Let uo € L?(Q) and f € L7(0,T;H7'(Q)). A function u is called 
“weak, or variational, solution to (8.0.1)” if 


i) u € C°([0, T]; £°(Q)) n Z?(0, T; HE(Q)), (8.3.1a) 
it) u(0) = uo, (8.3.1b) 
itt) L (ult),») + (Luft), v) = (fŒ, v), Woe HiQ), in D'(0,T). (8.3.1c) 


The problem i)—iii) is called “weak, or variational, form of (8.0.1) ”. 


The decompositions (8.2.6), (8.2.7), and (8.2.8) motivate the following formal solu- 
tion to (8.0.1). We assume up = D>, UonYn and f(t) = °°, fa(t)yn are the decom- 
positions of ug in L*(Q) and of f in L?(0,T; H~'(Q)), and look for u = X7} un(t) Pn. 
Replacing u in (8.0.1) gives 


D (unl) + Antalt) enl) = $ heele), t>0, EQ, 


n=1 
AOT Y tona 
n=1 n=1 


which imply 


u,,(t) + AnUn(t) = falt), Un(0) = Uon, Vn eEN. (8.3.2) 
150 


Chapter 8 8.3. Weak solution to the heat equation 


This equation can be written equivalently as (e*"'u,)’ = e™t fa(t), which has a unique 
solution 


un € H'(0, T) A C° ([0, T]), (8.3.3a) 
t 

Un (t) = e ™ uon +f err(s— f(s) ds, (8.3.3b) 
0 


because f, € L?(0, T). We have this result. 


Theorem 8.3.2 Let L be as in (8.2.3) and assume (8.2.4), (8.2.5) hold, uo € L?(Q), 
and f € L7(0,T;H~1(Q)). Then the problem (8.0.1) has a unique weak solution u € 
C° ([0, T]; L°(Q)) A L?(0, T; Ho (Q)) given by 


u(t)(x) = S (tuon + f ' alm) fu(s)ds) n(x) (8.3.4) 


n=1 
t 
=; ettu f eL f(s)ds 
0 


with Un given by (8.3.3). 


Proof. Set S*(t) = YE; un(t)Gn, Sk = YE; Uon, and Sk(t) = SE falt)yn. It is 
clear that (S$) converges to uo in L*(Q) and (SẸ) converges to f in L?(0, T; H~'(Q)). 
We note also that from (8.2.15) and (8.2.7), for all u € C°([0, T]; £7(Q)), resp. u € 
L?(0,T; Hj (Q)), we have 


| SEI Z0Go,7),22@)) = sup Yato) ; (8.3.5) 
te[0,T] + 
k 
I SulZ20,7;na(0)) = 2,» [ | un (¢) |? de. (8.3.6) 


Claim: u satisfies (8.3.la) and (8.3.1b). Indeed, multiplying (8.3.2) by 2u, and integrat- 
ing in (0,t) C (0,7) gives 


t t t 
f (aloes +r, f Jun (s)|?ds = 2 | fn(s)Un(s)ds, which implies 
0 0 0 
t 


1 t t 
+ -f | fn(s)|?ds +f Xn|Un(s)|?ds. 
An 0 0 


ih 1 T 
E HA f Jun(s)|2ds < Rat I fa(s)|2ds. 
0 n Jo 


IA 


u? (t) + 7i jun(s)|?ds 
0 


Therefore, for all t € [0,7] we have 
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Summing this result for n from k + 1 to k + l gives 


ISIN @) — Si@I|ze@ + (sat - Salzen ma) 
< ISE" — Sille + ISF - SFE n;r-o)» (8.3.7) 


which shows that (S¥) is a Cauchy sequence in O°((0, T]; L?(Q)) N L7(0, T; H4(Q)), 
because (Sg) converges to uo in L*(Q) and (SẸ) converges to f in L?(0, T; H~'(Q)). 
As C°([0, T]; £7(Q)) N £7(0,T; Hd (Q)) is Banach, the sequence (S*) converges to u in 
C°((0, T]; L7(Q)) N £20, T; H4(Q)). Also from S*(0) = S* and (S*) converging to u in 
C°((0, T]; £7(Q)), we get u(0) = uo, which proves the claim. 

Claim: u satisfies (8.3.1c). Indeed, the equation (8.3.2) is equivalent to 


d 
gso Pn) + (LSE ty, = (SE, Qn), Vn € {1,2,..., k}. 


Multiplying this equation by w = Y(t) € D(0, T) and integrating by parts in (0, T) gives 


T T T 
7 f (St, pn) bla + f ws ohare | (Sk, on) wal. (8.3.8) 
0 0 0 


Since limp—+oo ISE = ull 12(0,7314(9)) = 0 and limp—oo IS} = f\|x2(0,.7;4-2(0)) = 0, we get 


T T 
tim f ($ pidt = f hodak (8.3.9) 
>% Jo 0 
T T T 
lim f (LS en)vdt, = lim | (Si, Len)Ydt = f (u, Lyn) pat 
> Jo PLO 0 
T 
= f Tu pajat and (8.3.10) 
0 
T T 
jim f (Spony = | (hova (8.3.11) 


Therefore, letting k — oo in (8.3.8) combined with (8.3.9), (8.3.11) gives 


T Ẹ T 
-f (u, owa f (Lu, Pn) wat = (f,n)vdt, VneN. (8.3.12) 
0 0 0 


This equality holds with Yn replaced by any finite combination of 1, y2,..., which by 
the density of {yn} in Hj(Q) implies (8.3.1c). 

Claim: The solution is unique. It is enough to show that if u solves (8.3.1) with f = 0 
and uo = 0, then u = 0. Indeed, we have u = X>] UnYn because u € L?((0, T), H+(Q)). 
Taking y = pn in (8.3.1c) gives ul, + AnUn = 0 and u,(0) = 0, which implies u, = 0 and 
so u = 0. 
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8.4 Weak solution to the wave equation 


We will solve the problem (8.0.2) with L given by (8.2.3) by using the same approach 
we used for the heat equation. Let us first introduce the concept of weak solutions to 
the wave equation. 


Definition 8.4.1 Given uo € Hj(Q), u, € L?(Q), and f € L?(0,T; L?(Q)), a function 
u is called a “weak, or variational, solution to (8.0.2)”, if 
i) u € CX((0, T]; 220) n 0%((0,T]; HEO), (8.4.1a) 
ii) u(0) = uo, u'(0) = u, (8.4.1b) 
d 
itt) ae ©) + (Lu(t),v) = (f(t),v), Vo € HiQ), in D'(0,T). (8.4.1c) 
The problem (8.4.1) is called “weak, or variational, form of (8.0.2) ”. 


Assume the decomposition of uo in Hj(Q), of u, in L?(Q), and of f in L?(0, T; L?(Q)) 


are given by uo = poe UonPn, Ul = Spear U1nPn, f(t) = Yni In) Pn If u = 
XO] Un(t)Yn, then replacing it in (8.4.1c) yields 


co 


S (uk(t) + Antin(t) altea) =0, t>0, EQ, 


n=1 


which implies 
un (t) + Anun(t) = falt), Un (0) = U0,n) u,,(0) = Ulin. (8.4.2) 


This equation has a unique solution satisfying 


un € H7(0,T)NC"((0, T]), (8.4.3a) 
a 
Un(t) = cos (tW/An) on + ie sin (tV An) Un 
+ / x sin ((t —s)V/ An) fa(s)ds. (8.4.3b) 


The formula (8.4.3b) follows from the method of variations of constants, and it implies 
the regularity (8.4.3a) after using the fact: for all g € L'(0,T) and y € D(0, T) we have 


(4 Jo 9(s)4s, 9) = (9,9). 

Theorem 8.4.2 Let L be as in (8.2.3) with (8.2.4), (8.2.5) satisfied, uo € Hj(Q), u € 
L?(Q), and f € L7(0,T; L7(Q)). Then the problem (8.4.1) has a unique solution given 
by 


it) = > (cos(ty/An)ta.n + x smun) Pn 


n=l 
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pS ( J x sin((t — s) Vn) Ful) Pn (8.4.4) 
I oh 
=: cos(ty/An)uo + R sin(t/An,)u1 + l a. sin((t — s)\/A,)f(s)ds, (8.4.5) 


where un are given by (8.4.3b). 


+ 


Proof. Like in Theorem 8.3.2 the proof goes in several steps. Set S*(t) = YE; Un(t)Yn, 
a = ae lino, = Se Uin, and S(t) = ee fn(t)~n. It is clear that (9%) 
converges to uo in Hj(Q), (S*) converges to u in L?(Q), and (SF) converges to f in 
L? (0, T; L?(Q)). We note also that from (8.2.6) and (8.2.7), we have 


SENG qorrzo = sup Shu )|? + sup See (8.4.6) 
te[0,T] n te[0,T 

ISillcoqor nga) = SUP are juin (t)I". (8.4.7) 
te[0,T] a 


Claim: u satisfies (8.4.1a) and (8.4.1b). Indeed, multiplying (8.3.2) by 2u/, and inte- 
grating in (0,t) C (0,7) gives 


t t t 
f (\u!,(s)2)'ds + An f (\un(s)P'ds = 2 f Oe 
0 0 0 
It implies 
$ t 
lu (t)|2 + Anlm(t)2 < juin? + Xvluonl? +f lds + f [fa(s) as. (8.4.8) 
0 0 


To proceed, we estimate u/, in L?(0, T). From (8.4.3b) we get 


= VAn sin(t/An)tion + cos(tV/An)urn + f cos((t — s) VAn) fin(s)ds 


0 


This implies 


T T 
f OPa < O (Anta + uh + / TOKO 
0 0 


which combined with (8.4.8) gives 


T 
Je’ O + Ann < C (a -+ Artin +f a(t) . 
0 
Summing this result for n from k + 1 to k + l yields 
ISEV E = (St) Ollia + WSO) — STO) Facey) 
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< ST — Sille + SO — Solino) 
a: era 7 S7 lli20,7);120))» (8.4.9) 


which shows that (S£) is a Cauchy in C1((0, T]; L?(Q))NC©°((0, T]; H4(Q)). As this space 
is Banach, the sequence (S¥) converges to u in C1({0, T]; £?(Q))NC°([0, T]; HE (Q)). Also 
from S*(0) = SÈ and (S*)/(0) = SF we get u(0) = uo, u/(0) = u1, which proves the claim. 
Claim: u satisfies (8.4.1c). The equation (8.4.2) is equivalent to 


((SEY!, pn) + (LSE, Pn) = (SË, Pn), Vn € {1,2,..., k}. 


Multiplying this equation by Y = Y(t) € D(0, T) and integrating by parts in (0, T) gives 


T T T 
- f oa f (LSE obde = f (Sp ondt (8.4.10) 
0 0 0 


From haa) sry = u’ || C((0,7);£2()) = 0, limy || S* = ull c9((0,7);#72(2)) = 0, and 
lim +00 IS% = F| L20,T:120) = 0, we get 


Jim. KOZA = | “(ul paw, (8.4.11) 
lim f (ES$ onat = lim (Sh Lonjódt = / ipit 

= f Tonua and (8.4.12) 

jim / T S$, pnyt = f E (8.4.13) 


Therefore, letting k — oo in (8.4.10) combined with (8.4.11), (8.4.12), and (8.4.13) gives 


T T T 
- f pwdi | Lugnybat = | (f,pa)edt, Yn EW (8.4.14) 
0 0 0 


which like in Theorem 8.3.2 proves (8.4.1c). 
Claim: The solution is unique. It is enough to show that if u solves (8.4.1) with f = 0, 
uo = 0, and u; = 0 then u = 0. Indeed, as necessarily u(t) = X7] Un(t)Yn, taking 
P = Pn in (8.4.1c) gives u” + nUn = 0 and u,(0) = 0, ui, (0) = 0, which implies u, = 0 
and so u = 0. 


In this chapter, we considered linear heat and wave equations (8.0.1), (8.0.2), with 
the main part given by the linear operator L in (8.2.3). The main ingredient of the 
analysis was the spectral decomposition of the spaces L?(Q) and Hj(Q) and H7! (Q). 
There are theories associated with (8.0.1), (8.0.2) in a more abstract context. For more 
details on this topic we refer the reader to, for example, [11, 27, 30, 53}. 
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Problems 


Problem 8.1 Using the method of the separation of variables, solve the following PDEs. 
For each of them, consider whether the solution is classical or not, and find limno ulz, t). 


(a) Ut — Ure = 0 in (0,1) x (0,00), 
u=0 on {0,1} x (0, 00), 
u(z,0)=a(a—1) on (0,1). 

(b) Up— Urr =u in (0,1) x (0,00), 
u(0, t) = uz(l1,t)=0 for t>0, 
uļ(x,0) =x on (0,1). 

(c) Ut — Urr = 0 in (0,7) x (0,00), 
Ugz(0, t) = uz(T,t) for t>0, 

u(z,0) =r- on (0,7). 
(d) ut — Cure = 0 in (0,27) x (0,00), 


u(0,t)=u(27,t) for t>0, 
Uz(0, t) = uz(27T,t) for t>0, 
u(x, 0) = g(x) on (0,27), g € C?([0,27]) and periodic. 


Problem 8.2 Consider the problem 

Ut — Ure = QU in (0,7) x (0,00), 

u(0,t)=u(r,t)=0 on {0,7} x (0,00), 

u(z,0)=a(7—2z) on (0,7), 
with a being a real parameter. Show that the method of separation of variables gives a 
classical series solution and find lim~o u(x,t) in the case a < 1. Consider the solution 
and lim, ... u(x,t) for other values of a. 


Problem 8.3 Using the method of separation of variables solve the following PDEs. 


(a) Ut — Ure = 0 in (0,7) x (0,00), 
u(0,t)=ulr,t)=0 for t>0, 
u(z,0) = sin? z, u(x,t) = sin(2x) on (0,7). 

(b) Un — Ure = 0 in (0,1) x (0,00), 
u(0,t)=u(1,t)=0 for t>0, 


we 0) = z(1 — x), ie 0) = 0) on (0,1). 
In both cases, discuss whether the series solution is a classical solution or not. 


Problem 8.4 Let uo(x), ui(x), f(x,t) be given smooth functions. Show that 


ies Lule — ef De E = A j ude 
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xz+c(t—s) 
-af J. (r, s)drds 


is a classical solution to 


Utt — C Uns = f in Rx (0, 00), u(-, 0) = uo(:), ur(-, 0) = ur(-) on R. 


Problem 8.5 Find d’Alembert formula in Problem 8.4 by using the formula (3.0.3) for 
Ut — Vz = f and Ut + Ug = v. 


Problem 8.6 Consider the wave equation 


Utt — Cte = f in (0, oo) x (0, oo), 


uz on (0,00) x {0}, 
0 on {0} x (0,00), 


u = U0, Ut 


u 


with u(x), u(x), f(x, t) given smooth functions, uo(0) = u1 (0) = 0 and up(0T), ui (07) 
exist. Extend uo, u1, and f(-,t) in R as odd functions and then use the formula of 
Problem 8.4 above to find a classical solution u(x,t). 


Problem 8.7 Consider the wave equation 


Utt — Uss = f in (0,2) x (0,00), 


uz on (0,2) x {0}, 
0 on {0,2} x (000), 


with uo(x), u(x), f(x,t) given smooth functions with uo(0) = u1(0) = 0 and ug(0°), 
ui (0+) well-defined. Extend uo, u1, and f(-,t) in (—£, £) as odd functions and next in 
R as 2L periodic functions, and then use the formula of Problem 8.4 above to find a 
classical solution u. 


u = Uo, Ut 


u 


Problem 8.8 Use d’Alembert formula to solve u(x,t) and to. 


(a) Utt — 4Uze = 0 in Rx (0,00), with u(-,0) = 1-1,1); ue(-,0) = 10,1); and to solution 
to u(2, to) = max{u(2,t), t > 0}. 


(b) un — uss = 0 in R x (0,00), with u(-,0) = 5- 1-1,1; ul, 0) = 1-14. Here, for a 
given xo, to solves u(xo,to) = max{u(zxo, t), t > O}." 


Problem 8.9 Prove (8.2.8). As an application, take Lu = —u” in Q = (0,27) and write 
On (x) := olx — T) as a series in terms of eigenfunctions of L. 


1This problem has an application: if u is the pressure after a shock wave generated by an explosion 
and a building located at the position zo supports a pressure up to 4 (u is a dimensionless variable), 
then this building will collapse or not depend on the sign of 6 := 4 — max{u(zxo, t), t > 0}—it collapses 
if ô < 0 and it does not if ô > 0. 
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Problem 8.10 Consider the problem 


u — uss = f in Q x(0,T), Q= (0,27), 
ul, t) = 0 on ƏN x (0,T), 
u(z,0) = ulz) on Q. 


with uo € L?(Q), f(x, t) = s(x). Prove that the series solution (8.3.4) associated with 
this problem converges in C?([0, T]; L’ (Q))OL? (0, T; HE(Q)) and satisfies (8.3.1c). Prove 
moreover that u’ € L?(0, T; H~'(Q)). 


Problem 8.11 Let u be the solution to the problem (8.0.1) as given by Theorem 8.3.2. 
(a) Prove thatu € H!(0,T; H~+(Q)) and therefore (8.0.1a) holds in L?(0, T; H~1(Q)). 
(b) Prove that if uo € Hj(Q) then u € C°([0, T]; HE(9Q)). 

Problem 8.12 Let u be the solution to the problem (8.0.1) as given by Theorem 8.3.2. 


By using the density of {C(x)v(t), CE D(Q), Y E D(0,T)} in D(Q x (0,T)) show that 
u satisfies 


u' + Lu = f in D'(Q x (0,T)). 


Problem 8.13 Show that the problem (8.0.1) with (8.0.1b) replaced by u(0) = u(T) 
has a unique solution in C9}([0, T]; L?(Q)) N L?(0,T; Hi(Q)) in the sense of Definition 
8.3.1 (with u(0) = uo replaced by u(0) = u(T)) for every f € CL([0, T]; L7(Q)) := {g € 
C°([0, T] £°(Q)), g(0) =g(T)} 


Problem 8.14 Let u be the solution to (8.0.2) as given by Theorem 8.4.2. Prove that 
BQ) = | (otiz + (Lut), u(-2) 
Q 


= [0 Pde + (uow) +2 f [ Fle syul(a,s)aeds te (0,7). (8.4.15) 


Hence, if f = 0 in a certain interval (a,b) C (0, T) then E(t) remains constant in (a,b). 


158 


N Si )) 
Check for 
updates 


9. Annex 


In this chapter, we will collect different results, with or without proof, which com- 
plement the material considered in the previous chapters. 


9.1 Notations and review (Ch. 1) 


9.1.1 Continuous differentiable functions 


Proposition 9.1.1 Let Q C RY be open, k € No, À € (0, 1]. Define CE(Q) and OO) 
spaces as in Proposition 1.1.11, and endow them with the norms || - llor)» I| lloe(a)» 
respectively. These spaces are Banach spaces. 


Proof. It is easy to show that ||u||cx(q) and lulla) are norms, which we leave as an 
exercise. Now we show that the spaces are Banach. 

i) Claim: C?(Q) is a Banach space. Let (uy) be a Cauchy sequence in C} (Q), so for given 
c€ > 0 there exists n, such that 


\Unim(X) — Un(x)| < €, Yn,meEN, n>nm, Vr EeQ. (9.1.1) 


We have to show that (u,) converges to a certain u € CP(Q) in CP(Q) norm. From 
(9.1.1), it follows that (un(x)) is uniformly bounded, Cauchy in R and converges to a 
certain u(x), with necessarily {u(x), x € Q} bounded. For n > n. and x € Q, we obtain 
\un(x) — u(x)| = lim |un(@%) — Unsm(x)| < €, (9.1.2) 
which shows that (u,) converges uniformly’ to u in Q. To complete the proof of the 
claim, it is enough to show u € C°(Q). For z,z +h € Q, we have 
lju(a+h)—u(x)| < [u(x +h) — unl + h)| + |u(e) — un(x)| + |un(e + h) — un(z)], 


which combined with the uniform convergence of (un), of the uniform continuity of un 
near? x and of (9.1.1) implies u € C°(Q) and proves the claim. 


1A sequence (un) in O°(0;Y), Q C X, “converges uniformly tou: Q — Y in Q” if for every e > 0 
there exists ne E€ N such that for all n > ne and all z € Q we have ||un(x£) — u(z)||y < €. 

“Tt is easy to prove that if v € C°(Q) then v is uniformly continuous in B(x, r+) = {y € Q, |y—2| < 
Top CQ. 
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it) Claim: CK(Q) is a Banach space. Proceeding as in i) above, we show that given a 
Cauchy sequence (u,,)inC} (Q), thereexist u,v’ € CP(Q),7=1,...,N,withlimy. Un = u, 
limp oo iUn = vi in CP(Q). Necessarily, ĝu = v' because for x € Q and |t| small we 
have 


“(u(x + tei) — ula) = = lim (un (€ + tei) — un(a)| 


1 1 
= lim Ojunlx + ste;)ds = | u'(x + ste;)ds 
0 


RO 
zg ve), 

which completes the claim for C} (Q) spaces. The proof for C#(Q) spaces follows similarly 
by recurrence. 

iii) Claim: CE*(Q) is a Banach space. Given a Cauchy sequence (un) in C}*(Q), from 
cases above we get the convergence of (un) to a certain u in C#(Q). Furthermore, as 
(llunllckrcay) is necessarily bounded, for x,y € Q with x 4 y, a € NẸ with |a| = k, we 
have 


and therefore |u|cx.a(q) < 00, so u € C**(Q). Finally for n,m € N, we have 


|[D*(u = Un)(t) — D° (u = tn) jm LP & Untn = Un) (2) — D° (Unt = Un) (y) 
Iz — yl m—oo |z — yl 


A 


< lim |luntn — Un||o%.a(a), 
M00 


which from the Cauchy property of (un) in CAA) implies lim, —..5 Un = u in CQ), 
and completes the proof. 


9.1.2 Some results from L?((Q) spaces 


Theorem 9.1.2 (Tonelli) Let N, M € N and ACR, B C R” be two open sets, and 
u: Ax BR be a measurable function such that 


f lu(x, y)dy <œ fora.a.x EA, and f de | lu(x,y)|dy < oo. 
B A B 


Then u € Li(A x B). 
The following is a sort of the reciprocal from the theorem above. 
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Theorem 9.1.3 (Fubini) Let u € L1(A x B) with A,B as in Theorem 9.1.2. Then 
i) foraa zE€A, u(z,-)E€L'(B), and z — L u(x, y)dy € L'(A), 


ii) foraa y€ B, ul-,y)€ L(A), and y> fal (x, y)dx € L'(B), 
iii) [ fe (en)ayae = f fu (x,y)dedy = ff u(x, y)dxdy. 
AxB 


9.1.3 An application: Ordinary Differential Equations 


Theorem 9.1.4 Let (X, || - ||x) be a Banach space, U C X open and f :U => Xa 
Lipschitz function with Lipschitz constant L. Letxo € U, p € (0,1) such that B(£o,2p) C U 
and K > 0 such that |f||coBa2p) < E. Finally, let 0 < r < min{1/L,p/K} and 


set I, =[—r,r]. Then there exists a: Tex B(x, p) = U, such that t € I, =œ a(t,x) € X 
is the unique solution to (1.3.4) in C1(I,; X). 


Proof. The proof of this theorem is an application of Theorem 1.3.10. It is simple to 
show that (1.3.4) in I, is equivalent to 


find o(-,z) € C'(I,;X), a(t,r) = o+ f(a(s,z))ds, tE. (9.1.3) 


Now consider the set 
M ={z€C°(I,; B(20,2p)), 2(0) € B(ao, p)}. 


Equipped with the distance d(y, z) := |ly(-)—2(-)|leo(z,.x); M is a complete metric space. 
Next, for x € B(xo, p) consider the map 


T,: M= M, (T,z)(t) = 2+ f Ae) ))ds, t€ I, x € B(zo,p). 


Clearly Ty is well-defined, because T,z € C°(I,;X), (Irz)(0) = x € B(xo, p), and for 
t € I, we have (T,z)(t) € B(xo, 2p), because 


|(T22)) = aollx < lla = xollx + i IIf(2(s))Ilxds < p+rk < 2p. 


Then every solution to (9.1.3) is a fixed point of Ty}. Note T, is a contraction because 


sup { [If ets) -e)ls te 1} 


kliza — zlog nxp OSK=rlb <1. (9.1.4) 


IA 


|Tezı — Tzzəllco@,:x) 


IA 
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Therefore, from Theorem 1.3.10 there exists a unique fixed point a, E€ Z of Tp, and 
a(t, z) = a,z(t) is a solution to (9.1.3). 

As f is Lipschitz from U in X, it follows that f € C°(U; X) and therefore from (9.1.3) 
we obtain a(-, x) € Cl(I,;U) and a’ (t,x) = f(a(t,x)), t € I,. Finally, if f € C*(U; X), 
from a’ (t,x) = f(a(t,x)) we get a(-,x) € C(I; X). 


The uniqueness of the solution to (1.3.4) holds as follows. 


Theorem 9.1.5 Assume the conditions of Theorem 9.1.4 hold. Let x € U and assume 
ail, xz) € Cl(4,;U) and ag(-,x) € Cl(Jo;U) solve (1.3.4), where Jı, Ip are closed 
intervals containing 0. Then œl, £) = aal, £) on ANA Jo. 


Proof. See [28, Chapter XIV, §3]. 


When f is Lipschitz, we can prove by direct calculations that the solution a is Lipschitz 
with respect to x. 


Theorem 9.1.6 Let x € B(xo,p) and a(-,x) € C'(I,,U) as given by Theorem 9.1.4. 
Then x ++ a(-,x) is uniformly Lipschitz from B(x, p) to C°(I,; X). 


Proof. Let x,y € B(x, p) and a(-, x), a(-,y) be the corresponding C1(/,; X) solutions 
of (1.3.4a) as given by Theorem 9.1.4. We have to prove 


lla, z) — al; ylloog,;x) < Cll — yllx, 


for certain C > 0 independent of x and y. Note that from Theorem 1.3.10, limp 
Tre, y) — a(-,x)\lcog,.x) = 0, where T, : Z ++ Z is defined in Theorem 9.1.4. As 
Tya(-,y) = a(-,y) and ||Tazi — Tx22llcogz,.x) < rllz — Zallx, 0 < k = rL < 1 (see 
(9.1.4)), we have 


Tal, y) -= al, Wlleog.x) = Taly) - Tyak, Wlloog,;x) = le — yllx, 
ITaly) -Tial Wlloog.xy < allt aly) -— TF al y)lloog.:xy lle — yllx 
"Tal, y) — al Wlloog,.xllt — yllx 
Kx — yllx; hence 
ITaly) -el Wlloogexy < X ITaly) —THla(-,y)oogx) 
k=1,....n 
< (Keen) eae 
< lz — yllx, 


l-k 


which after letting n to infinity gives |la(-,z) — a(-,y)Iloog.x) < Cle — yllx with 
C=1/(1—k). 
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9.2 First-order PDEs: classical and weak solutions 
(Ch. 3) 


9.2.1 Classical local solutions to first-order PDEs 


Theorem 9.2.1 Assume that E and g are C* functions, k > 2, and (x°, zo(x°), p°(x°)) 
is non-characteristic, x? €T. Then there exist po > 0, ro > 0 such that 
(i) There exists y? +> p(y) € C*1(To; R”) such that (y°, zo(y°),p°(y°)) is non- 
characteristic for all y? € To := F N B(2®, po). 


(ii) For every y? € To, the initial value problem (3.2.10) has a unique C*(|—ro, ro]; RY x 
R x RY) solution. Furthermore, if T is defined by 


T: [0, ro] x To =! Uo = Qo = 7 (Ug) C Q, 
(t, y’) = T(t, y’) := y(t,y°), 


then T is C*-, invertible, and its inverse is C571. 


(iii) The function u : Qo — R, u(x) = z o T(x) = z(y(t,y°)), is a C*® solution to 
(3.2.11). 


iv) If Op, E(x, zo(x°), (p9(x°),..., ph_1(xv°), q)) does not change sign (remains posi- 
PN 1 N-1 
tive or negative) for allq € R, then (3.2.11) has a unique C® solution. 


Proof. The proof of this theorem is not difficult, but long and technical, and will be 
achieved in several steps. The proof we present follows [6, 9, 16]. 
Proof of (i). The existence of the map p° follows from Lemma 3.2.2. 
Proof of (ii). As E is C*, Theorem 1.3.13 implies that the problem (3.2.10) has a unique 
C* solution (y(t, y°), z(t, y°), p(t, y°)), t € [-ro, ro], for arbitrary y? € To. Note that, a 
priori, rọ depends on y°. However, if pọ > 0 is small enough the constants K and L of 
Theorem 1.3.13 can be chosen independent of y? € To, and then the existence of rọ > 0 
independent of y? follows. 

Furthermore, as Æ and g are C*, Theorem 1.3.15 implies z € C*®~!([-ro,1r9] x To) 
and y,p € C*~1({—ro, ro] x To; RY), provided ro and po are small enough. 

Next, we consider 


T: Rx Rx {0} = RY, 

(t, y?) > T(t, y?) := y(t, y?) = y?+ fy VpElyls, y?), z(s, 9°), p(s, y®)ds. 
The map T is well-defined and C*~! near (0, x°) in R x Rt x {0}. Furthermore, from 
y(0, x°) = x° and y' = V,E(y, z, p) we get 


ees zo, p°) 1 --- 0 

OT (0, x?) 7 E 
For | Opn E (2°, ae 0) p(z) Os 1 
Ogle Za), Cig \)) 0 > 0 
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OT (0, x?) 
O(t, y?) 
Theorem 1.3.11, it follows that T is C*~! and invertible near (0, x°), with T7! of class 

C*1, which completes the proof of (ii). 

Proof of (iti). Clearly u € C®+1(Qo) and u(y?) = g(y°) on To. We will complete the 
proof of (iii) in several steps. 

Claim: For all (t, y?) € Uo and x = T(t, y°), we have 


Els ule) p(t, y°)) = 0. (9.2.1) 
Indeed, for fixed y° set e(t) = E(y(t, y°), z(t, y°), p(t, y?)), t € [0, ro]. Then we have 
e(0) = E(y(0,y°), 2(0,y°),p(0,y°)) = By’, zoly’), p°(y")) (from (3.2.8) 
= 0, 
VpE(y, z, p) -p +0-E(y,z,p)z + ViE(y,z,p)-y' (from (3.2.10)) 
0. 


Clearly, det = +0,,, E(x°, zo(x°), p°(x°)) # 0. Then from (inverse mapping) 


M 
~ 
as 
=œ 
i 
| 


Then Theorem 1.3.13 implies € = 0 and proves (9.2.1). 
Claim: For all (t, y?) € Uo and x = T(t, y°), we have 


Vu(x) = p(t, y’). (9.2.2) 
Oz z ; ; 

Indeed, from x = y(t, y?) and (3.2.10) we have ap Pa which gives 

ðu Oz ðt Oz Oy? Ax, Ot Oz Oy? 

= : 9.2.3 

Ox; tôm 2 y? Ox =) P at ðr; a y? Oz; Pal 
If we admit for a moment that 

Oz 2 Ox, 

—_ —, g=l,...,.N—-1 9.2.4 

ay? DP ay? > J ’ ’ ’ ( ) 


then (9.2.3) implies 
ðu X (ôx, Ot ` Ox, OY? N ðr, 
dx, Sa (2 ðr; = dy? Öz: = d ean T oe 


which proves (9.2.2). Now we focus on the proof of (9.2.4), which is quite technical and 
N 


0 0 
relies on (3.2.10). Set e(t) = ATE) — V plt, pE Then 
OY; k=l Oy; 
0z(0, y?) oy Ore 0,y°) Azo 3 
e(0) = TLAS e 9.2.5 
o= ae - Smo e (9.2.5) 
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ze Ya Ox Op, Oxy Or, 
and wsing geep = Do aye (PG a) = Da J +p Pr Bipy 0 gives 


o?z al Op, Tk Ot, 
/ == = | 
“= Fa > ( at oy” naan) 


op; Ox, O72, ) _ (Fe Ox, O72, ) 


Əy? ot "Otay at dy? * P*atay9 


z(a 
N 
_ Op, OL, — Op OTK 
= > (2 T T | (use (3.2.10) ) 
kar SY j 
N 
Op, OE -( OE ðE ) | 
_ soe. 9.2.6 
>, (Ea Opr ðr, “Oz Oy’ ( ) 
Differentiating E (y(t, y), z(t, y°), p(t, y°)) = 0 (which is (9.2.1)) with respect to y? gives 


Dan > Sees OE Oz 
Opr Oy} Oa, Oy? ' Oz Oy? } 
Replacing this equality in (9.2.6) yields 


OE [dz Q ðr OE 


J k=1 I 


From (9.2.5), (9.2.7), and Theorem 1.3.13, we get €e = 0, which proves (9.2.4) and 
completes the proof of (9.2.2). 

Claim: u E€ C*(Q 9) and solve (3.2.11). Indeed, from (9.2.2) we have Vu(x) = p(T~!(2)), 
which implies Vu € C¥-1(Q9;R%), so u in C*(Q). The equations (9.2.1), (9.2.2), and 
u(y?) = 2(0, y?) = g(y°), y? € To prove that u solves (3.2.11). 

Proof of (iv): Proposition 3.1.1 and (iii) of this theorem set a correspondence between 
local C°? solutions u to (3.0.1) and the solutions (y, z, p) of (3.2.10). Therefore, from the 
uniqueness of solutions to ODEs (from point (ii) of this theorem), it is enough to prove 
that near x°, the non-characteristic initial conditions are unique. 

The compatibility condition (3.2.7) near z? implies that the initial conditions y°, 
zo(y°), and (p9(y°),..., p%_1(y°)) = (Oig(y®),-.-,On-19(y°)) are uniquely defined. The 
condition E(x°, zo(x°), (p?(x°), ...,p%_1(x°), p\)) = 0 implies that if p, is not unique 
then necessarily 0,, £(x°, 2o(x°), (p?(x®),...,p%_1(x°),q)) = 0 for a certain q, which 
contradicts the assumption and proves that the initial condition (x°, z9(x°), p°(x°)) is 
uniquely defined. Lemma 3.2.2 shows that (y°, zo(y°), p°(y°)) are uniquely defined near 
x°, which completes the proof. 
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9.2.2 Conservation laws and weak solutions 


Proposition 9.2.2 Let f € C'(R), g € C°(R). If u € CH(R x Rt) NC®(R x [0, c0)) is 
a classical solution to (3.3.1), then u is a weak solution to (3.3.1). Reciprocally, assume 
u is a weak solution to (3.3.1) and u € CHQ) N C®°(Q), where Q C R x (0,00) is open. 
Then u is a classical solution to (3.3.1a) in Q and satisfies u = g on ONN {x2 = 0}. 


Proof. 

Assume u € C1(R x R+) NC°(R x [0, 00)) 
is a classical solution to (3.3.1). So u sat- 
isfies 


For y € D(R?), let BE = {(x1, £2), x7 + 
x2 < R?, £2 > 0} with R large enough so 
that supp(y) N {x2 > 0} C Bz; see Fig. 
9.2.1. If v* is the outward unit normal on 
ðB}, using Gauss theorem in B$ implies 


0 = [Gas acu) gee 


R 


T2 4 


f erna- f 


f Cones at f 
ƏBEN{x2=0} 


— f J Ed + ude) dorda 
Rt JR 


Tı 


R R 
Figure 9.2.1: B and supp(y) 


(udoy + f(u)Oryp)dx 


pluvy + f(u)vi )ds 


= - | olen 0elender— | f (rware + udsp) dardan, 


which proves the first part of the claim. 


Now we assume u € C!(Q) N C°(Q) is a solution to (3.3.5). For y € D(Q), we get 


0 = [ [wave + fa) dzidra + | a(as)oles,0)des 


— l (O.u + (f (u))) pdz. 


f (uzp + f(u)ðy) dz (use Gauss theorem) 
Q 


From the arbitrariness of y and Lemma 1.3.9, it follows Q2u + 0,(f(u)) = 0 in Q. 
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Now, let x° € NN {zx = 0} and B(x?, r) be a ball such that B°* := B(x®,r)N{x2 > 
0} C Q, and denote by vt the exterior unit normal vector to 0B. Taking y € D(R?) 
with supp(y) C B(2°,r) and using Gauss theorem as above gives 


o= f atideda | g(ors)elor,O)dery 


JB.+A{x2=0} 


e f ,, (Gan + (f (u))) ode 


+ | (uvg t + fluv? t yds 
ƏB0.+ 


FN{x£2>0} 


F f (g(a1) + ular, 0)ug"* + f (u)v p(z, 0)day 
Ə3B?+N{x2=0} 


-f CON CRON CREE 
3B9+N{x2=0} 


which from the arbitrariness of x° and y proves u(-,0) = g(-) on QN {z = 0} and 
completes the proof. 


Theorem 9.2.3 (Rankine-Hugoniot) Let Q C RxR, be a simply connected open set 
such that Q=Q; UyUQ,, where y is the graph of a function xı = x(#2), z2 € (a, 8), 
y € C'(a, B), and Qu, resp. Q,, is the open set at the left, resp. at the right, of y; see Fig. 
3.3.1. Assume that u is a weak solution to (3.3.1) in Q such that u € CHi) N C°(Q)) 
and u € Cl(Q,) N C°(Q,.), and set 


lu] = dim, (u(x (x2) + h, x2) — u(x(Z2) — h, £2)), 
Fa] = dim (f(u(x (x2) + h, x2)) — f(u(x(v2) — h, £2)) 22 € (a, 8). 
Then 
x’[u] = [f(u)] ony. (9.2.8) 


Proof. WLOG we may assume that both Q; and Q, are smooth, for example Lipschitz, 
because otherwise we consider Q; N B(x, p), resp. Q, N B(x, p), instead of Qu, resp. Qr, 
with x € y and p small enough. We will use Gauss theorem in Q; and Q,, and we denote 
by vu, resp. v”, the exterior unit normal vector to 0M), resp. 0O,. As xı — y(a2) = 0 is 
(1, =x’) 
1+ (x)? 
Next we note that as u € C1(Q; UQ,) is a weak solution to (3.3.1) in Q U Q, from 
Proposition 3.3.4 it follows that u is a classical solution to (3.3.1) in Q; and Q,. Hence 


the equation of y, it follows that v’ = = —v" on y. 


Ozu + O1(f (w)) = 0 in Qı U Q,.. 
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As u is a weak solution in Q, for y € D(Q) we get 


Tr 


0 = f (wdae + taod f (udp + flu)ðp)dz. 


Now we use Gauss theorem for each of these integrals. By taking into account the fact 
that the integrals on OQ; N OQ and on OQ, OQ vanish, we get 


0 [owt tds | olwg frids- f pOu + AU) 


ù Qr (UQ, 


f olh Ferids f olur + Fluvi)ds 


Y Y 


[oes + eds 


y 


[ seal + Das 


From the arbitrariness of y, the last equality implies (9.2.8). o 
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9.3 Second-order linear elliptic PDEs: maximum 
principle and classical solutions (Ch. 4) 


Throughout this chapter, Q C RY is open bounded and u € C®(Q) N C?(Q), unless 
otherwise specified. 
9.3.1 Dirichlet problem in a ball 


Theorem 9.3.1 Let R > 0, Br := {x € RY, |x| < R}, Vy the volume of Bı, g € 
C°(OBR) and set 


Re == |e gly) 
= d Bpr. 9.3.1 
a NVvkR i. Jz =y eine Geren on 


Then u is the unique C°(Br) N C™(Br) solution to (4.0.1) in Q = Bp. 


Proof. Let K : Br x Bpr > R be defined by 


R? — |e? 1 


; 3.2 
NVyR |x — y|" oa 


K(z,y) = 


Then u(x) = Joes K(az,y)9(y)do(y). From direct calculus, one finds that u € C™(Br); 
see, for example, [28]. Furthermore, Au = 0 in Br because 


Aux) = ` dule) 


i=1,N 
Qu; 1 R? — |z|? (x — y); ) 
( NVyR Jos, |£ — gn) VNR Jos, l£- Jrs) 


_ == porno GJ U jr 


-VNR Jong |£ — VNR Jon, læ — y|"? 
R? — |x|? R? — |x}? N+2 
TR Jon POO Tae hag E O 


2 1 2 2x - (x — y) + R — |z|? 
— WR do + f do 
Vy R Ja pay) Vv R Japp jz — yyt gly) 


= 0, 


Br |z — 


because y- y = R? and so 2x - (£ — y) + R? — |? =z-£— 2r -y +y- y) = |e- yl. 
To prove u € C°(Br), we introduce the auxiliary function 


ulz) = M K(x,y)do, xE Br, (9.3.3) 
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which is obtained from (9.3.1) for g = 1. Thus u, € C™®(Br) and Au; = 0 in Bpr. 
Furthermore, it is easy to check that u1 is radially symmetric, and, then, from the formula 
of Au in spherical coordinates®, we have Au, = o, (r^ ~*d,u1) = 0. Therefore, u 
R è 1 
aB, NVnR RN 
Now, let us prove u € C°(Br). Let x9 € Bp and e > 0. We have to find 6 > 
0 such that 


rN-1 


is constant in Br and as u; (0) = do(y) = 1it follows that u; = lin Br. 


Va € B(xo,6)N Br, |u(x) — g(ao)| < €. (9.3.4) 


From g € C°(OBr), there exists 6; > 0 such that for all y,z € OBR with |y — z| < 26, 
we have |g(y) — g(z)| < s It follows that for x € Br N B(xo, 61), we have 


|u(x) — g(%o)| = |u(x) — g(xo)ur(z)| 

ath Menu a(ra))dotu) 
aBr 

< K(x, y)\9(y) — g(x0)|da(y) + K(x, y)|g(y) — g(xo)|do(y) 
OBRNM{|y—xo|<26; } OBR |y—xo|=261 } 

< $f Kidal) +2lillerem een | dot) 

S 3 I z, YJjaoy g C°(OBR) NV RON os y 
E |OBR| 2 2 

< > o ——— (R? — i 


As 0 < R? — |x|? < 2R|x — xol, there exists 62 > 0 such that for all x € Br N B(xo0, 62) 
we have 


|ƏBpr| 


2lloleeso yy Rn E — |z|’) < 
1 


€ 
7 
Then (9.3.4) is satisfied with 6 = min{6,, 62} and so u € C?(B p). Finally, the uniqueness 
of the solution to (4.0.1) with Q = Br follows from (ii), Corollary 4.3.2. 


9.3.2 Maximum principle for second-order linear elliptic PDEs 


Throughout this section, we will consider 


N N 
Lu=- Y} ayðgu+ Y b;ðiu+cu, A=(ay), b= (bi), (9.3.5) 
i=1 


i,j=1 


3If (r, 0) € (0,00) x ST} are the spherical coordinates connected to the Cartesian coordinates x by 


1 
x= r0, 0 = ia then the classical formula holds: A,u(r) = =—0,(r%~*0,u(r6)) + Azu CE) 
x r T 
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and we will assume the following:* 


Q C RY is an open set, u € C.Q) N C?(Q), (9.3.6a) 
aij, bi, c E€ C°(Q) for all i, j, (9.3.6b) 
A(x) is symmetric for allx €Q and A(x) >0 inQ. (9.3.6c) 


Theorem 9.3.2 (weak maximum principle) Assume 2 C RY is bounded and c = 0. 
If Lu <0, resp. Lu > 0, then 


maxu = maxu, resp. minu = minu, 
Q an Q aQ 


where min f = min{ f(x), x € A}, max f := max{ f(x), x € A}. 


Proof. We deal first with the case Lu < 0. Let zo € Q such that u(x) = max{u(x), x € 
Q}. We distinguish two sub-cases. 

(i) Case Lu < 0 in Q. If x° € ƏN the theorem is proved. So we assume x° € Q. We have 
|Vu(x°)| = 0 and D?u(x°) = [0,;u(2°)] < 0. Therefore 


= 5 aij (2°)0,;u(c°) = —tr [A(x®) - D?u(x°)] > 0, 


i, j=1 


because from A(x?) > 0 and D?u(x°) < 0 it follows tr[A(x°) - D?u(x?)] < 0,5 which is a 
contradiction and proves that x° € OQ. 
(ii) Case Lu <0 in Q. Let €, y > 0 and consider u = u + €e™. We have 


Lu, = Lu + eLe™ = Lu t+ e(—7°ai + ybi). 


We can choose y large enough such that (—y?a,; + yb,)e™ < 0 in Q. This is possible 
because Q is bounded, aj; > 0 (this follows from A > 0), and (9.3.6b). So Lu. < 0 in 
Q. From case (i), it follows that there exists z€ € OQ such that 

u(x) < ulz), so u(x) < ulr) + e(o e), ren. 


There exists a subsequence of (x€), still denoted by (x€), and x° € OQ such that 
limo £é = x°, which implies that for all x € Q we have u(x) < u(zx°). 


4A matrix M € RNXN is said to be positive, resp. strictly positive, and we write M > 0, resp. 
M >0, if £- M -£> 0, resp. €-M-£€>0, for every OF ¿€ RX. 

"Indeed, let A(x?) = U-A-'U be the spectral decomposition of A(x°) with UT! = tU and A 
the diagonal matrix of eigenvalues of A(x°). From the cyclic property of the trace, we get tr] A(x?) - 
D?u(x?)] = tr[A- *U - D?u(x?) - U)] = tr[A- B], with B = tU - D?u(x?) - U; clearly B < 0, because 
D?u(z°) < 0, and then tr[A(x®) - D?u(x®)] = tr[A- B] = X; àiBi i < 0 because A; > 0 and B; < 0 for 
all i. 
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For the case Lu > 0 we set v = —u, so Lu < 0, and then the result follows from (ii). 


Note that this theorem does not hold if c 4 0. For example, if Q = B(0,1) c R? and 
Lu = —Au — u (so c = —1) then for u = 5 — |z|?, we have 


Lu=—-1+|z/? <0 inQ, and maxu = 5 > 4 = maxu. 
9 


However, if c > 0 we have the following result. 


Corollary 9.3.3 Assume Q bounded and c > 0. If Lu <0, resp. Lu > 0, in Q then 


maxu < maxu”, resp. minu` < minu, (9.3.7) 
Q an an 0) 
where ut = max{u,0} and u~ = min{u, 0}. 


Proof. Let us consider first the case Lu < 0. Set OF := {x € Q, u(x) > 0}. As 
u € O8(Q) it follows that Qt is open. There are two possibilities. 
(i) Q% =. So u < 0 in Q and then the claim is proved. 


(ii) QF AQ. Then cu > 0 in Qt. If we set Dru := — De Qijûiju + 4 b;O;u + Ou, 
we have Ltu < 0 in QT. Applying Theorem 9.3.2 with Lt in QF (instead of L in Q) 
implies max ut = max ut. 
QF (N+) 

Note that necessarily (QT) N OQ # Ü, because otherwise OQ* C Q and then 
maxu = max ut = 0, which is impossible because Qt 4 Ø. Then we get 
QF a(Qt) 

maxu = maxu = maxu = max ut = maxu”, 
Q QF QF a(Qr) dQ 


which proves the corollary in the case Lu < 0. 
(iii) The case Lu > 0 is proved by setting v = —u and using Lv < 0. 


Note that if maxu < 0 or minu < 0, the result of the previous corollary is not optimal. 
2 2 


Corollary 9.3.4 (comparison principle) Let Q be open bounded and c > 0 in Q. 
(i) If Lu < Lv in Q andu <v on OO, then u < v in Q (monotonicity of L). 
(ii) If Lu = Lv in Q andu =v on OO, then u =v in Q (uniqueness of Lu = 0). 


Proof. Set w = u — v. 
(i) We have 


Lw<0, c>0 in Q, w<0 on ON. 


From Corollary 9.3.3, it follows that maxw < max wt < 0. So, w < 0, or u < v. 
a 


(ii) As Lw = 0 and w = 0, (i) implies w = 0, so u = v. 
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Lemma 9.3.5 (Hopf lemma) Let Q C RY be an open set with OQ a C? boundary 
nea zo € OO, Lu(x) < 0, u(x) < u(zo) for all x € Q near xo and u differentiable at 
xo. Furthermore, assume that one of the following holds: 

(i) c=0 near zo, 

(ii) u(zo) È> 0 and c > 0 near xo, 

(iii) eg) = 0. 

Then ðyu(xo) := Vu(zo) - v(xzo) > 0, where v(xo) is the unit outward normal vector to 
oN at To. 


Proof. From u(xo) — u(x) > 0 near xp in Q, we obtain ô u(xo) > 0. The lemma would 
be proven if we find a function v € C1(Q) such that u(xo) — u(x) > v(xo) — v(x) near 
zo and O,v(xo) > 0. 

Construction of v. Let z € Q and r > 0 such that if B,(z) is the ball with center z and 
radius r, then B,(z) C Q, OB,(z)NOQ = {zo}; see Figure 9.3.1. Set V = B,(z)NB,, (Zo), 
with rp small, and u(x) = e(e~*I" 2? _ ele al), with xz € V, e, k > 0. Note that 


v(xo —v > 0 in V, 
L(v(zo) =v) = e(( — 4k? e= - A(x) - (2 — z) + 2k(tr(A(x)) — aadje 


n 2 2 
—c (e7klzo-21? — e~=kle-2] i)i 


L(u(zo)— u) > cu(zo). 


With k large, € small, and with one of (i)—(iii) hold- 
ing, we obtain 


> 


v(zo) 


—v < uļ(zo)—u on OV, 
L(v(zo —v) < 0 


< L(u(zo)— u) in V, 


because v(zo) — v = 0 on V N B,(z) and u(x) — 
u > 0 on VNOB,,(xo), which is compact. 

Cases (i) and (ii). As c > 0 in V, by applying 
Corollary 9.3.4 we get v(xo) — v(x) < u(zo)— u(x) 
in V. Therefore, if we take x = xo — tv(xp), where Figure 9.3.1: V and £o 

t > 0 small, we get v(xo)—v(zo—tv(xo)) < u(x) — 

u(zo—tv(xo)), which after dividing by t and letting 

t to zero gives 0 < 2kree7*"” < 0,u(29). 

Case (iti). As u(ap) = 0, we have u < 0 in Q near x. Set c = min{c,0}. It follows 


N N 
that for L~ defined by Du := — ` Qijðiju + S biðu +(c—c )u, we have Lou = 
ij=1 i=1 
Lu — c&u < Lu < 0 in Q. Then we can apply Case (ii) above with L~u < 0, u(x) = 0 
and (c — c~) > 0, which completes the proof. 


Note that this implies Q lies on one side of ðQ.. 
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Remark 9.3.6 Jn the case of a local minimum, Hopf lemma is stated as follows. Let 
Q C RY be open with OQ a C? boundary near xo € OQ, Lu(x) > 0, u(x) > u(xo) for all 
x E Q near xo, and u differentiable at xo. Assume also that one of the following holds: 
(i) c=0 near zo, 
(ii) uļ(zo) <0 and c > 0 near xo, 
(iii) (ey) = 0. 
Then O,u(xo) < 0. The proof follows from Lemma 9.3.5 applied to —u. 


As a consequence of Lemma 9.3.5, we have the following theorem. 


Theorem 9.3.7 (Strong maximum principle) Let Q C RY be an open bounded set 
and assume Lu < 0, resp. Lu > 0, in Q. Then u is constant or, if not, we have 

(i) if c = 0 then u does not achieve its maximum, resp. minimum, in Q, 

(ii) ifc > 0 then u does not achieve a non-negative maximum, resp. non-positive mini- 
mum, in Q, 

(iii) regardless of the sign of c, u does not achieve a maximum, resp. minimum, in Q 
equal to zero. 


Proof. Let us consider first the case Lu < 0. Let M = max{u(x), x € Q} and set 
K = {x € Q, u(x) = M}. Note that K is closed. If K = Q then u = M in Q and so the 
theorem is proved. Otherwise, we assume that one of (i)-(iii) fails. Each case implies 
that u achieves its maximum value M in Q. So, KN QC. 

As in Theorem 4.3.4, there exists £o € OK, Bo := B(zo, ro) E€ Q\K (see Fig. 4.3.1), 
such that u achieves at xv a strict maximum in Bo, and so |Vu(9)| = 0. Note that u 
satisfies the conditions of Lemma 9.3.5 at x9, with Bo instead of Q. Applying Lemma 
9.3.5 implies |Vu(ao)| > 0. The contradiction shows that one of (i)—(iii) holds. 

The result for the case Lu > 0 is obtained by setting v = —u and using the case 
Lu <0. 


9.3.3 Solution to the Dirichlet problem 
9.3.3.1 Sub(super) harmonic functions and sub(super) solutions 
Proposition 9.3.8 Let u € C°(Q) N C?(Q) such that —Au = 0 in Q. 

i) u is a subharmonic and superharmonic function. 


ii) Assume u solves (4.0.1). Then u is a subsolution and supersolution to (4.0.1). 


Proof. Let B be a ball, B € Q, h € C°(B) N C?(B), —Ah = 0 in B, and u < h on 
OB. Up to a translation, we may assume that B = Br, for a certain R > 0. Then from 
(4.2.1), for x € Br we have 


(w= Aye) = EEE f OP doy) <o 
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So u is a subharmonic function in 2. Similarly, we prove that u is a superharmonic. The 
Claim ii) is a corollary of i). 


Proposition 9.3.9 Let u,v € C°(Q). 


i) Assume u is subharmonic and v is superharmonic in Q with u < v on OQ. Then 
either u<v oru=v inf. 


ii) Assume u is a subsolution and v is a supersolution to (4.0.1). Then either u < v 
oru=ving. 


Proof. Let us prove first Claim i). Let M = max{u(x) — v(x), x € Q}, which exists as 
u,v € C°(Q). If M < 0 then Claim i) holds. So it remains the case M > 0. If u—v = M 
in Q, the case M = 0 gives u = v in Q, which again proves i), while the case M > 0 is 
impossible because it gives u = M +v >v on OD, which is a contradiction. 

So it remains the case that M > 0 and u—v $ M inQ. Set K = {x € N, (u-v)(z) = 
M}. The set K is nonempty and closed and Q\K is nonempty and open; see Figure 
9.3.2. Consequently, 


Jro EOK NAQ, Aro > 0 such that Bo := B(xo,79) E Q. 
Now consider u, 0 € C°(Bo) defined by 
= in Bo, pa in Bo, 
u=u on Bo, =v on OBo. 
Then 


M = u(zo)-— v(zo) 


< (@-a)(eo) = pg | ©- (v)doly) y 
< M, i 


because u — v $ M on Bo. The contradiction 
shows that this case is impossible and proves i). 
The Claim ii) follows from i). 


Figure 9.3.2: K, Q\K, and Bo, ro) 


Proposition 9.3.10 Let u be subharmonic in Q, B a ball with B € Q, andu € C°(B)N 
C?(B) such that —At = 0 in B andū =u on OB. Then U, given by 


U(x) =u(az), ce B, U(x) = u(x), xz € Q\B, 
called “harmonic lifting of u with respect to B”, is also subharmonic in Q. 
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Proof. Let C be a ball, C € Q, and h € C°(C) N C?(C) satisfying —Ah = 0 in C, 
U < h on C. To prove is U < h in C. 

If C N B = then U < h in C is equivalent to u < h in C, which is true because 
u is subharmonic in Q. Similarly, if C C B the proposition is also true because U < h 
in C is equivalent to U < h in C, which again is true because @ is harmonic in C (see 
Proposition 4.4.2 with Q = B). 

It remains the case that COB 4 0, CN(Q\B) # 0; 
see Figure 9.3.3. Note that u < U in Q and U < h 
in OC, so it follows u < h in OC. Therefore, as u is 
a subsolution, we have u < h in C. From u = U in 
C\B, it follows 


U<h in C\B. 


Furthermore, we have 


-AU = 0 =—Ah in CAB, 
U < h on (CN B) NAB Figure 9.3.3: Harmonic lifting 
(from the assumption for h) 
U < h on ACN B) NAC. 


(from U < h in C\B) 
Then from (ii), Corollary 4.3.2, it follows U < h in C N B, so U < h in C and this 
completes the proof. 


Proposition 9.3.11 Ifui,..., Um are subharmonic functions in Q, thenmax{uy,..., Um} 
is also subharmonic in Q. 


Proof. Define u by u(x) = max{u;(z),...,Um(x)}, z € Q. It is easy to show that 
u € C(O). Let B be a ball with B € Q and h € C°(B) N C?(Q) satisfying —Ah = 0 
and @ < h on OB. We have u; < U < h on OB for all i. Therefore, u; < h in B, for all å, 
which implies u < h in B. 


9.3.3.2 Some auxiliary results from Analysis 


To conclude the existence of solutions to (4.0.1), we need a compactness result in 
C°(B), with B C RY a ball, for bounded harmonic functions. This result relies on the 
concept of uniform equicontinuity of sequences given by this definition. 


Definition 9.3.12 Let K C RY and fn: Kt R, n EN, be a sequence of functions. 
i) The sequence (fn) is called “equicontinuous at x € K” if 


Ve > 0, 3 = ô >0 s.th. Vy E€ K with|x—y| <6 and YneEN: 
|fa(£) — fr(y)| <€. 
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ii) We say (fn) is equicontinuous in K if (fn) is equicontinuous at every x € K. 


iii) We say (fn) is uniformly equicontinuous in K if (fn) is equicontinuous in K with 
ô independent of x. 


iv) Also (an independent concept from equicontinuity), we say (fn) is bounded in K 
if there exists M > 0 such that |f,(x)| < M for alla € K andn. 


Example 9.3.13 Let (fn) be a uniformly Lipschitz sequence in C°(K), i.e. fn € C°(K), 
for alln, and 


JL >0, |falx)- falu) < Lle- yl, Va,yeK, Wn en. 


Then (fn) is uniformly equicontinuous in K, because for |x — y| < 6 := €/L we have 
|fn(t) — faly)| < € for alln. 

More generally, if (fn) is equicontinuous in K and K is compact, then (fn) is uni- 
formly equicontinuous. Indeed, for given e > 0 let 6, be as in i), Definition 9.3.12. 
From the open covering {B(x,6,/2), x € K} of K, there exists a finite covering 
{B(zxi,ð:i/2), i = 1,...,m} of K. If = min{ã;/2, i = 1,...,m} and x,y E€ K with 
|x — y| < ô, then necessarily x,y € B(x;,ô;), for a certain j, and then i) in Definition 
9.8.12 is satisfied with this ô, and for all x,y and n. 


The following result states that an equicontinuous uniformly bounded sequence is 
compact in C®. For its proof see any Real Analysis classic book, for example [28]. 


Theorem 9.3.14 (Arzela-Ascoli lemma) Let K C RY be a compact set and (fn) 
be a equicontinuous and uniformly bounded sequence in K. Then (fa) has a convergent 
subsequence in C°(K). 


The following result shows that a bounded sequence of harmonic functions is compact 
in a certain sense. It is used in the proof of Theorem 4.4.7 in a substantial way to show 
that the maximum of subsolutions to (4.0.1) is a harmonic function; see the comment 
after Proposition 4.4.5. 


Theorem 9.3.15 Let Q C RY be an open set and (tn) be a sequence of functions, 
harmonic and uniformly bounded in Q by a constant M. Then (un) has a subsequence 
(Un, ) converging pointwise in Q to a harmonic function u in Q. The convergence is in 
C°(K) for every compact K C Q. 


2 
Proof. For m € N, set Km = 42 EQ, d(x, OQ) > = la] < mh, where d(xz,0Q) = 


inf{|¢—y|, y € OQ} is the distance of x to OQ. Then Km is compact and Q = Umen Km- 
For x € Km we have Bm := B(x, +) C Bm C Q. Poisson’s formula (4.2.2) for un in 

Bm gives 
Rn — |z -zl 


Un(y) 
n = d ; Bm, Rm = 
l= TE Ieee #6 
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As (Un)nen is uniformly bounded, this formula gives a uniform bound for Vu, in Kin. 
Indeed, differentiating u,(z) at z = x gives 


[Vin (x)| 


2\r — z| M R? l M 
< — —d m ——d =C 9.3.8 
with a certain C (m) > 0. 

It follows that (un)nen satisfies the conditions of Theorem 9.3.14 in Km (because the 
bound (9.3.8) implies that (u,,) is a uniformly Lipschitz sequence; see Example 9.3.13). 
Therefore, there exists a subsequence (u™)nen Of (Un)nen and u™ € C°(K,,) such that 
lim uw = u™ in C°(K,): 

We set (u?) = (un). From the reasoning Doe we obtain (u})nen, a subsequence 
of (u? )nen, and vt € C°(K,) such that lim ul = v in C°(K,). Next we proceed with 


(u™) nen as with (ul? ),en, m = 1 2. “As a result of this pee we obtain the 
sequences (u™)nen, and v™ € C®(Km), m = 1,2,..., such that lim u? =o" in CK) 


Set u” = u? for all n € N, and v(x) = lim, ... v” (zx). Note. that v(x F is well-defined 
in Q, because x € Km, for a certain m, and from the construction, we have that up to 
a finite number of terms, (u”)nen is a subsequence of (u? )nen.- 

The Beane ce and v satisfies the theorem. Indeed, from the definition of (u”) 
we have lim u” = v in C°(K,,), because (u”) is (up to a finite number of terms) a 


TiO 


subsequence of (u? )nen, for every m. 

It remains to prove that u is harmonic in Q. Let B be a ball with radius R, B E€ Q. 
Theat e U a ab e B. Pasme tothe imi 

en u"(z) = a, 2 . Passing to the limit n — oo 

NVwR Joplz—yl" e Y ° ” 
inside the integral is allowed, because the convergence of u” is uniform in B (B C 
7 | u(y) 
Km for m large). This implies u(z) = do and then from 
ge) p (z) NVwR Jon lz- y7 (y) 

Proposition 4.2.4 we obtain —Au = 0 in Q. 


9.3.3.3 Proof of Theorem 4.4.7 


Set $, = {v : QH R, v subsolution to problem (4.0.1)} and u(x) = sup{v(x), v € 
S,}. The function u is well-defined. Indeed, there exist subsolutions and supersolutions 
o (4.0.1), for example v := —||g||co(aq) is a subsolution and v := ||g||co(aq) is a super- 
solution. Then, S, is not empty and from Corollary 4.4.3 for all v € $, we have v < 7, 
which proves that u is well-defined. Note also that, without restriction, we may assume 
that (vn) is uniformly bounded in Q. 
Claim: The function u is harmonic in Q. 
Proof. Let x € Q and (vn) in S, with lim Unlx) = u(x). Let B = B(x, R) with R > 0 
and B € Q, and consider V,,, the harmonic lifting of v, w.r.t. B. As vn < Vn and V, is a 
subsolution, we get u(x) = lim V,(x). From Theorem 4.4.6 there exists a subsequence 
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of (Va), still denoted by (V,,), converging pointwise in B to a harmonic function V in 
B, and converging uniformly in any compact subset of B. 

Of course V < u in B. In fact we have V = u in B. Indeed, assume for the moment 
that V(y) < u(y) for a certain y € B. Then there exists w € S, such that V(y) < w(y). 
Set wy, = max{w, Vp} and let W,, be the harmonic lifting of w, w.r.t. B. As for (Vn), 
a certain subsequence of (Wn), still denoted by (W,,), converges pointwise in B and 
uniformly in any compact subset of B to a certain harmonic function W in B. As 
max{w, Va} < Wn in B, it follows 


V<W in B, V(y)<wly)<W(y) and V(z)= W(x) = u(x). 


From the strong maximum principle, Theorem 4.3.4, V — W must reach the maximum 
on OB (and not in B) or, otherwise it must be constant. Therefore, as (V — W) (x) = 0 
and V—W < 0 in B, it follows V — W = 0 in B, which contradicts V (y) — W (y) < 0. So 
V =u in B and therefore u is harmonic in Q. Theorem 4.2.1 implies that u € C® (Q). 
Claim: u € C°(Q) and u = g on OQ. 

Proof. It is enough to prove that u is continuous at every € € OQ and u = g on OF). Let 
£€02,yEN,R>0,and B= B(y, R) such that BNO = 0, B N ƏN = £; see Figure 
4.4.1. The choice of £ and B is possible because 02. is C?. Now consider the function w 
given by 


lz — yl 
ja A 
1 
wit) = R?-N—|z—yl?-*%, for N>8, 


w(x) = for N =2, 


which satisfies 
wecCc~(R*\{y}), —Aw=0 inQ, w>0 in ME}, wE) =0. (9.3.9) 


Set v7 (x) = g(€) — (e€ + kw(x)), resp. v? (x) = g(€) + (e + kw(x)), with € > 0 given. 
Clearly, 


-Av =—Avt=0 inQ. 


Assume for a moment that v7 < g < vt on OD, i.e. v7 (x), resp. vt (x), is a subsolution, 
resp. supersolution, to (4.0.1). Then from Corollary 4.4.3 and the fact that u(x) = 
sup{u(x), v E Sy}, we get 


g(§) — (e + kw(2)) = v (2) < u(x) < v(x) = g(€) + (e + kw(z)). 


This proves |u(x) — g(€)| < € + kw(z) for all x € Q, which implies lim u(x) = g(x) 


because w is continuous and w(Ẹ) = 0. 
Now we show that for an appropriate choice of e, 6, the function v7, resp. v, is a 
subsolution, resp. supersolution. Let M := ||g||co(aq) and choose e, 6, k positive such that 


lg(x)- gl < €, if « €0QN B(x, ð), 
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kw(z) >2M, if x € O\B(z, 6). 


v(x) < g(x) +|9(§) — g(x)|— €- kw(a) 


< g(x) +e -—e€—kw(x), for |xr— ¿l< å 
E g(t) +2M —e-—2M, for |x— E| >ô 


We prove in a similar way g < vt, which proves the claim. 
Claim: The solution is unique. 
Proof. This is a direct consequence of the comparison principle, Corollary 4.3.2. 
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9.4 Distributions (Ch. 5) 


9.4.1 Some useful inequalities 


The following inequalities are useful when working with distributions, Fourier trans- 
form, L”, and Sobolev spaces. 


1 1 , 
Hölder’s inequality: Vp, p' € [1,00], z + ~ 1, V(u,v) € P(Q) x LP (Q): 
[ wewo)dr < llull llelo (9.4.1) 
1 1 
Young’s inequality: Ya,b > 0, Vp,p' €[l,o], =+ 7 =1: 
1 1 
ab < —aF + =b , (9.4.2) 
Pp p 
Useful growth equiv. inequal: 3C1,C2 > 0, VE E€ RY, Vk € N, Ya € NE, Ys >0: 
Ci + let) <s S EPan (9.4.3) 
la|<k 
GUEPI CEEI < A: (9.4.4) 


9.4.2 Maore operations with distributions. Examples 
Product of distributions 


In general, the product TıT> of two distributions is not well-defined. For example, if 
Ti = To = — then Th, To E D' but TTo g D. 
T 
Even if T € D'(Q) and k ¢ C™(Q) then kT is not a distribution. For example, 


T EDR), Te) = f Fa 
y(x) 


then kT is not a distribution because the integral (T, ky) = | == drz, is not well- 
x 


dx, is a well-defined distribution. However, if k(x) = 


R 
defined for all p € D(R), for example for y such that y(0) 4 0. However, if k € C™(Q) 
then kT € CD'(Q). 


Change of variable 


Let 6 € C~(R*;R%) with inverse 67! € C™(R; RY). If T € D'(RY), we can define 
the distribution T o 6-1 € @'(R) by 


(T0601, p) = (T, yo 0| det[V6]]). (9.4.5) 
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The motivation for this definition is the following. Assume T = f € L1(R‘). Then 
(Torio) = (foe = | 10@)ela)ae =f | fla)(e06)(a)|det{ Vella. 
RN 


Example 9.4.1 If 6(x) = Ar+b with A = (ai;);,j-1,.n a Nx N invertible matrix, b € RX 
then 0~'(x) = A7\(a — b) and T 067 is defined by 


(T 007", p) = (T, (Ax + b)|det(A)|). 


In particular, if O(c) = x +a, a € RY, then 0-(2) = x — a, so (To (x —a),y) = 
(T,po (x +a)). For T = ĉo, we have 


(do(@ — a), p) = (00, p(£ + a)) = pla). 
We denote ôa = ôo © (- — a). Hence (ôa, p) = (a). 
Example 9.4.2 Let n € N, f e€ D'(R) and let us look for the solutions T € D'(R) to 
a"T =0. (9.4.6) 
First we consider n = 1. Then the solution is T = Cdg, with C constant. Indeed, clearly 


v(x) — p(0)n(z) 


{[-1, 1], (—2,2)} cut-off function. As w(x) = Pwl- n(z)) +(x) [ y’' (tx)dt, we get 
Y ED. Then ° 


T = Cô is a solution. Conversely, for p E D set w(x) = 


, where 7 is a 


0 = (eT, p) = (T, p) Ti p0) (T, n); 50 (T, p) = cee 7)60, p), 
which proves the claim. 


n—1 
1 k 
For the general case, we take w(x) = — (oie — n(x) J 00). Then w € 


1 
D(R), because w(x) = An ae | ef (tr) — t)"-1dt. Then 
G = (aT, p) = (T, zy) 
= gyi) k 
= (T,y)- a (T, nx"); hence 
k=0 
n—1 
T = Scat, C, constants. 
k=0 
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Example 9.4.3 Let f € D'(R) and let us look for the solutions T € D'(R) to 
eT =f. (9.4.7) 
Note that we have already seen the cases f = 0 and f = 1. If we know one particular 


solution S to (9.4.7), then all the solutions are given by T = Cbg + S, C constant. 
Now let us find an S. Inspired by (5.2.13), we define pv(x'f) by 


(p(z ™ f) 9) = (Je pl- 0) + (Ff, 2 (e — 9(0))n), (9.4.8) 
where n is a {{0}, (—e, €)} cut-off function, e > 0. It is easy to show that T = pv(x~'f) € 
D' and it solves (9.4.7). So, S = p(x} f) is a particular solution to (9.4.7), and all 
solutions to (9.4.7) are of the form T = Côo + pv(x7'f). 

Note that the solution does not depend on e or 7 because if mn, i = 1,2, is a 
{{0}, (—e:, €:)} cut-off function and Si = pv(x7'T) is defined by (9.4.8) with n = ni, 
then Si = So = Co. 

Example 9.4.4 Let f € D'(R) and look for T € D', solution to 
T =f. (9.4.9) 


Forp € D set y(x) = f7 p(t)dt—f*,, vi (t)dt(1, p), where pı E€ D with fe yi(t)dt = 1. 
Then Y E D. i, T ss implies 


=t) = (1,0) = p) Tap 
Hence, if C = (T, p1) we get 
(T, p) = (C, p) — (f,¥). (9.4.10) 


Every T given by (9.4.9) solves (9.4.9), so (9.4.10) gives all the solutions to (9.4.9). 
As an application, let us find the solutions to 


zT’=0, wekR, TEeD'(R). (9.4.11) 


From Example 9.4.2 we have T' = Dd, D constant. From (9.4.10) with f = Dodo we get 


Coie“) -Df ¢ war f) MOLAR 
(C,y) + (DH, 9), 


for certain constants C, D, D #0. So T = C+ DH, where H is the Heaviside function. 


(T, p) 
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9.4.3 Convergence of distributions. Distributions of finite order 


Definition 3), 5.2.9, is consistent, thanks to the following theorem. 
Theorem 9.4.5 Let Tn E€ D'(Q) such that lim (Ta, p) exists for all p E D(Q). Set 
T: DQ) R, (T,y) = lim (Th, p). Then T € D'(Q) and lim T, =T in D'(Q). 
Proof. We refer the reader to [23] or [22] for a proof, which uses the uniform bound- 


edness principle (Banach-Steinhaus theorem). For a proof by contradiction, the reader 
can see [43]. 


Any distribution T € ®'(Q) restricted in any compact K is of finite order, with the 
order eventually tending to infinity as K tends to Q; see [22, 23]. The following theorem 
shows that the distributions with compact support are of finite order. 


Theorem 9.4.6 Let Q C RY be an open set and T € D'(Q) with compact support. Then 
T is of finite order; see (5.2.6). 


Proof. Let G € Q be open with supp(T) C G, and 7 E€ Ø a {supp(T),G} cut-off 
function. Then 


(T, p) = (T, np) + (T, — ny) = (Tine), Ve € D(Q). 
Now, assume T is not of finite order. Then 
Ym EN, Ipm € DQ), |T, Pm)| = KT, Pm) > mllYmllom (ay. 


1 fm 


Set Ym = — 
m ||Ym| c™(Q) 


. Then |(7,%m)| > 1. But limno Ym = 0 in O(Q), because 


es C 
supp(Ym) C G and for given k € N we have ||Ymller < a, Passing to the limit in 
m 


(T, Ym}| > 1 implies 0 > 1, which is a contradiction and proves the theorem. 


Remark 9.4.7 Let T € D'(Q) with supp(T) compact. Then T can be extended to a 
linear “continuous” map T : C°(Q) — R as follows. 

Let G € Q with supp(T) C G, and n E€ D be a {supp(T), G} cut-off function. Every 
p E C™(Q) is written as y = pnt y(1—7n), with supp(y(1—7)) c N(T), which implies 
(T, p) = (T, ny). Then T, the extension of T, is defined by 


(T,9) = (Tny) Vee Cc™(Q). 


Clearly (T, p) = (T, p), for every p € D(Q). Note also that T does not depend on the 
choice ofn because ifm, i = 1,2, are two cut-off functions as above then (T, (m—712)¢) = 
0 because supp(m1 — m) C N(T). Finally, it is easy to check that T is continuous in the 
sense: 


lim (T, yn) =0, Vn E C~(Q) such that Va € Ni’, lim Dyn =0 in CP,(). 


n— Oo 
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9.4.4 Convolution of distributions 


When dealing with the convolution of distributions, we have to consider functions 
of two variables; let us say y = (x,y) E€ D(RX x RY). In order to identify which 
variable in the distribution T € Ø’ is active, we will write T(x), or T(y). For example, 
(T(x), ela,y)) := (Tin), where n(x) = g(x,y), y fixed. Similarly, (T(y),g(e,y)) = 
(T,¢), where C(y) = y(az, y), x fixed. 

The following two auxiliary results show that the derivative and the integration 
commute with the distribution pairing. They are needed in order to prove that the 
convolution of two distributions is well-defined, as well as the density of D in D’. 


Lemma 9.4.8 (Derivative and distribution paring) Let T € D'(RY), p € C~(U x 
RY), with U CR open. 


a) If y satisfies: Yx € U, Ir > 0 and K C RY compact such that 


i) Vee B(x,r), supp(y(Z,-)) C K, and 
it) Va, 3 E NG, |D% D3 || co (B(a,r)xR%) < œ, 


Hn l (Ty), el, y)) € CMU), 


(9.4.12) 
D*(T(y), p(z,y)) = (Ty), Dep(a,y)), Va €U, Va € NF. 


b) Furthermore, if T has compact support and (x,y) := p(x +y), where p E€ D(RY), 


then (9.4.12) holds, (T(y),p(- + y)) € D and supp((T (y), y(- + y))) C supp(y) 
supp(T). 


Proof. Let us prove (9.4.12) for |a| = 1, for example a = (1,0,...,0). For x € U, let r 
and K be as in i) and ii) above. Let e = (1,0,...,0), 0# h € R, and consider 


z(h) = (T(y), p(x + -l = (T (y), p(z, y)) = (T(y), D% p(x, y)) 
= (T(y),en(y)), with 
ely) = + (plat he, y) — ole, y) — ADYo(0,y)) 


Note that supp(e,) C K for |h| < r. Next, for every 6 € Nd’ we have 


ent) = |3 (Dfole+he,w) - Diele, y) - mDeDFote.0))| 


1 Q 1 Q 
= [phe Di p(a + the,y)| < sll: Di lico(p(er)xRX) (here t € (0,1)) 


0, 
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which proves lim €n = 0 in Ø. Hence, lim z(h) =0, which proves (9.4.12) for |a| = 1. 
One can prove (9.4.12) for arbitrary |a| 4 1 by induction. This completes the proof of 
Claim a). 

For Claim b), we note that (9.4.12) holds because y(z, y) satisfies the condition of 
i) and ii). It remains to show that (T (y), ¢(-+ y)) has compact support. Let G C RY 
be open with supp(T) C G and 7 a {supp(T), G} cut-off function. Then 


by) = (Ly), pæ +y) = (Ly), nyl + y)). 
Clearly, if x is such that n(-)y(a + -) = 0 then y(x) = 0. This implies supp(q) C 


{z, n(-)y(2 +-) # 0} C {x € supply) — supp(y)}, where in general A — B 
U{p—- q, p € A, q € B} for any A,B C R. As supp(y) C G, and G is an 
arbitrary open set including supp(T), we obtain that x € supp(y) — supp(T). So 


supp((T (y), (- + y))) C supp(y) — supp(T). 


The following two results are corollaries of this lemma. 


Lemma 9.4.9 (Integration and distributing paring) Let T € D', o € D(RY xR”). 


Then 
[ (rw, ote.nae= (TW) f Aende). (9.4.13) 
Proof. Note that from Fubini’s theorem 9.1.3, we have 
S olz, y\dz = f . Ola, reaps ZN; Y)dZy .. . dzı. (9.4.14) 


zı TN 
Set y(x, y) = f -j O(21,---,2n, y)dzy---dz,. The function y satisfies the con- 


ditions of Lemma 9.4.8 with U = RY and K = {y € RY, ¢(-,y) £0} regardless of x, 
which implies that (T (y), y(-, y)) is a C®(R) function and 
(T (y), O(@, y)) = (L(y), 3r `: Oxy P(@,Y)) = Oxy Osu TY), O(a, y)) 

Integrating this equality in R gives (9.4.13). 
Proposition 9.4.10 T « S as defined by (5.3.1) is an element of D'. 
Proof. Indeed, let y € D. From Lemma 9.4.8, (T (y), p(-+y)) € D and supp((T (y), y+ 
y))) C supply) — supp(T), so (T x S, p) is well-defined for every y. 

Next, we prove that if (pn) is a sequence in Ø with limp—œ Yn = 0 in D, then 
limpo lT * S, pn} = 0. For this, we note that if Y (x) = (S(y), yn(x + y))), clearly 
we have w,, € D with supp(w,) C supp(yn) — supp(T) C K — supp(T), where K is a 


compact including the support of all yp. Furthermore, for a € NẸ we have D°w,(x) = 
(S(y), D°vn(x + y)), and as S is of finite order (see Theorem 5.2.15), say m, we have 


(Dhla) < KSly), D° onl +y) < Cll Pnllomtieal(Rrys 
which proves limp. Yn = 0 in D. Hence limp. (T * S, Yn) = limp oo (T, Yn) = 0. 
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9.4.5 Tempered distributions and Fourier transform 
Proposition 9.4.11 We have 
i) {x°D®u, u€ S} CS, for all a, 8 € NY. 


ii) D C S, with dense inclusion, i.e. for every u E€ S there exists (un) in D such that 
lim, +06 Un =u in ð. 


iii) S$ C DP, p € [1,00], with dense inclusion for p € [1, 00), i.e. for every u € L? there 
exists (un) in S such that limp. Un = u in D. 


iv) LP C S', p € [1,œ], with dense inclusion, i.e. for every u € $” there exists (un) 
in L? such that limp. Un = u in S”. 


v) S' C D' with dense inclusion, i.e. for every u € D' there exists (up) in D’ such 
that lnm, >o Un = u in D'. 


Proof of i). Set v = x*D®u. For arbitrary a,b € N}, we have 


D < C(b)|2*| y Da Deu] < Cla, B, a, b)8m(u), 


lel <|b| 


with m = |a| + |a| + |8| + |b], which proves i). 

Proof of ii). Clearly D C S. Let us prove that the inclusion is dense. Let u € $ and 
n € D be a {B(0, 1), B(0,2)} cut-off function. If up(x) = n(x/n)u(x) then un E€ D. 
Furthermore, for a, 3 € NẸ we have 


jz*D" (un —u)| = — |e*D°((1— n(a/n))u)| 


<  O(B)le"| (n= norm 2 emp) 
0<y<8 
T 
< COll (Inlog ZID’ + 
1 
L hli pl-7y 
InllciaiRxy > 5o eD ul) 


0<y<6 


C(b) 


< Anlon slu) 


n— o0 


with m = 1 + |a| + ||, which proves lim u, = u in S. 


Proof of iii). Note that ¢(x) = (1 + |z|)” € L?, p € [1, œ], and 
lu(x)| = Cæ) + lz’) u] < Clé(x)|s2n(u), 
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which proves the inclusion $ C L”, p € [1, oo]. The density of the inclusion for p € [1, o0) 
follows from ii) and Theorem 1.3.5. 

Proof of iv). We have LP? C S’ in the sense that if u € L? then Tu defined by (Ta, vy) = 
Jpn updz, p € $, defines an element of $”. It is easy to verify that, indeed, Ty € S”. 
For the density of LP C S’, one can prove that S C 8S’, with dense inclusion in the 
sense that for every T € S’ there exists (Tp) in S such that limpo In = T in S. 
The proof of this result is technical and we will omit the details. It follows the same 
steps as the proof of the dense embedding D C ’; see Theorem 5.3.3. Namely, take 
T(x) = (T(y), Pn(z — y)), where (pn) is a regularizing sequence with p,(x) = pn(— 2). 
Next, like in Lemma 9.4.8 one can show that TJ), € S. Furthermore, like in Lemma 9.4.9 
one can prove that (Tn, 9) = (T, pn * p}, which shows that Tp, > T in S’. 

Proof of v). We have $S’ C D' in the sense that if T € $’, then T restricted in Ø is an 
element of D’. For the density of the inclusion, let 7, be a {B(0,n), B(0,2n)} cut-off 
function, n € N. For T € D’ consider Ta = mT. Then Tn € S’ and limy_.. Tn = T in D. 


Proposition 9.4.12 Let T € S’. Then T satisfies 
JC > 0, Im EN, YpES, KT, o| < Csmlp). (9.4.15) 
For every T € S’ satisfying (9.4.15) we say “T has finite order”, and m is the order ofT. 


Proof. The proof is similar to the proof of Theorem 5.2.15 (Theorem 9.4.6). Indeed, 
assume (9.4.15) does not hold. Then 


Wn EN, Ayn ES, IT, Pn| > NSnlPn). 


1 Gy 
Set Yn = — ? 


n Sn(Yn) 


for n > m. Passing to the limit in |(7,w,)| > 1 implies 0 > 1, which is a contradiction 
and proves the proposition. 


. Then |(T, Yn)| > 1 and limpo Vn = 0 in $ because Ssm(Yn) < n7! 


Theorem 9.4.13 Fourier transform F is a linear continuous bijection from S to itself. 
Its inverse, denoted by FT}, is continuous from S to itself, and is given by 


1 


Fa) = Grn 


f CHU (EdE, YU €S. (9.4.16) 
RN 


Furthermore, similar to (5.4.4), (5.4.5), for allu € S' and a, B € NẸ we have 


D° u(x) FLUE AlE), (9.4.17) 
(—ix)’u(z) = F [D â] (x). (9.4.18) 
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Proof. 
i) Let us prove first F[S] C S and the continuity of F. For u € S let i = F [u]. Note 
that û € C. From (5.4.6), we get 


ED A] < Cl|D*(2"u)|La@y) 
< Cla) JE D2 Dule 
hl<lal 
< C(a) (1+ Jef AYD Dul] en 
7 Illa > [arrr (+ fe?) frien) | line 
< Cla, N)smlu), m= jal + |G) +2N, (9.4.19) 


which proves û € S and the continuity of F. 
ii) Now let us prove (9.4.16).7 Let u € $, û = Ffu] and for z € RY set 


1 
v(z) = Ffa](z) = a |, Ads = r zf, fe i260) dnd. 


We want to prove u(z) = u(z). For this, we want to use Fubini’s theorem in the previous 
formula, which is not allowed because et) ¢ L'. However, we can proceed as follows. 
For e > 0 set 


1 ilz- —elé|? A 
uz) = co a Sel a (é)ak 
ae f 7 f e7ile-2)t eE drdé. 
(27)N/? Jw (27)N/? Jaw 


Then from Lebesgue’s DCT, we have lim ve(z) = v(z). Now, for ve we can use Fubini’s 
theorem, which together with (5.4.10) gives 


1 —i(x—z)-€—el€|? 
vez) = Q oo. uara fe Me E a 
= EEs u(x)F je |(a — z)dx 
= om [ule torte wide 


1 sy . 
~ NaN f| teta «7 dæ (using (5.4.10)) 


1 = 
= cnn | wle+ 2eve)e dx 


E> 1 : 
=, u(z) 77) f e dr (using (5.4.7)) 
T RN 


TSee Corollary 5.4.15 for another proof. 
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= wz). 
Hence ¥~" [ti] = u. It follows F¥[S] = $, because for every u € $ we have 
u(x) = F [Flu] (E)r) = F AEE) = Fale) 


and a(—€) € $, which proves that ¥ is invertible from S to itself, and its inverse F~! 
is given by (9.4.16). 
iii) Finally, (9.4.17) and (9.4.18) follow by simple calculations. 


Theorem 5.4.9 shows that F is an isometry in L?. The following two results deal 
with the action of F in L? spaces. 


Lemma 9.4.14 (Riemann-Lebesgue lemma) Let u € Lt. Then 


lâl < (Qr)-X? Jul], ECL”, lim a(€) =0. (9.4.20) 


|§|00 


Proof. The L® bound follows from 


ti(€)| < (Qn) NP? cE )a(x) ld < (Qr)-N/? |ull pcan). 
(RX) 


RN 
The continuity of û follows from the Lebesgue DCT, because 


lim (e "6 — ere) u(x) = 0, Yz e RY, le*™ u(x)| < |u(x)| € L. 
n—> 

For the limit at infinity, assume first that u € D. Note that Du € Ø for all a € NY. 
Therefore, from (5.4.5) we have F [Au] = —£°û. Then from (9.4.20) we get 


|F[Aulflzce — Aull 1 


£2 > (Qn) NP ` g IE] # 0, (9.4.21) 


}a(S)| < 


which proves the limit in (9.4.20) for u € Ø. 
Now let u € L. From the density of D in Lt, for e > 0 there exists y € D such that 


N/2 € 
5 


From (9.4.21) and the bound (9.4.20), it follows 


lu — plizier) < (27) 


A 1(RN) 1 
la) < a- DOF Ol < r)a- plz +! eau a <6 


2 [Agra 
€ (20) NP2’ 


The action of F in L? spaces is more complex. For p € [1,2] we have this result. 


for ||? > which proves the limit in (9.4.20). 


190 


Chapter 9 9.4. Annex: Chapter 5 


Theorem 9.4.15 For p € [1,2], F maps continuously L? in L3, where 1/p+1/q = 1. 


Proof. For p = 1 and q = œo the theorem is proven in Lemma 9.4.14, and for p = 2 
and q = 2 in Theorem 5.4.9. For p € (1,2) and q € (2,00), the theorem follows from 
Riesz-Thorin interpolation theorem 9.4.16 with po = 1, qo = œ, pı = 2, qı = 2, 
1/p = (1 — 0)/po + 8/pı = (2 — 8) /2, 1/¢ = (1 — 8) /g0 + 8/1 = 0/2, and T = F. 


Note that for u € L”, p € (2,00), in general ẸF [u] is not a function; see [49]. 
Theorem 9.4.16 (Riesz-Thorin interpolation theorem) Let 1 < po, qo, Pı, qı < 
oo and T : LP°+ L” ++ Lo + Li be a bounded linear operator from L”® into L® and L”! 

1 -0 @ 1 1-6 9 
into L”. For 6 € (0,1), let pọ and qo be defined by — = + = + 


n P P R O h 
Then T is linear and bounded from L?® into L® and satisfies 


ITlearsre < [IT Meceoo,ra0y IT liear) (9.4.22) 


See [49] for the proof. 


9.4.6 Tempered distributions and convolution 
In this section, we will consider the convolution of tempered distributions. 


Theorem 9.4.17 The convolution operator x is continuous from S x S onto S. More- 
over, for u,v E€ S we have 


uxu = VEUES, (9.4.23) 
Fluxo] = (20)8?F [ul Fv], (9.4.24) 
F uv) = (20) NPE u] * FY]. (9.4.25) 


Proof. From Theorem 5.2.5 we have ux v € L1MC®, and for a, 3 € NẸ we get 


aD luO = | f aD u(e~sotupdy 
= | [ @ -v+ Due- solu)ay 
< Cl) Y f Ie- wy Dule- vlod 
(as in Thm. 5.4.8) < e a 


which proves (9.4.23) and the continuity of * in S x 8. 
For (9.4.24), we use Fubini’s theorem as follows: 


Furl) = Gore fee? f ee- volodyde 
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1 
E (Qn)XP fw ) fe Evul — y)dedy 


1 i 
= ate ~il (z—y)) _ 
ESNE e Ey wf, e u(x — y)dady 


RN 


= : my" F [ul (€)F[v] (€), 


which proves (9.4.24). Applying ¥~! to (9.4.24) gives 


Fao] = (2r) Pu xv, 


which together with the fact F[S] = S proves (9.4.25). 


For the convolution in S’, we avoid the technical details and will only give the formal 
definition of the convolution and some properties. For the details of the proofs, the reader 
can consult [12, 18, 22, 23). 


Definition 9.4.18 Let T € S’ and S € &', where & is the set of linear maps from 
C™~(R) to C continuous for the convergence in C®(RY).° We define the convolution 
TxS: SHC by 


(T = S, p) = (T(x), (Sy), ple +y) Ypes. (9.4.26) 


Theorem 9.4.19 Let T € S’ and S € &'. Then 


TeS = SaTes’, (9.4.27) 
DE xS] = D°T eo = oe Ds. (9.4.28) 
F(T * S])=F[S*T] = (2n)X?S(T|F[SI. (9.4.29) 


8A sequence (Yn) in C°(R”) converges to 0 in C®(RY) if for every compact K C RY and for every 
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9.5 Sobolev spaces (Ch. 6) 


9.5.1 Continuous and compact embeddings 


Theorem 9.5.1 Assume s—~ € (m,m+1], m € No and let o € (0,s— ¥ — m). Then 


2 


H? — Cr” A {u, jim D°u=0, Va € NẸ, lal < m}. (9.5.1) 


In particular, there exists C > 0 such that for all a € NY with |a| = m and x,y € RY 
we have 


|D*u(x) — D“u(y)| < C||DĦ*u] 


Hgs-m|£ — y|”. (9.5.2) 


Proof. Let us consider first the case m = 0. From Theorem 6.3.3 we have H* — C?. 
To complete the proof in this case, it is enough to prove (9.5.2). It is easy to point out 
that for ø as in theorem and arbitrary x,y, €,7 € RY, we have? 


1 
JE) _ ely) | = i T < JE |? |x = yl”. (9.5.3) 
0 
It follows that 
1 , : 
_ Be te ae ie) iVE 
lula) — ul) < yaa fle? - et haa 
2 
< — y|” “ltd. 9.5.4 
< prne -ol f Irala (9.5.4) 
2 
< ha o —s Slald 
< prne -ul f EEO "alae 
2 —s sA 
< (nN x — yl EE zell E elle 
= Cle — yl lull 


with C = aora lEI Elze- Note that we have (as in Theorem 6.3.3) 


erehe (14 f rear) <o, 
1 


which proves the theorem in the case m = 0. 
The general case m > 0 follows from the case m = 0 by applying it to D°u, with 
la| < m, and noting that D°u € H®-lel (see Example 6.2.4) and (s — |a|) — ¥ > 0. 


Theorem 9.5.2 Letk € N and assume Q is an open bounded set satisfying the H**+(Q)- 
extension property. Then H**!(Q) — H¥(Q). 


9 Actually, this inequality holds for every ø € (0,1). 


193 


9.5. Annex: Chapter 6 Chapter 9 


Proof. Let (un) be a bounded sequence in H**!(Q), i.e. |jun|| zeno) < C1 for all n. From 
Theorem 6.3.7, there exists a sequence U, = Eu, E€ H**!(R%), with ||Un]| aR) < 
Cy := C||E]| and E an H**! extension operator. Without loss of generality we may 
assume that supp(U,,) C K, K compact, because we can multiply (Un) with n(Rx), 7 a 
{B(0, 1), B(0,2)} cut-off function, and R >> 1. 

The sequence (În), U, = F[U,], is uniformly bounded and uniformly Lipschitz in 
R“. Indeed, as U, are with compact support we have U, € L1(R%), and from Lemma 


9.4.14 obtain U, € C°(R*) and 


A 1 
Un] < aan | Us Idx < G JOIK” =: C3. (9.5.5) 
Furthermore, U,, satisfies 
Fy i 1 —i(€-x —i(n- x 
OO -O = gyra f (P — MMU) 
< Batt “if f oleerreM=U,@)lde— @€ (0,1)) 
< a de (9.5.6) 
1 
with C4 = E (anya lele: 


Therefore, (Un ) satisfies the conditions of Arzela-Ascoli in every ball Bg = B(0, R), 
R > 0. Then there exists a subsequence of (U,,), still denoted by (U,,) converging to a 
certain Up in C° (Br), for every R > 0. It follows that (U;,) is a Cauchy sequence in 
H*(RY). Indeed, first note that 


ljun ~~ Untmll sea) < ||Un = Untmll ize) (9.5.7) 


n (EÂ, — Onaml2dé + | (EÂ, — Onyml2d€ 
Br Be 


R 


eas 5 
< (1 + R?) |Un = Ün+mlleoEn) 
+ Ca (eD C7 _ U. |?dé 
, © oa 
R 
ix A Cs A 
< (1 + R?)" [Un z5 Ün+mlleoEn) PLD 14 R2 On — Untmll e+e) 
5 x 1 
2k 2 
< Ce (a + R°)"||Un — Untmll eop) + a) (9.5.8) 
: Ce € ^ p g Was) 
Next, given € > 0 we choose R such that a <r As (Un) is Cauchy in C° (B pr), there 
exists n, such that for all N > n, and m € N we have O¢(1 + R?)*||U,, — = Dn+tmll2so 0(Br) = 


which shows that (un) is a Cauchy sequence in H*(Q), so (un) converges in H MO), 
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We also have the following embedding, which provides an example of how Fourier 
transform can be successfully used for proving results in a context different from L? or 
H° spaces. 


N N 
Theorem 9.5.3 Let s > zoa with p > 2. Then H? — L?. 
P 


Proof. Let u € $, â = F{uj, and q € (1,2) the conjugate number of p, 3 + ; = ‘1, 
From the continuity of F from L4 to LP, see Theorem 9.4.15, and the fact that u = 
F|ti(—€)] = &(—€), it follows ||ullze = ||@(—€)||z» < Cllållze. 

If lêllza < Cllullgs then |jullze < Cllul|zs, and from $ GH’ it follows H: — L”. 
So, to prove, the theorem reduces to proving ||i||za < C||u||”7s. From Holder inequality 
with a = 2/q and 8 = 1/(1 — q/2), we get 


Le = 84 ald . (€\—8I dq 
f arae = f ceva eag 
q/2 a 1—q/2 
( f (ea ( f (eae) 
RN RN 
q -arae 
7 ( f e) 


But fon (£) 7-2 dé < 00 iff N= < 0, which is equivalent to 4 > = and completes 
the proof. 


IA 


llul 


As an application of the compactness result in Theorem 9.5.2 and of Lemma 9.5.5 
(which is a Functional Analysis result), we have the following result which is useful when 
studying PDEs of high order. 


Corollary 9.5.4 Let Q C RY be an open bounded set satisfying H" (Q) & H*-1(Q) and 
a,b > 0. Then the following norms in H*(Q) are equivalent 


lulla) = ` ||D°ullze@y, lular = allullzo + Blu] aeo. (9.5.9) 


|a|<k 


Proof. As Q is bounded, by using Holder inequality it is easy to prove that [ul qx(a) < 
Cy |lullaeca), with a certain C; > 0. It remains to prove the inverse inequality, i.e. 
lull ao < Colu] zea), with C2 > 0. 

Set X = H*(Q), Y = H*®1(Q), and Z = L!(Q). Then X, Y, and Z fulfill the 
conditions of Lemma 9.5.5. From (9.5.11), for every € € (0,1) there exists C(e) > 0 such 
that 


lulla- < ellul ar + C(E)|lullzacay- 
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This implies 
1 C(e) 


< p 
lular < T lular) s TE 


lullza) < Cle, a, b) [ul ao), 
which proves the lemma. 
Lemma 9.5.5 (Ehrling) Let X, Y, and Z be Banach spaces and assume 
XSYSZ. (9.5.10) 
Then for every e > 0 there exists C(e) > 0 such that 
Vx EX, |lally < ellz||x + C(e)||2||z. (9.5.11) 


Proof. Assume the lemma fails for a certain €, > 0. Then, there exists a sequence £r 
in X such that ||enlly > €o|lan||x + n||an||z. We can assume, without restriction, that 
|r ||x = 1 (otherwise take x,,/||2n||x instead of zn). Then 


tally > €o + nllenllz, ||tnllx = 1. (9.5.12) 


Since X & Y, after passing to a subsequence we may assume that lim,_..4 Yn = Yo 
in Y and so ||z,,||y is bounded. Therefore from (9.5.12), we obtain lim,...%, = 0 in 
Z. From (9.5.10) we have ||z, — yollz < Clan — yolly, so limno%n = yo in Z. The 
uniqueness of the limit (of x, in Z) implies yo = 0, which contradicts (9.5.12) for n 
large, and so proves the lemma. 


9.5.2 Extension and density results in Sobolev spaces 


Density and extension results hold in W*?(Q) spaces, but for the sake of simplicity 
we will focus our analysis only on W*?(Q) spaces. Let us start with two simple results, 
which are practical in many situations. 


Lemma 9.5.6 (Extension by zero) Let u € WẸ? (Q), p € [1,00), and Eou = U : 
RY — R, the extension of u in RN by zero, i.e. U(x) = u(x) if x € Q, U(x) = 0 if 
a ¢Q. Then Ey € L(WẸP (Q); W*?(RX)). 


Proof. By the definition of WẸ? (Q), there exists (un) in @(Q) with limp- Un = u 
in W*?(Q). Set Up = Eoun. Then U, E€ D(RY) and limp>oo Un = U in W*?(R%), so 
U € WP(RY) and |Ullyao(er = lullen 


Lemma 9.5.7 (Truncation and extension by zero) Let u € W*?(Q), p € [1,00], 
n € D(Q). Then V = Eq(nu) € W*? (RY). 
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Proof. Indeed, for y € ®(R%) and for any a € NW, |a| < k, by using (6.1.10) we have 


(Deve) = CDe f vory= all f unpre= | Dlme 


[eo ` CZ D uD? Pn 
Q 


0<S<a 


= f po ( ` cap), 
RN 


0<S<a 


So D°V = Ep C2DuD°-*®n |) € LP(R), which proves V € W*?(R¥). 
0<B<a “B 


In the case when Q is smooth, a function in W*?(Q) can be approximated by func- 
tions smooth up to the boundary OQ. The following theorem is instructive, because it 
highlights the key steps of the method, in particular the step of regularization by convo- 
lution, which furthermore shifts the support of the function. The general case is treated 
by using a partition of unity; see Theorem 9.5.10. 


Theorem 9.5.8 Let k € N, p € [l, oo). Then D(R,) “+ W*?(RY), where D(RY) := 
{Ulay, U € D(RY)}. 


Proof. Let u € W*?(RY). Without loss of generality, we may assume that supp(w) is 
bounded. If not, we can always consider u, = mmu, where m (£) = n(a/n) and 7 is a 
{B(0, 1), B(0,2)} cut-off function, and show easily that u, converges to u in W*?(RY) 
similarly as in Theorem 6.1.7. 

Now, let (pn) be a mollifier sequence with supp(p,) C RY := {ry < 0}, and consider 
the sequence (ðn), where in general g(x) = y(—x). Set U = E(u), where Eo is as in 
Lemma 9.5.6, Un = U * py. 

We will show that (un) = (Un|px) is the required sequence. Indeed, as u has bounded 
support the U also has bounded support, Un E€ Ø and furthermore lim, .., Un = U in 
L?(RX), so limpsotn = u in LP(RY). Next we compute D%u,, lal < k. 
For p € D(R*) N {supp(y) C RY}, we have 


(—1)!!(Du,, 2) DRS) xD(RN) = Í, U,,(x)D° p(x) dx 
Í, [ gu (y)pn(x — y)D% p(x) dydx 
i U (y) (Pn * D°p)(y)dy 


= [ _Uy)D* (in * p)(u)dy 


f, u(y) D° (Øn * p) (y)dy; (9.5.13) 


+ 
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where the last equality holds for n large, because for such n we have 


supp(fn) C RY, supp(fn * p) C sup(ðn) + supp(y) C RY. 


So D*(fn*y) € D(RY) and then we can integrate by parts in (9.5.13) with no boundary 
terms, which gives 


(D*un, PIOR) xor) = Duly) (Pn * p)(y)dy 


= (Pn * Eo(D@u), 2) DIRS) xD(RN)- (9.5.14) 


From (9.5.14), we get D°un = pn * Eo(D°u) and therefore lim,... D°u, = D*u in 
L?(R4Y), which completes the proof. 


The classical construction of W*? extension operator for p € [1, co} is quite long and 
technical. We will use Theorem 9.5.8 to construct a WF? extension operator, p > 1, 
with a simple proof. 


Theorem 9.5.9 Let k € N, p € [1, 00). Then there exists a linear continuous extension 
operator’? E : W*?(RY) > WR). 


Proof. Let E : D(RY) + Ck(RY) be defined by 


ulz’, £y), TN 2 0, 
(Eu)(x' £y) = U(x’, £y) = y cju G B TN ) swt (9.5.15) 
j=0,...,k J 7 1 
where x = (x', xy), 2’ = (£1,...,&N—1), and u € D(RY). The coefficients cj are chosen 


so that U € C§(R%). For this, it is sufficient to ensure the continuity across ORY of the 
derivatives 0. U, 0 < i < k. Evaluating these derivatives at (x',0) leads to 


1 i 
S> (-— ]) g=1, i=0,1,...,k. (9.5.16) 


10See Theorem 6.3.7 for the general extension result. 
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The matrix of this system is the so-called “Vandermonde matrix”, which is nonsingular 
and so the coefficients c; are uniquely defined. 

E provides the required extension operator. Indeed, clearly E is linear. Furthermore, 
there exists C > 0 such that 


| Eullwszæn) < Cllullweeayy, Vue D(RY). (9.5.17) 
This estimate is proven easily by using simple classical calculus. Therefore as D(R,) is 
dense in W?(RY), (9.5.17) implies that E extends to a linear continuous operator from 
W*?(RY) to W*?(RY), still denoted by E, which satisfies (9.5.17) in W*?(RY). Finally, 
Eu = u ae. in RY for every u € W"?(R), because we can choose a sequence (un) in 
D(RY) with Eu, =u, in RY, converging to u in W*?(R¥) and pointwise in RY. 


Theorem 9.5.10 Assume Q C RY is an open bounded set of class C}, k € N, p € [1, œ). 
Then there exists an extension operator'! E = Eg : W*?(Q) = WrP(RY). 


Proof. Let {(G;, 0i), i = 1,...,M} be as in Definition 1.2.4, corresponding to some 
points {z1,..., £m} on OQ such that {G;, i = 1,..., M} forms a finite covering of OQ. 
Let furthermore {n;, i = 0,1,..., M} be a partition of unity subordinate to {G;, i = 
1,...,M}; see Fig. 6.4.1 and Theorem 1.2.2. 

For u € W*?(Q) we have u = up + uy +--+ um, with u; = um, i = 0,1,..., M. 
Then u; E€ W*?(Q), i = 0,1,..., M; see Proposition 6.1.11. We can extend uo by zero, 
namely let Wọ = Eguo. As supp(up) € Q, from Lemma 9.5.7 we get Wo E€ W*?(RY), 

We can extend u;, i = 1,..., M, to a W*?(R%) function as follows. First define v; 
by v; = u; o 6; in Q*. From Proposition 6.1.13 and the remark following it, we have 
v; E€ W*?(Qt). Note that from supp(n;) E€ Gi N Q, we get supp(v;) C Qi N Qt, with a 
certain Q; € Q. It is easy to prove that if v; is the extension by zero of v; in RẸ, then 
0; E W*?(RY). Next, let V; € W*?(R%) be the extension of 0; in W*?(R) as given by 
Theorem 9.5.9, and set w; = Vile o 07t and W; = Eou;. Clearly w; € W*P(RY), see 
Proposition 6.1.13, and as supp(w;) € Gi, we have W; € W*?(R%); see Lemma 9.5.7. 

Finally, set Eu := Wo + W, +---+ Wm. Clearly we have 


Eu € WR), 
(Ew; (x) = wlx) = ulrl), LEQ, i=1,..., M, 
(Eu)(x) u(x) | Si n(x) = ulz), TEQ, 


so Eu is a W*?(R%) extension of u. 
Furthermore, F is linear and bounded in W*?(Q), because the maps u > ui œ v; œ 
ŭi + V; œ w; =œ W; are linear and continuous in the appropriate W*? spaces. 


11See Theorem 6.3.7 for the general extension result. 
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Theorem 9.5.11 Assume Q C R^ satisfies the WFP extension property, p € [1,00). 
Then D(Q) + W*?(Q), where D(Q) := {Ula, U E D(RY)}. 


Proof. Let u € W*?(Q) and U = Eu its W*?(R%) extension. From Theorem 6.1.7, 
there exists a sequence Up € D(R”) converging to U in W*?(RY). Set un = U|o. Then 
(un) is in D(Q) and converges to u in W*?(Q), 


9.5.3 Boundary traces in Sobolev spaces 


The following result shows that the trace operator defined in Theorem 6.4.2 is onto. 
We give an explicit formula for the right inverse y~! of y. 


Theorem 9.5.12 Let s > 4. There exists a bounded linear map y~! : H™3(RY-!) => 
H*(R%) such that yo y~! is the identity map in H*~2(RN~'). 


Proof. We use the same notations as in Theorem 6.4.2. Let u € S(R*~*) and set 


On 1/2 1\2(s—1/2) rr ; 
ula) = we) = Fo |S ate], = en) 
where J, is defined in Theorem 6.4.2. Note that from the definition of U, we have 
A B eet?) a a (2r) 1/2 
C= Cree UE h = L 


The map y~! is well-defined and continuous from H*(R‘~+) to H*(R‘) because 


ae eye) ee, 
Wian = f teroras= f (eS AEP 
/ s— ie / 1 / 
(use (6.4.2) = f EOE | gardena 
< Collullirs-1/2(RN -1 


Finally, we have U(x’, 0) = u(x’) because from (6.4.2) we get 
1 , 1 
1 Z ilL E) ~ (el) en 2(s—1/2) 1 
U) = EDAT fpa EONA | rtd 
1 ial E) a 
EJER fo mea = wl), 


which together with the inclusion S(R‘~!') — H*-'(R‘~+) completes the proof of the- 
orem. 


The following theorem shows that in the case when Q is a bounded Lipschitz domain, 
the W3? (Q) functions are characterized as W1”(Q) functions with zero boundary trace. 
The proof demonstrates typical techniques when working with Sobolev spaces, such 
as truncation, extension, regularization, and shifting/translation of the support of the 
function. 
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Corollary 9.5.13 Let Q C RY be an open bounded Lipschitz set and p € [1,00). Then 
Wo?(Q) = N*(7), where N1?(y) = {ue W(Q), 7(u) = 0}. (9.5.18) 


Proof. We will prove the corollary only in the case Q = RY . The proof of the general 
case is made by transforming the problem to a finite number of problems in RY by using 
a partition of unity of ðQ. 

It is easy to prove WẸ” (Q) C N? (y). Indeed, if u € D(Q) then clearly u € N!(q). 
As D(Q) is dense in WẸ? (Q) and y is continuous, it follows that Wg” (Q) C N? (y). 

Now, let u € N™?(y) and prove that u € Wẹ” (N). The proof contains several steps: 
first a truncation, then an extension by zero and finally an appropriate regularization 
(which regularizes the function and translates/shifts its support). WLOG we may assume 
that U has bounded support, as by “truncation” (see Theorem 6.1.7) we can always 
consider a sequence (un) with bounded support converging to u in W?(RY). Next, 
we denote by U the extension of u in RY by zero. Then U € W1?(RY). Indeed, for 
p E€ D(RY) and |a| = 1, we have 


(Dev, ¢) =- | 


RN 


UD edz = -f uD“ pdr. 


N 
Ry 


There exists an open set w € RY of class C! such that supp(y) N RY C w. Then, from 
(6.4.8), for |a| = 1 we get 


L uD eds = f woeede = f vluyerede + | D®upde 
RW w ðw w 


D°updz. 


N 
RY 


Hence, D°U = Eo(D%u) € L?(R), so U € W1?(R¥). 

Next, let (p,) be a mollifier sequence with supp(p,) C B ((0,...,0, +), =), and 
consider U„, = U*p,. Clearly U, E€ C°(RY )AW1?(R¥) and limno Un = U in W1?(R¥). 
Furthermore, from (5.2.3) we have supp(U,;,) C supp(U) + supp(p,) C {tw > +}. This 


proves that un = Unlex € @(RY) and limno Un = u in W1?(RY), so u € Wy?(Q). 
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9.6 Second-order linear elliptic PDEs: weak 
solutions 


9.6.1 Regularity of weak solutions 


The method of finding the weak solutions as described in section 7.2 is an elegant 
way to prove the existence of weak solutions. For example, the problem 


—Autu=fimQ, we HQ), fel (9.6.1) 


has always a unique weak solution u € Hj(Q). 

If f is more regular than just in H~1(Q) and Q is more regular than just an open set, 
then one expects that (9.6.1) (or even (7.1.1)) has a weak solution more regular than 
Hj(Q). For example, if Q = RY and f € L?(R%), by taking Fourier transform of both 
sides of (9.6.1) we obtain 


ot ad ald 
(+g )a= f, a= The oe +e 
Í 


€ L2(RY). By analogy, if f € L?(Q) then one expects 


Then u € H?(R) because ESE 


that u € Hi (Q) N H? (Q). We will see that this is true provided Q is regular. 

In this section, we will address the “L?-regularity theory’ of the weak solutions to 
(9.6.1). The results remain the same even for more general second-order elliptic linear 
PDEs like (7.1.1). As the method of proof is the same, we will focus the analysis on 
(9.6.1), so as to avoid the technicalities of the general case and highlighting the main 
ideas. 

There is also a “L?-regularity theory” of the weak solutions to second-order elliptic 
linear PDEs, but the analysis is more difficult. We refer the interested reader to [2, 20, 38] 
for more in this topic. The result that we will prove in this section is the following. 


Theorem 9.6.1 Let Q C RY be an open bounded set and u € Wà” (Q), p € (1,00), be a 
weak solution to (9.6.1). If Q is of class C™*? and f € W™?(Q), m = 0,1,..., then 


uEewr?P(Q) and — |lullwm+2e(a) < Cllfllwm2ay, (9.6.2) 
with C independent of f (C depends only on Q). 


The proof of this theorem in the case p # 2 is more difficult, and we refer the interested 
reader to the pioneering works on this subject [2, 20, 38]. We will prove the theorem in 
the case p = 2; see, for example, [5]. 


Note that with f € L?(Q), the weak solution u € Hi (Q) to (9.6.1) satisfies 
lulla < Flle). (9.6.3) 
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The regularity analysis of u will be divided in two parts. First is the regularity in the 
interior of Q, which depends only on the data f and not Q. Next is the regularity near 
the boundary OQ, which depends on the regularity of the boundary as well. To this end, 
let Gi,...,Gn, n E€ N, be a finite covering with open sets of OQ. From Theorem 1.2.2, 
there exist 10, N1,- --, m in ®(R%) and with values in {0, 1] such that? 


De h = 1 in RY, 
supp(n:) C G; for all i=1,...,n, 
supp(70) N Ee = where X. := {x € RY, dist(x, ðN) < e}, 


for a certain e€ > 0. Then we write 
u = (nou) + X- (mu) =: uo + X ui. (9.6.4) 
i=1 i=1 


First, we will prove the regularity of u in the interior of Q, namely for uo. The idea is that 
as supp(ug) € Q, we can use in (7.2.12) as test functions the so-called “difference quo- 
tients” D?uo, which upon sufficient regularity of f allows one to estimate || DP uo|| zm (a) 
norms, m = 1,2,.... These estimates imply H™*1(Q) regularity of up. The regularity of 
u near the boundary is obtained by first making a change of variable which “flattens” 
the boundary. This allows us to use difference quotients again, which provide similar 
estimates for u; functions as for wo, and ultimately the regularity of u in Q. 


9.6.1.1 Regularity in the interior 


We start with some preliminary results. Let Q C R be an open set and {e,,...,ey} 
be the orthogonal standard basis of RY. For i = 1,...,N and given h € R we define 
Du, the difference quotient of u in direction e;, by 


Dat re) w EON {dist(n, AQ) > [Al}. (9.6.5) 


Note that by extending u in RY by zero allows to define D?u in RY. 


Lemma 9.6.2 Assume w E€ Q, with w open, and |h| < dist(w,dQ). Then for every 
u € LP(Q), p € [1, 00), and every v € C°(Q) bounded with supp(v) C w, we have 


Di(uv)\(z) = u(x)DPu(x) + (2 +he)Du(z), x Ew, (9.6.6) 
[ Diewe) [ eD vear (9.6.7) 


12Given A, B C RY, dist(A, B) = inf{]a — b|, a € A, b € B}. 


203 


9.6. Annex: Chapter 7 Chapter 9 


Proof. Indeed, we get easily 
D?(wv)(2) = u(x)D?o(x) + v(x + he;)D?u(z), 


and by changing the variable we obtain 


f Duci = [ es nes) ee f ia EEN 


which proves the lemma. 
Lemma 9.6.3 Let u € W™?(Q), p € [1,00). Then 
|Dřullrew) < llulla, Vo EQ, w open, |h| < dist(w, 3N). (9.6.8) 


Proof. Let u € C”(Q) N W1?(Q). For t € R set v(t) = u(x + the;). Then v € C™(R), 
v'(t) = he; - Vu(a + thei), and 


D?u(z) = v(1) - v(0) _ - [ von = [ ei: Vu(a + the;)dt. 


Therefore, it follows 


p 


dx 


| DP E(w) 


1 
f f le; - Vu(a + the;)dt 
w lJ0 


1 1 
f f IVu(a + the,)Pdedt < | f IVu(y)/Pdydt 
0 w 0 Q 


= [Vulva 


IA 


because from w € Q, |A| < d(w,0Q) we get y = x + the; € Q. This inequality remains 
true for all u € Wt?(Q); see Theorem 6.1.8. 


Lemma 9.6.4 Let p € (1,00) and u € L?(Q). Assume that there exists C > 0 such that 
|| DP ul] zw) <C, WED, wopen, |h| < dist(w,00),i=1,...,N. (9.6.9) 
Then u € W'?(Q) and 
laullze) < C. (9.6.10) 


Proof. Let y € D(Q). Then 


(ðu, p) = - J wx) 8xele)ae = — lim | u(x)D?y(x)dz = lim(D?u,y), (9.6.11) 
Q h>0 Jo h-0 
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because y € D(Q). As ||D?ul|z0¢.) is bounded, there exists a sequence (h) tending to 
zero and v € L?(w), such that limp_.9 D?u = v weakly in L?(w), see Theorem 1.3.8, i.e. 


lim (Dj'u, p) = f v, Ve E D(w). (9.6.12) 
a Q 


From the arbitrariness of w, we have v € L?(Q). Moreover, from (9.6.11) and (9.6.12) it 
follows 


(Oju, p) = f vpda, Vip DQ), 
Q 


which proves that O;u € LP (Q). Finally, from (9.6.11) we obtain 


| Oxwpdx 
Q 


As @(Q) is dense in L” (Q), we can take y = OjulOju|?-? € L” (Q) and then it follows 
fo liulPda < C (fo (3u Pdz) MP’ 50 lullo < Clu Ro and this proves (9.6.10). 


1 1 
< Cllellze(a: 5 + ra 1. 


We note that the advantage of using D?u, i = 1,..., N, is that they represent a 
constructive method for proving further regularity of u. For example, Lemma 9.6.4 
asserts H! regularity for u only from a condition for D?u. We will use this technique in 
the following two theorems. 


Theorem 9.6.5 Let Q C RY be an open bounded set and assume u € H}(Q) is a weak 
solution to (9.6.1). If f € H™(Q) then uo defined in (9.6.4) satisfies 


Hato) < Cll f llama), (9.6.13) 
with C independent of f (C depends only on Q). 


Proof. Let us first deal with the case m = 0, so f € L?(Q). Denote still by ug the 
extension of ug in RY by zero. So ug € H!(RY), see Lemma 9.5.7, and from (9.6.4) and 
(9.6.1) it follows that uo is a weak solution in R to 


— Auo + Up = 9 := Nof — 2(Vno- Vu) — (Ano)u. (9.6.14) 


uo € H™+?(Q), [uo] 


Note that g € L?(RY). For p € H'(RY), we have 
f Vuo: Vp + uoy = f go. (9.6.15) 
RN RN 
Let i € {1,..., N}, h > 0, and take y = D~"D" up := D7 "Duo. Note that yp € H1(R%) 


as a linear combination of Hj(R%) functions. From (9.6.7), the fact that 0; and D” 
commute, and (9.6.15), we obtain 


f Voru + f Drut = f gD" D" uo. 
RN RN RN 
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This gives ||D"uol|7 nav) < IIgll2@@»)||D-"D"uol|2@@4)- But from Lemma 9.6.3, we have 
|| D~" (D'uo)||z2(R7) < || D"uol] z1(Rx). Combining the two last inequalities gives 


|| D” uo ll ae) < llgl|z2(Rn)- (9.6.16) 


Thanks to Lemma 9.6.4, this implies uo € H?(R%), so uo € H? (Q). Furthermore, from 
(9.6.16), (9.6.14), and (9.6.3), we obtain 


luola < lalem < lfl + 2l lulla 
< (1+2||nollaz@) l Flo, 


which proves the theorem in the case m = 0. 

For m > 1, we proceed by recurrence w.r.t. m. So, assume that u satisfies Theorem 
9.6.5 up to m — 1 and let us prove it for m. This means that uọ € H™'1(R%), g € 
H™(Q), and to prove is uo € H™+?(R%). Let a € NẸ, |a| = m. Then D°up € HH(RY), 
D%g € L?(RY), and 


—A(D*%ug) + D@uo Dg, weakly, i.e. 


V(D°% uo) - Vo + (Duo) = D°gp, Wwe H! (RY). 
RN RN 


This is obtained from (9.6.15) by taking D°% as a test function and integrating by 
parts. Then as in the case m = 0, we obtain D“ug € H?(RY), so uo € H™*?(Q), and 
the estimation (9.6.13) follows. 


9.6.1.2 Regularity near the boundary 


Now we will prove that u; := mu € H™*?(Q), for all i = 1,...,.N. The proof strongly 
uses the regularity of Q and of f. Note that u; € Hj(G;), where GF = G;NQ. Indeed, if 
Pk E D(Q) such that limy.o0 Yk = u; in H1(), then nip, € D(GF) and limg .00(YRM) = 
u; in H'(G}). Furthermore, u; satisfies 


—Au; = gi := mf — mu —2(Vn,- Vu) —(An)u in GF. (9.6.17) 


From (9.6.17) and (9.6.3), we have g; € L? (GF) and 


[ow -Vi)dx = [. gwde, Yy € Hy(GF), (9.6.18) 
luill miat) < C\lfllzz@), (9.6.19) 


with C depending only on Q. 

We will prove the regularity of u; by using the method of translations. However, as 
the equation (9.6.18) is in Gf, we cannot take y = D7” D?u;, because this y may not 
be in H(G? ). For this purpose, we will change the variable and write (9.6.18) in Q*, 
see section 1.2, which allows the use of the method of translations. 
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More precisely, as Q is of class C'"*? there exists 6; € C™+?(Q; G;), invertible with 
inverse ¢; € C™+?(G;; Q) such that (see Fig 6.4.1) 


6(Qt*)=GT, 6(Q°)=G°, G?:=Ginan. 
We change the variable and write (9.6.18) in terms of v; € Hj(Q*). Namely, we set 


x = bily) EG, y=&lxr) EQ, uly)=u(Aly)), u(r) =vi(G(x)). (9.6.20) 


The strategy for m = 0 is as follows. After changing the variable, it turns out that v; 
satisfies a certain PDE in Q* (see (9.6.18)). In Q*, we can make translations D* := D}, 
j=1,...,N-—1, and by using the technique of the regularity in the interior, we obtain 
fu, € L?(Q*), j = 1,...,N — 1, i = 1,...,N. The regularity Oyu, € L?(Qt) is 
obtained by using the weak form equation for v;, which concludes that v; € H?(Q*), 
and therefore from Proposition 6.1.13 we obtain u; € H?(G;). For m > 0 we will proceed 
by recurrence. 

The following lemma is important. It shows that under the change of variables 
(9.6.20), the equation (9.6.18) is transformed to other elliptic PDEs. 


Lemma 9.6.6 Under the conditions of Theorem 9.6.1, vi € Hj(Q*t) and it solves 


L, Zaut) )(Okvi(y)ðply Da= f bi(y)ply)dy, Yp € Ho(Q™), (9.6.21) 


Qt 
where ag, € C™+ (Qt), bi € H™(Qt) and satisfy 


Jac()|([VO}-* [VO] u, aol? < X. anéeér < Aolél?, (9.6.22) 


k l=1 
bi(y) = |Jac(0:)|g:(8:(y)), (9.6.23) 

with Ag, ao >0. 

Proof. For arbitrary y € Hj(Q*), set y(y) = y(x), x = bily). Then y € Hi(G7) and 


Vui(z) - Veha) EVA) Vuil) CMa) - Ve(y)) 
Vuily) [VEU] - IV]? Vel). 


any) 


Therefore, changing the variable in (9.6.18) gives 


I bi(u)oly)dy 
Qt 


|l |l 
yI T 
+ 
Ye © 
1 A 
E B 
© S 
8, 
Q 
a & 
a 
x 
8 
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= Vui(y) - [Veu] Vu) - Ve(y)|Jac(6;(y)) |dy 


(¥) (Oni (wavy) )dy. 


lI 
T 
ap 
= 


For arbitrary € = (&,--- ,€y) and y € Qt, we have 
N 
Aol€? > D> angri = Helu) + €?|JacG:(y))| > aol, 
k=l 


for certain Ao, ao > 0, because ay, € C™*1(Q), [V9] is not singular in Qt and |*[V6;(y)71- 
E| is a norm in RY equivalent to |€| (independently of y). 


Now we can prove this theorem. 


Theorem 9.6.7 Let Q C RY be a bounded open set of class C™*? and assume u € H}(Q) 
is a weak solution to (9.6.1). If f € H™(Q) then u; € H®™?(Q), i=1,...,n, and the 
following estimation holds: 


luilla) < Cll fllam@, (9.6.24) 


with C independent of f (C depends only on Q) 


Proof. Let us first deal with the case m = 0, so f € L?(Q). From Proposition 6.1.13, it 
is enough to prove that v; solving (9.6.21) satisfies v; € H?(Q*). For j = 1,..., N — 1, 
we consider |A| small enough such that p = DD; € Hj(Q*) (this is possible because 
sup(u;) C GF). Replacing y in (9.6.21) and using (9.6.7) gives 


D? Qkl Onv; D” Ovi dy = bi D Ds, d 5 
J, Do Pi CDAD Dy Beceayey= J, bla); "Dfestandy 


which in combination with (9.6.6) implies 


N 


f X anly + he;)(D}3xvi)(D}ôvi)dy = | b,D;"Diuidy 
Qr Qt 


kl=1 


_ [ NO (D'ari) (3xvi (Dt arvi) )dy. 


* RUEL 


Using the fact that axı are Ct functions, (9.6.22) and Lemma 9.6.3, from the last equation 
we obtain 


aollD?Vvillizg < (Mbillz2@+y + larll lvi ) ID? Voill). 
(Q+) 
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Note that from b; in (9.6.23), g; in (9.6.17), and the estimations (9.6.19), (9.6.3), we 
obtain 


loill» + lexlla@yllVullcee+) < CIF). 
Therefore, the last two inequalities and Lemma 9.6.3 yield 
lozu <Clifile@, j=al....N-1, k=1,...,N, (9.6.25) 


with C depending only on Q. Note that this inequality implies that for all p € Hj(Q*), 
we have 


f asus < CIl lell, q= 1,..., N — 1, J = Ja N: (9.6.26) 
Qt 


From (9.6.25), to prove v; € H?(Q*) is enough to show that ônnv; € L?(Q*). From 
(Onn, P)@'(Qt)xD(Qt) = = lod Onv,Onyvdy and from Riesz representation Theorem 
7.2.1 in L?(Q), if 


| evedweds| < Clelia Ye ED) (9.6.27) 
Qt 


then Jos OnviOn vdy = (z, Y)r2(q) with a certain z € L*(Q), and so ynv; = z € L?(Q*) 
and ||z||r2(q) < C. Taking —? instead of y in (9.6.21) (note that ayy > ao) gives 


aNN 
f Onv;Onpdy = f P? bi | f P OnQNn NOND; (9.6.28) 
Qt Q+ ANN Q+ ANN 
+ I >D (ovan — ô; (=H) au) f 
Q+ ANN ANN 


(k1) #(N,N) 


Combining (9.6.28) and (9.6.26) gives (9.6.27) with C||f||z2(q) instead of C, and this 
proves v; € H?(Q*). 

For m > 1, we proceed by recurrence as in Theorem 9.6.5. So let us assume that the 
theorem holds for up to m — 1 and prove it for m. As in Theorem 9.6.5, D°u;, |a| = m 
solves 


N N 
NO ani(OxD°v;) (Oiy)dy = i (a = (Prous) dy, (9.6.29) 
QT kl=1 Qt kl=1 
for all y € Hj(Q*). This equation is obtained from (9.6.21) by taking Dy instead of 
Y, with y € D(Q*), integrating by parts, and then proceeding by density. Note that 
Db; € L?(Q*), Dag, € C'(Qt). Then we proceed with (9.6.29) as with (9.6.21) and 
then Dv, € H?(Q*), so v; € H™?(Q*). 
Finally, the estimation (9.6.24) follows (9.6.25) and (9.6.27), which completes the 
proof of the theorem. 


209 


9.6. Annex: Chapter 7 Chapter 9 


Proof of Theorem 9.6.1 We consider only the case p = 2. We have u = uo + 7), ui 
From Theorem 9.6.5, we have uo € H™*?(Q), and from Theorem 9.6.7 we have u; € 
H™?(Q), sou € H™*(Q). The estimation (9.6.2) follows from (9.6.13) and (9.6.24). 
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compatibility, 32 
ellipticity, 125 
Lax entropy, 44 
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in D'(Q), 71 
in D(Q), 68 
in S, 81 
in S’, 82 
in WẸP (Q), 96 
uniform, 159 


density 
of D and S in H°, 106 
of D in WEP, 96 
of C (Q) in W*(Q), 200 


of C&(Q) in Ws?(Q), 112 
of D in W*®, 96 


derivative 
Dy, D™u, 5 
u, n-th order normal derivative, 
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O,u, normal derivative of u, 57 
difference quotient, 203 
differential dimension 
of W°? (Q), 104 
of W*P(Q), 94 
distributions 
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71 
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derivative, 73 
Dirac measure ôo, 71 
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fundamental solution to heat equa- 
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fundamental solution to Laplacian, 
88 
fundamental solution to wave equa- 
tion, 80 
measure, 70 
of finite order, 73 
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support of, 72 
tempered, 81 
zero set, 72 
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©" 10 
Lipschitz, 10 
minimally smooth, 10 


embedding 
compact, 105, 110 
continuous, 105, 107 
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formula 

d’Alembert solution to the wave equa- 
tion, 146 

Poisson’s, 54 

function 

Cs 

{K,G} cut-off, 9 

sgn(z) = 2H(x) —1, 117 

barrier, 61 

contraction, 14 

convolution, 69 

diffeomorphism, 14 

Dirac ôo, 71 

Dirac ôa, 86 

domain/image of, 17 

harmonic lifting, 60 

Heaviside, H(x), 67 

homeomorphism, 101 

isometry, 106 

isomorphism, 14 

Lipschitz, 4 

positive part u”, negative part u7, 
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subharmonic, superharmonic, 59 

support of, 7, 68 

uniformly continuous, 2 

weak barrier, 62 


inequality 
Holder, 181 
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Poincaré, 117 
Young, 181 


Laplacian 

in polar coordinates, 63 

in spherical coordinates, 170 
lemma 

Arzela-Ascoli, 177 

Ehrling, 196 

fundamental, 13 

Hopf, 57, 173 

Lax-Milgram, 125 

Riemann-Lebesgue, 190 


method 
of characteristics, 26 
of sep. of variables for heat equation, 
140 
of sep. of variables for Laplace eq., 
50 
of sep. of variables for wave eq., 143 
Perron’s, 62 
mollifier 
function, 7 
sequence, 7 


norm 
“HCk(aQ)» 11 
‘lst, 
Alexy), 3 
j lp 1 
lego Ih chA 6 
ek) ll- oneal) 
‘zea, 12 
dlw, lliwa, 94 
llws2),; lllw, 104 
notation 
A -— B = U{a — b, a € A, b € B} for 
any A, B C RN, 186 
B(x,r) = {y € RY, jy- z| <r}, 7 
Br(x) = {y € RY, |x — y| < R}, 54 
Bpr = {x € RY, |z| < R}, 53 
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171 range, 125 

Mt, the inverse of M € R®*%, 20 order 

M.j, the j-th column vector of M, of W*?(Q) space, 94 
35 of a distribution, 73 


M,,., the i-th row vector of M, 35 
U € G: U compact, G open in RY 
and U CG,9 


pairing/duality V’ x V, 68 
partition of unity, 8 
PDE 


Vy, the volume of the unit ball, 53 

lu], jump of u, 42 

O° = {x € X, x ¢ Q} = X\Q, with 
X Banach, QC X, 7 

|s], 103 

L(x), (£, L)£(X"Y) xX"; 2 

(ê) = (1 + 6P)", 101 

OQ, boundary of Q, 7 

O,u, normal derivative of u, 57 

w, 84 

Bar) = ty € RY, ly — x| < r}, 7 

Q =NUAQ, 7 

[Sn], 88 

la], a <8, a <m, a”, 2,5 

a ~ b, 95 

dist(A,B) = inf{ja — b|, a €, b € 
B}, 203 

dx, N-dimensional Lebesgue measure, 
12 

p', the conjugate of p: z + a = 1712 

ut, u-, 100 

5 No, 1 

R, RY, C, C7, 1 

RY, 10 

supp(u), 7 

tM the transposed of M € RY*N, 20 

multi-index a € NJ, 5 


admissible condition, 32 

boundary conditions, 20 

Burgers’, 37, 38 

classical solution, 20 

compatibility condition, 32 

definition, 19 

elliptic (with constant coefficients), 
2l 

fully nonlinear first-order, 30 

heat equation, 22 

hyperbolic (with constant coefficients), 
21 

Laplace equation, 22 

linear first-order, 28 

linear /nonlinear, 20 

linear /nonlinear boundary conditions, 
20 

order, 19 

parabolic (with constant coefficients), 
21 

prototypes, 22 

quasi-linear first-order, 29 

transport equation, 22 

transversality condition, 32 

wave equation, 23 

weak form, 124 

weak solution, 124 

weak solution to a conservation law, 


operator 41 
E, W*?(Q) extension, 108 point 
Eo, 196 regular w.r.t. Laplacian, 62 
(boundary) trace, 112 principe 


adjoint, 125 
convolution, 69 


strong maximum, 57 
weak maximum, 56, 126 
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seminorm 
| ` lotao 6 
len pT 
|- [wrr 94 
|- [ws2(@), 104 
Sm, 81 
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Cauchy, 1 


equicontinuous, 177 

uniformly bounded, 177 

uniformly equicontinuous, 177 

set 

compact, 7 

orthogonal, 125 

precompact, 105, 133 

solution 

classical solution to a PDE, 20 

classical solution to hyperbolic (wave) 
PDE, 144 

classical solution to parabolic (heat) 
PDEs, 141 

classical solution to the Dirichlet prob- 
lem for the Laplacian, 49 

d’Alembert solution to the wave equa- 
tion, 146 

fundamental solution to heat equa- 
tion, 79 

fundamental solution to Laplacian, 
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fundamental solution to wave equa- 
tion, 80 

Lax entropy, 44 

stable, 15 

subsolution, supersolution, 59 

traveling backward wave, 145 

traveling forward wave, 145 

weak solution to conservation laws, 
Al 

weak solution to elliptic PDEs, 124 

weak solution to heat PDEs, 150 
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weak solution to transport equation, 
27 
weak solution to wave PDEs, 153 


, reflexive, 12 
eparable, 13 

, 94 

, reflexive, 94 
W*?(Q), separable, 94 
W*(Q), 105 
W*?(0Q), 114 

x’, Xx"? 
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